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PREF AOE. 


Tus treatise on the Special or Elementary Geometry consista of 
four parts. 

Parr I. is designed as an introduction. In it the student is mad 
familiar with the geometrical concepts, and with the fundamenta 
definitions and facts of the science. The definitions here given, an 
given once for all. It is thought that the pupil can obtain his firs 
conception of a geometrical fact, as well, at least, from a correct 
scientific statement of it, as from some crude, colloquial form, th 
language of which he will be obliged to replace by better, after thi 
former shall have become so firmly fixed in his mind, as not to bk 
easily eradicated. No attempt at demonstration is made in this part 
although most of the fundamental facts of Elementary Plang Geom: 
etry are here presented, and amply and familiarly illust Thi 
course has been taken in obedience to the canon of tho teacher's art 
which prescribes “fucts before theories.” Moreover, such has beg 
the historic order of development of this, and most other sciences: 
viz., the facts have been known, or conjectured, long before men havi 
been able to give any logical account of them. And does not’ thi 
indicate what may be the natoral order in which the individual mind 
will receive science? When the stndent has become familiar witl 
the things (concepts) about which his mind is to be occupied, anf 
knows eome of the more important of their properties and relation 
he is better prepared to reason upon them. 

Part II. contains all the essential propositions in Plane, Solid, and 
Spherical Geometry, which are found in our common text-books, with 
their demonstrations. The subject of triedrals and the docteine of 
the sphere are treated with more than the ordinary falines, The 
earlier sections of this part are made short, each treating of a «i 
subject, and the propositions are made to stand out prominently. 
the close of each section sre Hzercises designed to illustrate 
apply the principles contained in the section, rather than to extend 
the pupil’s knowledge of geometrical facts. These features, togethel 
with the synopees at the cham of elections prem mane oe 
not fail to appreciate. ih 

. Pant IIL, which is contained only in the Univereity Hiitiens ji 
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been written with special reference to the needs of students in the 
University of Michigan. Our admirable system of public High- 
Schools, of which schools there is now one in almost every consid- 
erable village, promises ere long to become to us something near 
what the German Gymnasia are to their Universities. In order to 
promote the legitimate development of these schools, it is necessary 
that the University resign to them the work of instruction in the 
elements of the various branches, as fast and as far as they are pre- 
pared in sufficient numbers to undertake it. It is thought that 
theese echools should now give the instruction in Elementary Geom- 
etry, which has hitherto been given in our ordinary college course. 
The first two parte of this volume farnish this amount of instruo- 
tion, and students are expected to pass examination upon it on their 
entrance into the University. This amount of preparation enables 
students to extend their knowledge of Geometry, during the Fresh- 
man year in the University, considerably beyond what has hitherto 
been practicable. As a text-book for such students, Part III. has 
been written. At this stage of his progress, the student is prepared 
to learn to investigate for himself. Hence he is here furnished with 
® large collection of well classified theorems and problems, which 
afford a review of all that has gone before, extend his knowledge of 
geemetrical truth, and give him the needed discipline in original 
demonstration. To develop the power of independent thought, is 
the moat difficult, while it is the most important part of the teach- 
era work. Great pains have therefore been taken, in this part 
of the work, to render euch sid, and only such, as a etudent ought to 
) in advancing from the stage in which he has been follow- 
the procesues of others, to that of independent reasoning. In 

the second place, this part containe what is uenally styled Applica- 
Stone of Algebra to Geometry, with an extended and carefully selected 
range of examples in this important subject. A third purpose has 
been to present in thie part an introduction to what is often spoken 
of ea the Modern Geometry, by which is meant the results of modern 
thonght in developing geometrical truth upon the direct method. 
Wile, as a system of geometrical reasoning, this Geometry is not 
philosophically different from that with which the student of Euclid 
ie fomiliar, and which is properly distinguished as the special or direct 
sastho@ the character of the facts developed is quite novel. So 
awach eo, indeed, that the student who has no knowledge of Geometry 
bus that which our common text-books farnish, knows absclately 
““* + of the domain into which most of the brilliant advances of 
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the present century have been made. He knows not even the terms 
in which the ideas of such writers as PoNCELET, CHASLES, and Sale 
MON, are expressed, and he is quite as much a stranger to the thought. 
In this part are presented the fundamental ideas concerning Loct, 
Symmetry, Mazima and Minima, Isoperimetry, the theory of Trane 
versals, Anharmonic Ratio, Polars, Radical Axes, and other modern 
views concerning the circle. 

Part IV. is Plane and Spherical Trigonometry, with the requisite 
Tables. While this Part, as a whole, is much more complete than the 
treatises in common ure in our schoolg, it is eo arranged thata shorter 
course can be taken by such as desire it. Thus, fora shorter couree in 
Piane Trigonometry, see NoTz on page 55. In Spherical Trigono- 
metry, the first three sections, either with or without the Jntroduo- 
tion on Projection, will afford a very satisfactory elementary course. 

A few words as to the manner in which this plan has bean executed, 
may be important. In general, the Definitions ure those uaually given, 
with such slight alterations as have been suggested by reflection and 
experience. There are, however, a few exceptions. Among these is. 
the definition of an Angle. I can but regard the attempt to define 
an angle as The difference in direction between two lines, or The 
amount of divergence, as needlessly vague, abstract, and perplexing 
to a student, as well as questionable on philosophical grounds. The: 
definition given in the text will be secn to be, at bottom, the old. 
one, the conception being slightly altered to bring it into more close: 
connection with common thought, and also with the idea of an angle: 
as generated by the ‘eralutiok ofalinc. As to Parallels, and the: 
definition of similarity, my experience as a teacher is decidedly iz ss 
favor of retaining the old notions. So also in adopting a definition: 
of a Trigonometrical Function, I am compelled to adhere to the: 
geometrical conception. A ratio is a complex concept, and conse- 
quently not so easy of application as a simple one. For this reason,. 
among others, I prefer the differential to the differential coefictent,. 
in the calculus, and a Jine to a ratio, in Trigonometry. Mureover, I 
have found that students invariably rely upon the geometrical con--. 
eeption, even when fret taught the other; hence I am not surprised.’ 
that all our writers who define a trigonometrical function as a ratio,. 
hasten to tell the pupil what it means, by giving him the. geometaicsl.. 
illustrations. Nor are the superior facility which the geompirical 
conception affords for a fall elucidation of the doctrine of the.signe: 
of the fanctions, and its admirable adaptation to fix these laws in the: 
mind, considerations to be lost sight of in selecting the definitions: : f 








Surely no apology is needed, at the present day, for introducing 

the idea of motion into Elementary Geometry, notwithstanding the 
rigorous and disdainful manner with which its entrance was long re- 
sisted by the old Geometers. And, having admitted this idea, the 
conception of loci as generated by motion would seem to follow as a 
logical necessity. In like manner, I take it, the Jnjinttesimal 
method must come in. Its directness, simplicity, and necessity in 
applied mathematics, demand its recognition in the elements. In 
two or three instances, I have presented the reductio ad absurdum, 
where the methods are equivalents, and have always in presenting the 
infinitesimal method woven in the idea of limits, which I conceive to 
be fundamentally the same as the infinitesimal. Thus we bring the 
lower and higher mathematics into closer connection. 

The order of arrangement in Plane Geometry (Chap. I.), is thought 
to be simple, philosophical, and practical. A glance at the table of 
contents will show what it is. This arrangement secures the 
very important result, that each aection presents some particular 
method of proof, and holds the student to it, until it is familiar. 
True, it requires that a larger number of propositions be demonstrated 
fom fundamental truths; but who will consider this an objection ? 

To such as consider it the sole province of geometrical demonstra- 
tion, to convince the mind of the truth of a proposition, not a few 
theorems in these and ordinary pages must seem quite superfluous. To 
them, Prop. I., page 121, may afford some merriment. But those who, 
with myself, consider Geometry as a branch of practical logic, the 
aim of which is to detect and state the steps which actually lie be- 
. $ween premise and conclusion, will see the propriety of such demonstra- 
fiona; and for each individual of the other class, a separate treatise 
will be needed, since no two minds will intuitively grant exactly the 
same propositions. 

To Ex-President Hii, of Harvard, I am indebted for the confir- 
mation of an opinion which had been previously forming in my mind, 
that the study of Geometry as a branch of logic, should be preceded 
by a presentation of its leading facta’ The works of CompaGcnon, 
Tarrax, and our lamented countryman, CHAUVENET, have been 
within reach during the entire work of preparation, and this volume 
would have been different, in some respects, if any one of these able 

treating: had not appeared before it. 

‘In the preparation of Parr IIT. the works of Rovoné et Comms- 
‘pooner and Mutcany have been freely used. For the very concise 
mA elegant form in which the principle of Delambre, for the pre- 


cise. calculations of Trigonometrical Funotiona near their limits, is 
embodied in TaBixy IIL, I am indebted to the recent work of Presi- 
dent Exx T. Tappan, of Kenyon College, Ohio. 

My long and intimate intercourse with Professor G. B. MERRIMAN, 
now of the department of Physics in the University, has been a 
source of great profit to me in the preparation of the entire work. 
His sound, practical judgment 4s a teacher of Geometry, and oulti- 
vated taste and skill as a Mathematician, have been ever at my eer- 
vice, and have done more than I can tell, in giving form to the work, 
both as respects its matter and its spirit. 


Epwarkp OLNRY. 
Univenstrr or Micwean, \ 
Ann ARBOR, January, 1872. 
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SPECIAL OR ELEMENTARY 
GEOMETRY. 


INTRODUCTION. 


SECTION I. 
LOGICO-MATHEMATICAL TERMS.¢ 
1. 4 Proposttion is a statement of something to be considered 


or done. 


Inu.—Thus, the common statement, “ Life ts short,” is a propnaition; 90, 
aleo, we make, or state a proposition, when we say, “ Let us seek earnestly afer 

truth.”—" The product of the divisor and quotient, plus , oqnale 
the dividend,” and the requirement, “ To reduce a fraction to is lowest terme,” 
are examples of Arithmetical propositions. 


2. Propositions are distinguished as Axioms, Theoreme, Lonmnat 
Corollaries, Postulates, and Problema. 


3. An Azxtom is a proposition which states a principle thet 
is so simple, elementary, and evident as to require no proof. ‘ 

In1.—Thus, “A part of a thing te lees than the whole of It,” Keprperam 
of equals are equal,” are examples of axioms, If any one does not admit iy 
truth of axioms, when he understands the terms used, wo say that hie mind ts 
not sound, and that we cannot reseon with him. 


4. A Theorems is a proposition which states a real or sayiponel 
fact, whose truth or falsity we are to determine by reasoning. 
Ixx.—" If the same quantity be added to both numerator and 


of @ proper fraction, the value of the fraction will be increased,” apace. 
It is @ etntement the truth or falsity of which we are to determine 


of ressontng. 


ec iss san a hc ete caicaaieaiamlatie 
Joe Ucoeaean any sosaungada cogumae aimee The stenen alk 
the Pure Mathemnatice may be comsidigred us » department of peestical 
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TMs: A Demonstration is the course of reasoning by means 
of which the truth or falsity of a theorem is made to appear. The 
term is also applied to a logical statement of the reasons for the 
processes of a rule, A solution tells how a thing is done: a demon- 
stration tells why it is so done. A demonstration is often called 
proof. 

G. A Lemma is a theorem demonstrated for the purpose of 
usipg it in the demonstration of another theorem. 

Inu.—Thus, in order to demonstrate the rule for finding the greatest common 
divisor of two or more numbers, it may be best first to prove that “ A divisor 
of two numbers is a divisor of their sum, and also of their difference.” This 
theorem, when proved for such a purpose, is called a Lemma. 

The term Lemma is not much used, and is not very important, since most 
thevrems, once proved, become in turn auxiliary to the proof of others, and 
hence might be called Jemmas. 


7. A Corollary is a subordinate theorem which is suggested, 
or the truth of which is made evident, in the course of the demon- 
stration of a more general theorem, or which is a direct inference 
from a proposition, or a definition. 

_ Inu.—Thus, by the discussion of the ordinary process of performing subtrac- 
tion in Arithmetic, the following Corollary might be suggested: “ Subtraction 


may also be performed by addition, as we can readily observe what number 
‘wanaet be added to the subtrahend to produce the minuend.” 


_ 8. A Postulate is a proposition which states that something 
‘gam be done, and which is 20 evidently true as to require no process 
‘eff reasoning to show that it is possible to be done. We mayor may 
aaot know how to perform the operation. 


THE GEOMETRICAL CONCEPTS. § 


21. A Solution ia the process of performing a problem or an 
example. It should usually be accompanied by a demonstration of 
the process. 

12. A Scholiume is a remark made at the close of a discussion, 
and designed to call attention to some particular feature or featares 
of it. 

Itt.—Thus, after having discussed the subject of multiplication and division 


in Arithmetic, the remark that “ Division is the converse of multiplication,” fu 
a scholium. 





SYNOPSIS. 
Subject of the section. Lemma. Ji. Why the term fe unim 
Proposition. ZU. portant. 
Varieties of propositions. Corollary. JU. 
Axiom. JU. Postulate. JU. 
One who will not admit the truth | Problem. How stated. JZ 
of axioms. Rule. 


Theorem. Solution. 
Demonstration. Difference between | Scholjam. J, 
a solution and a demonstration. 
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SECTION HT. 
THE GEOMETRICAL CONCEPTS.* ; 


POINTS. 
13. A Potnt is a place without size. Points are designated by 


iiz.—-If we wish to designate rd capt gal ain the paper, #4 
put a letter by it, end sometimes a dot on it. Th - 
in Jip. 8, the end of th line, which ere points, are ra 
as * point A.” “point D ;” or, simply, 
ot Aga D. The points marked on the line are 
= ss <acles B* Socket Cor as 8 a rr 


& are two poigte above the line. 







ELEMENTARY GEOMETRY. 


14. A Lime is the path of a point in motion. Lines are repre- 
sented upon paper by marke made with a pen or pencil, the point of 
the pen or pencil representing the moving point. A line is desig- 
nated by naming the letters written at its extremities, or somewhere 
upon it. 

Inu.—In each case in Fig. 4, conceive a point to start from A and move along 

y the path indicated by the mark to B. The path 
| a thus traced isa line. Since a true point has no 

‘ atze, a line has no breadth, though the marks by 

ra which we represent lines have some breadth. 
The first and third lines in the figure are each 
designated as “the line AB.” The second line 

is considered as traced by a point starting from 

A and coming around to A again, so that B and A 

coincide, This line may be designated as the 

: line AmnA, or AmnB. In the fourth case, there 

Sf are three lines represented, which are designated, 
respectively, as AmB, AnB, and AcB; or, the 

Py 
& 


last, as AB. 
15. Lines are of Two Kinds, 
Straight and Curved. A straight line is 


also called a Right Line. A curved line 
is often called simply a Curve. 


16. A Straight Line®* is a line 
Po peg traced by a point which moves constantly 
in the same direction. 


27. 4 Curved Line is a line traced by « point which eon- 
atently changes ita direction of motion. 


SURPAORS. 3 


would say, that, starting from A, the point begins to move nearly 

sasns caigiag iu uectioa tame aadlaame Guard Ge aa Gas AR Weare 
directly cast; and from 8 it continues to change Its course and moves 
more and more toward the south, till at ¢ it is moving directly south. The 
sume general truth is ilustrated in 2 and 4, Fig. 4. The path of a ball thrown 
into the air, in any direction except directly up, represents a curved line. Most 
of the lines seen in nature are curved, as 


the sdges of leaves, the shore of a river wit: 
or lake, etc. Sometimes a path like that 
represented in Fig. 5 is called, though im- 4 , 


properly, a Broken Line. It is not a line Fes. 5. 
at all; that is, not one line: it is a series of straight lines. 


SURFACES. 
18. A Surface isa the path of a line in motion.* 
19. Surfaces are of Two Kinds, Plane and Curved. 


20. A Plane Surface, or simply a Plane, is a surface with 
which a straight line may be made to coincide in any direction. 
Such a surface may always be conceived as the path of a straight 
line in motion. 


21. A Ourved Surface is 8 surface in which, if lines are 
conceived to be drawn in all directions, some or all of them will 
be curved lines, 


Itu'a—Let AB, Fig. 6, be supposed to move to the right, so that its extregal- 
ties A and B move at.the same rate and in the 
same direction, A tracing the line AD, und B, the 
line BC. The path of the line, the figure ABCD, 
is a curface, This page is a surface, and may be 
conceived as the path of « line sliding like a ruler 
from top to bottom of it, or from one side to the 
other. Such a pth will have length and breadth, 
being in the latter respect unlike a line, which has 
Only fenjth. 


clog HY. ow ig 
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Again, suppose the rod XY be placed on the surface of this paper so 
that the wire AmB shall stand straight up 
from the paper, just as it would be if we 
could take hold of the curve at m and raise 
it right up, letting XY lie as it does in the 
figure. Now slide the rod straight up or 
down the page, making both ends move at the 
XA oe BY same rate. The path of AmB will be like the 

surface of a half-round rod (a semi-cylinder). 
‘hus we see how surfaces plane and curved may be conceived as the paths of 
lines in motion. 


Ex. 1. If the curve AnB, F179. 8, 
be conceived as revolved about 
the line xy, the surface of what 

ae BY object will its path be like ? 

Pia. &. 
aa Ex. 2. If the figure OMNP, Fig. 9, be 
conceived as revolved about OP, what kind 
of a path will MN trace? What kind of 
paths will PN and OM trace? 


Ans. One path will be like the surface 
of a joint of stove-pipe, 7. ¢, a cylindrical 
surface; and one will be like a flat wheel, 
ae, a circle, 





P N 


Fie. ¥. 
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Ex. 8. If you fasten one end of s cord at a point in the ceiling and 
hang a ball on the other end, and then make the ball swing around 
in a circle, what kind of a surface will the string describe ? 


{Norz.—The student is not necessarily expected to give the geometrical 
name of the surface, but rather to tell in his own way what it is like, so as ta 
mako it clear that he conceives the thing itself] 


Ex. 4. If you were to draw lines in all directions on the surface of 
the stove-pipe, might any of them be straight? Could all of them 
be straight? What kind of a surface is this, therefore? - 


Ex. 5. Can yon draw a straight line on the surface of a ballP On 
the surface of an egg? What kind of surfaces are these ? 


= Ex. 6. When the carpenter wishes to make the surface of a board 
‘perfectly flat, he takes a ruler whose edge is a straight line, and lays 
_ this straight edge on the surface in all directions, watehing closely 
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to see if it always touches. Which of our definitions is he ilus- 
trating by his practice ? 


Ex. 7 When the miller wishes to make flat the surface of one of 
the large stones with which wheat is ground into flour, he sometimes 
takes a ruler with a straight edge, and smearing the edge with paint, 
applies it in all directions to the surface, and then chips off the stone 
where the paint is left on it. What principles is he illustrating ? 


Ex. 8. How can you conceive a straight line to move eo that it 
shall not generate a surface ? 


ANGLES, 

22. A Plane Angle, or simply an Angie, is the opening be- 
tween two lines which meet cach other. The point in which the 
lines meet is called the vertea, and the lines are called the sides. 
An angle is designated by placing a Ietter at its vertex, and one at 
each of its sides. In reading, we name the letter at the vertex when 
there is but one vertex at the point, and the three letters wheu there 
are two or more vertices at the same point. In the latter case, the 
letter at the vertex is put between the other two. 


Int.—In common language an 
ungle is called a corner. The J weer 
Opening between the two lines ae ; 

AB and AC, in which the figure 1 pat 0”: — 

stands, is called the angle A; or, a“ a 

if we choose, we may cal) it the N 

angle BAC. At L there are two . 

vertices, so that were we to say 

the angle L, one would not know We 
a 


R 
whether we meant the angie (cor. py - he 
ner) in which 4 stands, or that in H L. 
which 5 stands. To avoid this F { 
ambiguity, we say the augle HLR s 
for the former, and RLT for the 
latter. The angle ZAY isthecur- . 
ner in which 11 stands; that is, 
the opening between the two 
lines AY and AZ. In designating 
an angle by three letters, it is irn- 
material which letter stands first 
#0 that the one at the vertex is 
put between the othertwo. Thus, 
P@S end SQP are both designa-- 
tions of the angle in which 6 


‘ 
ES 
a 
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stands. An angle is also frequently designated by putting a letter or figure in 
it and near the vertex. 


23. The Size of an Angle depends upon the rapidity with 
which its sides separate, and not upon their length. 


I1u.—The angles BAC and MON, Fig. 10, are equal, since the sides separate 
at the same rate, although the sides of the latter are more prolonged than those 
of the former. The sides OF and DE separate faster than AB and AC, hence the 
angle EDF is greater than the angle BAC. 


24. Adjacent Angles arc angles so situated as to have a com- 
mon vertex and one common side lying between them. 


Inu.—In Fig. 10, angles 4 and 5 are adjacent, since they have the common 
vertex L, and the common side LR. Angles 9 and 10 are also adjacent, as are 
also 8 and 9. 


25. Angles are distinguished as Right Angles and Oblique Angles. 
Oblique angles are cither cule or Odfuse. 


26. A Right Angle is an angle included between two straight 
linea which meet each other in such a manner as to make the adja- 
cent angles equal. Aa cfeute Angle is an angle which is less 
than a right angle, © ¢, one whose sides separate less rapidly. 
An Obtuse Angle is an angie which is greater than a right angle, 
f ¢, one whose sides separate more rapidly. 


a Int.—As in common langnage an angle is called 
a corner, 80 8 right angle is called a square corner ; 
nn acute, a sharp corner; andan obtuse angle might 
be called a blunt corner. In Fig. 11, BAC and 
DAB are right angles. In Fig. 10, 1, 2, 8, 5, 8,9, 
and 10 are acute angles, 4 and 6 are obtuse, and 7 is 
a right angle. 


Pre. 11. 


A SOLID. 


+ #9. A Solid is a limited portion of space. It may also be con- 
evived as the path of a surface in motion. 


fxz.--Suppose you have a block of wood like that represented in Fig. 12, 
whth all its corners (angles) square corners (right angles). Hold it still in your 
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fingers a moment, and fix your mind 
upon it. Now take the block away and 
think of the space (place) where it was. 
This space will be of just the same form 
as the block of wood, and by a little ef- 
fort you can think of it just as well as of 
the wood. This apace is an example of 
what we call a Solid in Geometry. In 
fact, the solids of Geometry are not solids Fic. 1% 
at all in the common sense of solids ; they are only just places of erriain shapes. 

Again, hold your ball still a moment In your fingers and then let it drop, and 
think of the place it filled when you had it in your fingers. It is this place, 
shaped just like your ball, that we think about, and talk about as a sald, lo 
Geometry. 

In order to see how a solid may be conccived as the path of a surface, anp- 
pose you cut out a picce of paper of just the same size as the end of the black 
represented in Fig. 12. Let ABCD represent this picce of paper. Now, holding 
the paper in s perpendicular position, as ABCD is represented Jn the figure, 
move it along to the right, so that its angles shall trace the lines AC, BM, DE, 
and CF. When the paper has moved to the position CHFE, its path will be 
just the same apace as the block of wood occupied. This path, or the space 
through which the surface represented by the picce of paper moved, is the solld, 





Ex. 1. If a semicircle is conceived as revolved around its diameter, 
what is the path through which it moves? See fig. 7. 


Ex. 2. If the surface omNP, Fig. 9, i conceived as revolved around 
op, what is the path through which it moves ? 


CavtTion.—The student needs to be careful and distinguish between the 
surface traced by the Une MN, and the solid traced by the surface OMNP. 


Ex. 3. If the surface represented by ABC be con- ¢ 
ceived as revolved about its side CA, what kind of 
& solid is its path ? 


[Norn.—As has been sald before, the student is not 
necessarily expected to name these solids, but rather to 
show, in his own language, that he has the conception. } 


Ex. 4. As yon fill a vessel with water, what isthe A 
solid traced by the surface of the water ? = 
Ans. The same ag the space within the vessel. : 


* 


Ex. 5. If a circle is conceived as lying horizontally, and thew 
moved directly up, what will be the solid described, 7. ¢, its path ? 
Do net confound the surface described with the solid. What de 
scribes the surface? What the.solid ? x 
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EXTENSION AND FORM. 


28. Extension meuns a stretching or reaching out. Hence, a 
Point has no extension. It has only position (place). A Line 
stretdhes or reaches out, but only in length, as it has no width. 
Henge, a line is said to have One Dimension, viz., length. A Surface 
extepds not only in length, but also in breadth; and hence has 
Twd Dimensions, viz., length and breadth. A Solid has Three Di- 
mensions, viz., length, breadth, and thickness. 


Inu.—Suppose we think of a point as capable of stretching out (extending) 
in one direction. It would become a line. Now suppose the line to stretch out 
(extend) in another direction—to widen. It would become a surface. Finally, 
suppose the surface capable of thickening, that is, extending in another direc- 
tion. It would become a solid. 


29. The Limits (extremities) of a line are points. 
The Limits (boundaries) of a surface are lines. 
The Limits (boundaries) of a solid are surfaces. 


30. Magnitude (size) is the result of extension. Lines, sur- 
faces, aud solids are the geometrical magnitudes. A point is nota 
magnitifde, since it has no size. The magnitude of a line is its 
length ; of a surface, its area ; of a solid, its volume. 


31. Figure or Form (shape) is the result of position of 
points. The form ofa line (as straight or curved) depends upon the 
relative position of the points in the line. The form of a surface (as 
plane or curved) depends upon the relative position of the points 
in it, The form of a solid depends upon the relative position of the 
pointe in its surface. Lines, surfaces, and solids are the geometrical 
figurés.* | 


Iut.—In Fig. 14, it is easy to conceive the form of the lines by knowing the 
ne eee position of points in the lines. By taking a 
quantity of common pins of different lengths, 


sticking them upright in a board, and conceiv- 
ing the heads to represent points in a surface, 
we can readily see how the position of the points 


| ne in a surface determine its form. 





Fra. 4. Ex. 1. Suppose a line to begin to con- 


* Lines, eurfaces, and solids are called maguitades when reference is had to their extent 
end Ggures when reference is had to their Jorm. ; 
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tract in length, and continue the operation till it can contract ne 
longer, what does it become? That is, what is the minor limit of a 
line ? 
Ex. 2. If a surface contracts in one dimension, aa width, till it 
reaches its limit, what does it become? If it contracts to ita limit 
in both dimensions, what does it become ? 


Ex. 3. If a solid contracts to its limit in one dimension, what doce 
it pass into? Ifin twodimensions? If in three dimensions? | 


Ex. 4. What kind of a surface is that, every point in which is 
equally distant from a given point ? 

32. Geometry treats of magnitude and form as the result of 
extension and position. 

The Geometrical Concepts are points, lines, surfaces (including 
plane and spherical angles), and solids (including solid angles). 

The Odject of the science is the measurement und comparison of 
these concepts. 

Plane Geometry treats of figures all of whose parta are confined to one plane. 
Solid Geometry, called also Geometry of Space, and Geometry of Three Dimenaiona, 
treats of figures whose parts lie in different planes. The division of Part TT. 
into two chapters is founded upon this distinction. In the Jligher or General 


Geometry these divisions are marked by the terms“ Of Loci tu a Plane,” and 
“ Of Loct in Space.” ; 


SYNOPSIS. 
What.—How designated.— Ui. 
* Pornr....< Dimensions of. 
Limit of Line.—Surface.—Sotid. 


Limit of Sulid. i 
BURFACE.. Kinds st Be 
What—Size depends on what.— Adjacent. 
Angie a Sema een ae, ee 
j cute — = Ti, 
Oblique ; Obtose.—What—lZ, ; 


Soup... .. What.—2.—Examples. 


tude.— What.—Result of what. 
G Treats of Pieceor form.— What.—Result of what. 
BOMEFRY -.4 Concept —What. 


Object.— What. 


} What. 
E How designated. 
3 Dimensions of. 
© | Lrxe..... Limit of Surface. 
Zs Btraight.—What.—JU. 
Oo Kinds} Curved.—What.—Zll. 
| | Broken (’) 
<_< 
*) What. 
oe Dimensions of. 
o) 
fz 
oS 


PART I. 


A FEW OF TILE MORE IMPORTANT FACTS OF THE 
SCIENCE. 


SECTION I. 
ABOUT STRAIGHT LINES. 


33. Prob.—To measure a straight line with the dividers and 
scale. 


So.tution.—Let AB, Fiy. 15, be the line to be measured. Take the dividers, 

Fig. 2 (frontispiece), and placing 

e the sharp point A firmly upon 

a i the end A of the linc AB, open 

the dividers till the other point 

B (the pencil point) just reaches 

H the other end of the line B. 

Then letting the dividers re- 

K main open just this amount, 

Fras 38 place the point A on the lower 

md of the left hand scale, as ato, F’g. 1. and notice where the point B reaches. 

im this casc it reaches 8 apaces beyond the figure 1. Now, as this scale is 
Inches and tenthe of inches,® the ine AB is 1.3 inches long. 


&, Peemmcremcmmmmamstcmnnemions 


G 
1 





Bx. 1. What is the length of co? Ans, .15 of a foot. 
" ‘Ex. 2. What is the length of EF ? Ans. .75 of an inch. 
_ Ex. 3. What ie the length of Gu? ins. 1} inches. 
"Bx. 4. What is the length of ik? Ans, .18 of a foot. 


Ex. 5. Draw a line 3 inches long. 
Bx. 6. Draw a line 2.15 inches long. 
- Bx, 7. Draw a line 1.25 inches long. 
ne Bx. 8. Draw a Une .85 of an inch long. 


& 








_@- The next seale (o the right te divided into 10ths and 200ths of a foot, Thus from » te 2 
~ yale Sat, stad she einaller divichwes 
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[Nore.—Suppose a fine elastic cord were attached by each of {ta enda to the 
points A and B of the dividers; when they were opened 80 as to reach from 
Cto D, Fig. 15, the cotd would represent the line CD. Now applying the di- 
viders to the scale is the same as laying this cont on the scale, Without the 


cord, we can imagine the distance between the points of the dividers to be a line 
of the same length as CD.] 


Ex. 9. Find in the same way as above the length and width of this 


page. Also the distance from one corner (angle) to the opposite one 
(the diagonal). 


34. Prob.—To find the sum of two lines. 

SoLUuTion.—To find the sum of AB and CD, 1 * first draw the indefinite line 
Er. With the dividers I obtain the length of AB, by placing one point on A 
and extending the other to B. a-—————- B 
This length I now lay off on the 
indefinite line Ex, by putting one 
point of the dividers at E and €£ emma eae 
with the other marking the point Fig. 16. 
F. EF is thus made equal to AB. 

In the same manner taking the longth of CO with the dividers, I lay iC off from 
F on the Jine Fr. Thus I obtain EC—EF+FC=AB+CD, Ilence, the sum of 
AB and CD is EC. 





C he 





{(Nore.—The student may measure EC hy (.3-3) and find the sum of AB and 
CO in inches or feet; but it is most important that he be able to look upon EG 
as the sum itself.] 


Ex. 1. Find the sum of aB and €F, Jig. 15. 
Ex. 2. Find the sum of EF, CO, and GH, /7g. 15. 
Ex. 3. Make a line twice as long as co, Fig. 16. Three times as 


35. Prob.—To find the difference of two lines. 


SoLUTION.—To find the difference of AB and COD, [ take the longth of the. 
less linc AB with the dividers ; and placing ‘ ‘ 
one point of the dividers at one extremity . 
of CD, as C, make Ce= AB. Then is cD Op ———$$ $$ rent 
the difference of AB and CD, since eD = Fis. 17. 
CD — Ce = CD — AB. 


L. Find the difference of 1k and EF, Fig. 15. 
Ex. 2. Find the difference of CH and co, Jig. 15. 
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Ex. 3. Find how much longer Ik, Fig. 15, is than the sum of EF, 
Fig. 15, and co, Fig. 16. 

Ex. 4. Find the difference of the sum of AB and GH, and the 
sum of CD and EF, fig. 15. 


36. Prob.—To compare the lengtha of two lines ; that ts, to find 
their ratio (approzimately*). 


So._vution.—To compare the lengths of AB and CD, I lay off AB, the shorter, 


upon CD, as Ca. (If AB could be 
a 





t-—_—_—___- ¢—S7D applied two or more times to CD, 
I should apply it as many times as 

3 ¢ CO would contain it.) Now I apply 

A oe ® the remainder of CD, viz., aD, to AB, 
Pia. 16. as many times as AB will contain it, 


which is once with the remainder 6B. This remainder I now apply to aD, and 
find It contained once with a remainder cD. Again, I apply this last remainder 
to 6B, and find it contained twice with a remainder dB. This last remainder I 
now apply to cD, and find it contained 8 times, without any remainder. This 
inst measure, dB, is a common measure of the two lincs. Calling dB 1, I now 
observe that 


cD =3iB= 3; 

bd = 20D= 6; 

ac = 08 = bd + dB=7; 
aD = ac + Dd = 10; 


AB = Ab + 08 = aD + ace = 17; 
CD = Ca + aD = AB + aD = 297. 


Hence the lincs AB and CD are to each other as the numbers 17 and 27; AB 
a $3 of CD; or, expressed in the form of a proportion, AB : CO : : 17 : 27. 


(Noreg.—This process will be seen to be the same as that developed in Arith- 
metic and Algebra for finding the greatest or highest Common Measure of two 
aumbers, and should be studied in connection with a review of those processes. 
See Complete AnituMeETic (215), and Compiete ScHoo, ALerpra (137).] 


Ex. 1, Find, as above, the approximate ratio of aB to cb, Fig. 15. 
Ratio, 13: 18 
dix. 2. Find, as above, the approximate ratio of cp and K, FY¥g. 15. 
Ratio, 5: 6. 
tiem 


© This method does not get the exect ratio, becaure of the imperiection of mensurdaient, 
thie bocanee lines are sometimes incorumensurable, as will appear bereafter, = 
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Ex. 3. Find, as above, the approximate ratio of EF to GH, Fig. 13. 
Ratio, 1:2 

Ex. 4. Find, as above, the approximate ratio of EF to cp, Fig. 15 
Ratio, 6:12 


° 





3%. To Intersect is to cross; and ao crossing is called an 
antersection. 


38. To Bisect anything is to divide it into two equal parts. 
39. Prob.—To bisect a given line, 


So.ution.—To bisect the line AB, I take the dividers; and opening them 
so that the line between their points is more than 
half as Jong as AB, I place the sharp point A on ~ 
the point A, and holding it firmly there, make a 
little mark with the pencil point B, sa nearly as I 
can gueas, opposite the middle of the linc. Then, 
being careful to keep the dividers open just the 
same, I place the sharp point on B, and make a 
mark intersecting the first one, as at m. Now, 
doing just the same on the other side of the line, 
I make two marks intersecting each other, as at n. 
Finally, I draw a line from m to n, and where this Fig, 11. 
line crosses AB is its middle point; that is, AO is equal to OB. [Why this is 
60 we do not propose to tell now. The student needs only to learn how to do 
it, He should measure AO and OB, and thus test the accuracy of his work.] 


Ex. 1. Is it necessary that the dividers be opencd just as wide 
when the marks are made through x, ua when they aro made 
through m? Try it. 


Ex. 2. Suppose you make the marks through m as directed, but, 
in making those through n, yon have the 
dividers wider open when you put the point 
on A than when you put it on B; will the 
line joining m and n then cross AB in the 
middle? If not, on which side of the mid- 
dle will oO be? Try it. 
Ex. 3. Osan you bisect a line by making ee 
the masks all on one side of it? If #0, do it 


> 
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40. Axtom.*—A straight line te the shortest path between two 


points. 


InL.—If 2 cord is stretched across the table, it marks a straight line. In this 
way the carpenter marks a straight line. Having rubbed a cord, called a chalk- 
line, with chalk, he stretches it tightly from one point to another on the surfaces 
upon which he wishes to mark the line, and then raising the middle of the 
cord, lets it snap upon the surface. So the gardener makes the edges of his 
paths straight by stretching a cord along them. These operations depend upon 
the principle that when the line between the points is the shortest possible, it 
is straight. 





41. Axiom.—Two points in a straight line determine its 
position, 


Inu.—If the farmer wants a straight fence built, he sets two stakes to mark 
ite ends. From these its entire course becomes known. This is the principle 
upon which aligning (or sighting) depends. Having given two points in the 
required Hine, by looking in the direction of one from the other, we look along a 
straight line, and are thus able to locate other points in the line. If the points 

A and 6 are marked, by 


c putting the eye at A and 
la Oe nn looking steadily towards 
Cc” B, we can tell whether D 


Fio, 21. and E are in the same 


straight line with A and 8, or not. So we can observe that C’ and C” are not 
in the line; but that C is. This process of discovering other points in a line 
with two given points is called aligning, or sighting. In this way a row of 
trees is made straight, or a line of stakes set. It is the principle upon which 
the surveyor runs his lines, and the hunter aims his gun. In the latter case, 
the two sights are the given points, and the mark, or game, is a third point, 
which the marksman wishes to have in the same straight line as the sights. 





42. Axtom.— Between the same two points there is one straight 
line, and only one. 


Int.—Let any two letters on this page represent the situation of two points ; 
we readily see that there is one, and only one, straight path between them. 
Again, let a corner of the desk represent one point and a corner of the cciling 
of the room represent another point ; we perceive at once that, if a point is 
conceived to pasa in a straight line from one to the other, it will always trace 








® An axiom may be iustrated, but it needs no demonstration. We may explain the terme 
weed and elaborate the condensed statement; bat if, when its meaning is clearly snderatood, 
eng ene does not grant the trwiA of Ite statement, he has not « sound mind, and. we esunet 
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the same path. In short, as soon as two points are mentioned, we think of the 
distance between them as a single straight line,—for example, the centre of the 
earth and the centre of the sun. 

Once more, conceive A and B, Fig. 21, to be two points in the path of a polnt 
moving from A in the direction of B. Now al the pointa in the same direction 
from A as B is, are in this path ; and any point out of this line, as C’ or C", ts 
in a different direction from A. 

In this manner we draw a straight line on paper by Inying the straight edge 
of a ruler on two points through which we wish the line to pass, and passing a 
pen or pencil along this edge. 


Cor.—Tivo straight lines can intersect in but one point ; for, if 
they had two points common, they would coincide and not intersect. 

Ex. 1. A railroad is to be run from the town A to town B. If it ia 
made straight, through what points will it pass? Can it pass through 
any points not in the same direction from A as B ix? 


Ex. 2. If I live on the south side of a straight railroad, and my 
- friend on the north side, but five miles farther 4st, and two miles 
farther north, and the road from my house to his is straight, how 
many times does it cross the railroad ? 


Ex. 3. Can you always draw a straight line which shall cut a 
eurve (whatever curve it may be) in two points? Try it. 


Ex. 4. Detroit is directly cast of where J live. Tow could I drive 
my horse there and never turn his head to the east? Would he have 
to travel in straight lines or in acurve? If Idrive him on @ curve, 
how can I manage it so that his head will be 
east for but an instant? If his head is all 


the time east, what is the line in which I we ; 
drive him ? ; ‘ 


8ve.—The figure will suggest how the firat may vu 2 
be accomplished. 





43. A Perpendicular to a given line is a line which makes 

a right angle (26) with the given line. The latter is also perpen- 

dicular to the former. Oblique Lines are such as are not perpeni«- 
dioular to each other, and which meet if sufficiently extended. 

. 11, BA ts perpendicular to DC ; #0 aleo AC is perpendicular to 

rns Wen Ke at Ki are perpendicular ‘o each other. The other lines 
in Fig, 10 are oblique to each other 5 * 


18 ELEMENTARY GEOMETRY. 


hd, Prob.—To erect a perpendicular to a given line at a given 
point in the line. 


So.vtTion.-—-Suppose I want to erect a perpendicular to the line XY, at the 

point A. With the dividers I measure 

i off a distance AB on one side of the point 

A,'and an equal distance AC on the other 

side. Then opening the dividers a little 

| wider, I put the sharp point on 8 and 

xs A make a mark with the pencil point, as 

Fi. 3. at O, about where I think the perpen-. 

dicular will go. Then, keeping the dividers open just the same, I put the sharp 

point on C, and make a mark intersecting the former one at O. Now, drawing 
@ line through O and A, it is the perpendicular soughit. 


Ex. 1. Suppose I make a mistake and close up the dividers a 
little after making the first mark through 0, and then make the sec- 
end mark; which way will the line lean? Will it be a perpendicn- 
Jar or an oblique Ifme in this case? What kind of an angle would 
OAY be? What oax? What kind of angles are these when OA is a 
perpendicular ? 

Ex. 2. Suppose I should mistake a point nearer to A than B was 
taken, and use it as I did c, having the dividers open just alike when 
I made the two marks through 0; which way would the line lean 
(incline) ? (Sume questions as in the last.) 

Inu.—A carpenter wishes to get the, 
piece of timber AF at right angles to 
MN, into which it is mortised at A. So he 
measures off AB and AC, equal distances 
from 'A; and taking two poles of equal 
length (eay 10 feet long), bas the end of one 
held steadily at 8 and the end of the other 
at C, and moves (racks, as he calle it) the 
end F to the right or left until the ends E 
and D of the poles are exactly opposite, as 


in the figure. AF is thea perpendicular to 








alt: Prob.— From a point without « given line$o draw 2 6 perpen 
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SonuTIon.—I wish to draw a perpendicular from O to the line XY. [I first 
open the dividers wide enough, so that when I re) 
place the sharp point on O the pencil will mark 
the line XY in two points, as B and C, when it 
swings around. Marking these two points, I 
put the sharp point first on B and afterward on | 
C, keeping them open just alike in both cases, x rH 
and make the two marks intersecting at D. 
Placing the straight edge of the ruler on the 
points O and D, I draw the line OA along its ~. 


edge. OA is the perpendicular required. oo. 


Ex. 1. Let fall a perpendicular from a point, as 0, upon a straight 
line, a8 XY, without making any marks on the opposite side of x¥ 
om O. 


Ex. 2. A mason wishes to build 8 , geepe_umenmnenensnmennemeenen t1 


wall from o,in the wall AB,“ straight 

across” (perpendicular) to the wall 

CD, which is 8 fect from AB. He has 

only his 10-foot pole, which is subdi- C mem 
vided into feet and inches, with which Pus. #1. 


to find the point in the opposite wall at which the crosa wall muat 
join. How shall he find it ? 


SECTI/ ON ST, 
ABOUT CIRCLES. 
46. A Ctrele is a plane surface bounded by a curved line every 


point in which is equally distant from a point within. 


47. The Cirewmference of a Circle is the curved line overy 
point in which is equally distant from a point within. 


48. The Centre of a Circle is the point within, which is 
equally distant from every point in the circumference. 

49. An Arc is a part of a circumference. 

* $0.4 Radius is 5 line drawn from the centre to any point 
in the circumference of a Circle. 


52. A Diameter of » Circle is s line passing through the 
centre snd terminating in the circumference. te 


ABOUT CIROLES. 1 


around? What will the string represent? What is the surface 
passed over by the string ? 


Ex. 3. If yon take the dividers, Fig. 1, and open them (say 2 
inches), and then place the sharp point, A, firmly on the paper while 
you turn them around, making the pencil point, B, mark the paper 
as it goes, what kind of a line will be described ? What is the line 
joining the points of the dividers ?* What line describes the cir- 
cle ? ar” dividers only turn o little way, what is the line 

1 ‘ 


'4. If a boy skating on the ice makes a curve which bends 
_vhere just alike, what kind of a path will he make? Does 
the boy describe a circle? How might you conceive the circle in- 
closed by his path, as described? Is a cirele described by a point or 
by a line ? 

(Nors.—The word “circle” is used in common language as equivalent te 
“circumference.” It is alao thua used in General Geometry. But, however the 
words may be used, the pupil should be taught to mark the distinction between 
the plane surface inclosed and the bounding line.] 


Ex. 5. In how many points can a straight line intersect a cireum- 
ference? In how many points can one circumference intersect 
another ? 


Ex. 6. There is a piece of ground in the form of a circle, the 
radius of which is 100. rods, by which run two roads; one road 
runs within 80 rods of the centre, and the other within 100 rods. 
How do the roads lie with reference to the ground ? 


Ex. 7. When you unwind a thread by drawing it off a spool in 
the ordinary way, what geometrical line does the unwound thread 
represent ? 

Ex, 8 In a circle whose diameter is 50 feet, there are drawn two 
chords, one is 20 feet long, and the other 30 feet. Which is nearer 
the centre ? 

Ex. 9. There are two circles whose radii are respectively 12 and 
18 feet. The distance from the centre of one to the centre of the 
other is 25 feet. Do the circumferences intersect ? Would they in- 
tersect if the centres were 3 fect apart? How would they lic in ref- 
erence to each other in the latter case? How if their centres were 
30 feet apart ? “How if they were 35 feet apart? ae 


Ex. 21. If you draw two chords in the ‘dathé ‘circle, oné’of which 
is twice as long as the other, will the arc cut off’ by the Tonger t chord 
be twice as long as the arc cut off by the shorter wiht it be more 


than twice as long, or less ? 


58. Theorem.—The chord of a sizth part of the circum, 
of a circle is just equal to the radius of the same circle. 


Iuu.—If I draw a circle, and then, being careful not to open or close the di- 
viders, place the sharp point on the circumference 
ut some point, as A, and mark the circumference at 
another point, as B, with the pencil point, and then 
move the sharp point to B and mark again, as C, I 
find that when I have measured off six such chords, 
each equal to the radius, I return exactly to A, the 
point of starting. 
Moreover, if I draw the chords AB, eC, ate., I 
E have aregular figure with six equal sides. A figure 
Fig. 81. with six sides is called a hexagon. This hexagon is 





called regular, because its sides are equal each to each, and its angles are also - 
mutually equal. 


Again, ifI unite the alternate angles of the agar hexagon, as FB, BD, and 
DF, I have a regular triangle, called an equilateral triangle. 


86. Inscribed Figures are figures drawn in s cirolé, and 


baying the vertices of all their angles in the circumference, asthe 
dexagon and triangle in the last illustration>~ When the figure is 
without, and all its sides touch but do not cut the ciroumference, it 
is circumscribed about the circle. 


Ex. 1. Draw a regular hexagon whose side is two inches. 


Ex. 2 Insoribe an equilateral triangle in a circle whose radius is 
one inch. 


BY. Prob.—To find the contre of @ civele when the roumforen 
te drawn (or, as we vauallyasy, known). REE 


ie ae ae ee baer os 





88. Prob.—To pass a circumference through three given points. 


So.utTion.—I wish to pass a circumference through the three given points 
A,8, and C. [The pupil should first designate three 
points by dots on his paper, slate, or board, and then 
proceed according to the solution.}] In order to do this, 
I join A and B with a line, and also Band C. I now 
bisect these lines with the perpendiculars MN and RS, 
as in the last problem.” The intersection of these per- 
pendiculars, O, is the centre of the required circle. 
Now setting the sharp point of the dividers upon O and 
opening them till the pencil point just reaches A (B or 
C will answer as well), I draw the circumference with Fra, 38. 

O as its centre and the radius OA, and find that it passes through the three 
given points A, B, and C. 


Ex. 1. To pass a circumference through the three vertices of a 
triangle, t.¢, to circumscribe a circumference about 4 triangle, aa 
this operation is technically called. 

Sve.—This is just like the last, A, 8, and C being the vertices of the triangle. 
The four figures in the margin 


represent the successive steps in 
the solution. First draw the given GivrN 


wee i 
triangle. Then take the first step ae wi aes a eee 
=i | ‘ 





in the solution, then the second, 
ete. 


Ex. 2. Given the centre of 
circle and a point in the 
circumference, to draw the 
ciréle. 


‘800.—-Make a dot on the board 
to indicate the centre, and an- 
other dot to indicate the point 
in tie circumference to be found. | 
This in what ia given. You are 
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ut 


Ex. 1. Draw an acute angle and also an obtuse ‘aigle, and then 


compare them us above. 
Ex, 2. Draw a small acute angle and a large acute one, and then 


compare them as above. 
Ex, 3. Draw a small acute angle, and then draw another angle 


3 times as lurge. 
Ex. 4. Draw an acute angle, and also a right angle, and com- 


pare them as above. 
Sua.—Article (39) shows how to draw a right angle. 
Ex. 5. Draw any angle, and then draw another equal to it. 


Ex. 6. Show that the angles a, b, and ¢ are respectively 4, ¥, and 
6 of a right angle.* 


a“ 
Or res tity 
7 | / 


4 - 2 


’ 
‘ Fie 3 








Fic 38 
Ex. 7. Show that angles a and 4, Fig. 89, are respectively 14 and 
1} times a right angle. 
Ex. 8. Draw a regular inscribed hexagon, as in F¥g. 31, and then 
comparing any one of its angles with a right angle, find that it ig 
1} times a right angle. 


Ex. 9. Draw an equilateral triangle, as 
in Fig. 31, and find that any angle of it 
is 3 of a right angle. 


Ex. 10. Show that a right angle is 
measured by } of a cireumference. 


Soxcrion.—If CO is perpendicular to AB, 
the four angies formed are equal, and eesivis a 
right angle. But,as all of them taken 
are measured by the whole circussfrente, ee 
m. © of them is measured by } of the ednussiaidsied, 


_ enemeneinnernreceoeeipeeatie 
* Of course, absobate accuracy is not to be expected i» such echatleily. oe 
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62. An Inscribed Angle is an angle whose vertex it in 

the circumference of a circle, and whose sides are chords, as A, 
Fig. 41. 


63. Theorem.—An inscribed angle is measured by one-half the 
are included between sts sides. 


InL.—The meaning of this is that an inscribed angle liko A, which Includes 
any particular arc, as ed, is only half as large as an angle would be at tho centre, 
as cOd, whose sides included the same aro, ed, or an equal arc, Thus, in thle 
case, drawing the arc ad trom A as ncentre, with the same radius, Od, as ed la 
drawn with, I find that ad which measures A is } of cd which mecsures Od, 





a Pe . 
z. ‘ 
. rs \ a 
\. i y | 4 
: r fo. 2 “ ‘\ 
a 4 “ 
io 7 4 - ,@ 
+ 4 { 4 
Fia, 4%. 


Ex. 1. Which of the angles a, 4, ¢, @, ¢ ia the largest ? What isa 
measured by? What? Whatc? Whatd? Whate? Fig. 42. 

Ex. 2. Which is the greatest angle, a, 4, orc, Fig. 43? By what 
is @ measured? By what}? By whatc? What ia the monasure 
of aright angle? [See Example 10 in the preceding set.] - 





D 





Wee. 4. Va. “4. 
Ta a. 3. Su I take a square card like CepF, with a hole in one 
eorner oe oaks two pins firmly in my paper, as at A and 
B, place thie corner of the card between them, as in Fig. 44, and 
"keeping the sides of the card snag against the ping, put s 
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pencil throngh the hole c and move it around to A and then back 
to B; what kind of a line will the pencil trace? Will it make any 
difference whether c is a right angle or not? If any difference, 
what ? 


Ex. 4. By what part of a circumference is an angle of a regular 
inscribed hexagon measured? Sce (55), and Fig. 31. Wow many 
right angles is the angle of the hexagon equal to? What is the 
gum of the six angles equal to 7? Ans. to last, 8 right angles. 


Ex. 5. Show, from the way in which an cquilateral triangle is 
constructed in Fig. 31, that one of its angles is measured by } of a 
circumference, and hence is § of a right angle. 





64. Theorem — When tiro lines intersect, they form either four 
right angles, or two equal acute and two equal obluse angles. 


I1n1.—[The pupil can fustrate this for himself by drawing lines and noticing 
what angive are cquul.] 


Ex. 1. Having a carpenter's square, an instrument represented by 
MON, I wish to test the angle O and ascer- 


, tain whether it is, as it should be, a right 

angle. I draw an indefinite rigbt line AB, 

4 und placing the angle O at some point ¢ on 
N 


D this line with ON extending to the right on 


eh cs, I draw a line along om. Turning the 
square over so that ON shall lie on ca, I 

draw another line along om. Three cases 

may occur.—Ilst. Suppose the first line 

ici 8 drawn along om is CF, and the second CE; 


what kind of an angle isQO? 2d. Suppose 
the first line drawn is CE and the second cF; what kind of an angle 
is OP 8d. Suppose the first and second lines drawn along OM coin- 
cide and are ©D; what kind of an angle is 0? 


Ex. 2. Show that the sum of all the angles formed by drawing 
dines on one aide of a given line, and to the same point in the line, 
jade vight angles. 


; 65, Prob.—To biect « given.angle. 
Rikicient.—I wish to divide the angle AO® inp two equal part, < @, & 
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bisect it. With O, the vertex, as a centre, and any convenient radius, as Oa, I 
strike an arc, as da, cutting the sides of the angle. 
Then from a and @ as centres, with the same radius 
in each case, I strike two arcs intersecting as at P, 
Drawing a line through P and 0, it bisects the 
angle; é. ¢, the angle POA = angle BOP, [Let 
the pupil try this by cutting out the angle AOB, 
and then folding the paper along the Ine P, or cut- 
ting it through in the line OP, and then putting one 
angle on the other, and thus see if they do not fil. | 





Ex. 1. Draw an angle equal to } of a right angle. 
S8vc.—First draw a right angle and then bisecct it. 
ex. 2. Draw an angle equal to } of a right angle. 
Sue.—Draw a circle. Inscribe an equilateral triangle. [Do it neatly, by 
rule, as in (65).] Then bisect any angle of this triangle. This will be § of a 
right angle, since the whole angle is j. See Ex. 9 (62). 


Ex. 3. How does it appear that the angle €or, Fig. 31, is 4 of a 
right angle? 





66. Parallel Straight Lines are auch us, lying in the same 
‘plane, will not meet how far soever they are produced cither way. 








Inu.—The aides of this page are parallel lines, annem 
as ure also the top and bottom. The lines in eee hai ean 
Fg. 47 are paraliel. etoromenconmant 
67. Prob.—To draw a line through nee 


@ given point and parallel to a given line. 


Sonurion.—I wish to draw a line through the point O and parallel to the 
line AB. [The pupil should first draw some 
line, as AB, and mark some point, as 0.) Ic—5 
take O as a centre, and with a radius ® greater 
than the shortest distance to AB, as Oa, draw an , 
indefinite arc aP. Then with a as a centre, and 
the came radius, I draw an arc from O*to the 






Pre. @. \ 
line AS at d. Ree ce eran (aa 
point on « and strike » small arc intersecting this indefinite arc,asat P. Fi 
tally, drawing a line through O and P, it fs the parallel sought. _ be hee 





“+ Fae mena pat the sharp poles of ie ervidore ap Q and apes thom Cl (bp jenna de 
Conan the peltion (ihe tadiay) to needd Sign the dlecasite Bom © to AB.” vee 
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68. Theorem.—Two parallel lines are sareuners the same dis- 
tance apart. 


It.—Let AB and CD be two parallel lines. I will examine them at the two 
points O and P. To find how far apart the 


A 0 fap lines are at these points I draw the perpen- 
a ae The diculars OM and PN. [The pupil should not 
c 74 A D guess at these, but actually draw them as in- 
Fro. 49. structed in (44).] Measuring these, I find them 
equal. 
We can understand that this proposition must be true, since the lines could 
- fot approach each other for awhile and then separate more and more without 
being crooked ; or, if they kept on approaching cach other, they would meet 
after awhile, and so not be parallel. 


* 





69. Theorem.—Parallel lines make no angle with each other. 


Inu.—Let AB be a straight line, and suppose CD another straight line 
- passing through the point O. Now let 
7 o' CD turn around, first into the position 
yew DY =O’C’, then into D’C”, etc., all the time 
passing through OQ. It is evident that 
the angle which this line makes with 
the line AB is all the time growing less, 
f.¢, a’<a,anda’<a’. It ts also evi- 
dent that this angle will become 0 
when the lines become parallel; for it 
becomes less and less all the time, but is always something so long as the lines 
are not parallel. 





Fig. 8. 


SERRATE 


70. Theorem.—Parallel lines have the same direction with 
each other. 


Inu.—Thus, in Fig. 47, the parallel lines all extend to the right and i, i. ¢., 
du the same direction. 


Ex. 1. How shall the farmer, tell whether the apponte sides of 
his farm are parallel ? 


Ex. 2. If we wieh to cross over from os eine silt ta 
is it Se en ee ee 
‘will be leas ?. e 


, Ex. 8 Af a straight line interseots two parallel Hines, béiw - many 
7" ngles afe formed? How many angles of the came ast Mey 
‘they alt te of the same ise? = ‘When will they dot be 6. 
<a nantia sine? : 
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SECTION IV. 


ABOUT TRIANGLES. 


71. A Plane Triangle, or simply A Triangle, is a plane 
figure bounded by three straight lines, 


7#- With respect to their sides, triangles are _=—" y ~ 
distinguished as Scalene, Isosceles, and Eguilateral. —— 
A scalene triangle has no two sides equal. An ae 





isosceles triangle has two sides equal, An equi- ae, 

lateral triangle has all its sides equal. i os vt 
73. With respect to their angles, triangles are ie a 

distinguished as acute angled, right angled, and =o 

obtuse angled. An acute angled triangle has three 

acute angles. <A right angled triangle has one right -; 

angle, and the side opposite the right angle is called has = \ 

ww. 


the hypotenuse. An obtuse angled triangle has one 
obtuse angle. 

Ex. Fig. 51 affords illustrations of all the different kinds of 
triangles. Let the pupil point them out until he is perfectly familiar 
with the terms. He should also practise drawing the different kinds 
of triangles, for the purpose of fumiliarizing the names applied to 
the different kinds. 





74. Theorem.—The sum of the angles of a triangle te two 
right angles. 


In1.—Cut ont any triangle from a piece of paper. 
Then cut off two of the angles, a8 1 and 2, and turn 
them sbout and place them by the side of the other 
angie, a8 in the lower figure. You will then see that 
the line OP ts straight, and that the three angles of 
the triangle just make up the two right angles OED 
and PED. 


Ex. 1. If one angle of a triangle is a right 
angie, what is the sum of the other two? 


“x, 2. Gan s triangle have more than ons 
it angle?’ a bon abe sige ae ae SL A 


a a 








% 
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Ex. 3. Can a triangle have more than one obtuse angle ? 


Sug.—Try and see if you can draw a triangle with two right angles, or two 
obtuse angles. 

Ex. 4. Construct any triangle, and draw 
arca measuring its angles, Then diuw a circle 
“7 \ with the same radius as the one used to 

\s 





measure the angles, and lay off upon the cir- 
cumference the arcs measuring the angles. 


S The sum of these ares will always make up 
just a semi-circumference. What does this 
show ? 


Fro, 58. Ex. 5. If two angles of one triangle are 


equal to two ungica of another, can the third angles be unequal ? 
Why? 


o ETC NEES 
$ 


15. Prob.—To make two triangles just alike. 


So.ution.—There are three ways of doing this: 


lst Way.—Suppose I have any triangle, as ABC, 
and want to make another just like it. I first draw 


al 
@ “n arc measuring any one of the angles, as A, of the 
given triangle. Then I make an angle D equal to 
the angle A, and draw the sides De and Of. Now I 
measure DE = AB, and OF=AC. If1 now draw Ef, 
the triangle DEF will be just like ABC, so that, were 


Fro. M I to cut them out, I could apply one like a pattern to 
i the other, and it would just fit. 


8d Way.—I have a triangle A, and wish to make 
another just like it. I draw arcs measuring any éso 
of its angles, as QO and P. Then, making a line MN 
equal to OP, I make an angle at M equal to O, and 
une at N, on the same side of MN, equal to P. 
Now making these two sides Md and Na long enough 
to meet (or, as we say, “ producing them til] they 
meet”), I have a seoond triangle, B, just like the. Oret 
triangle, A. Were I to cut out the first wlangia 
would fit on the seoond just like a pattern. . 


8d Way.—I bare & triangle ACB, and wrung 08 tiie 
another just Hike &. T make a line DE 
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describe another arc. Through the intersec- 
tions of these arcs, as F, I draw DF and EF. An 
The triangle DEF is just like ABC. [Try it by 
drawing as described, and then cutting out one 
triangle, and seeing if you cannot fit it as a 
pattern on the other] 





Ex. 1. In any triangle, which side is 
opposite the greatest angle? Which op- wee 


posite the least angle ? ae 





Ex. 2. If you have two triangles with an angle in each equal, but 
the sides about this angle longer in one triangle than in the other, 
can you make one fit on the other as a pattern 2? Cut out two such 
triangles and try it. 


Ex. 3. Can you make a triangle so that one of its sides shall be 


as long as both the others, or longer than both? ¢. 


Ex. 4. Can vou make a triangle xo that one of its sides shall be 
Jess than the difference between the other two, or equal to the 
difference ? 

Ex. 5. If yon have two triangles with only one side and one angle 
in the one equal to one side and one angle in the other, can you 
apply one as a pattern and makc it fit on the other’ Cut out two 
such triangles and try it. 


Ex. 6. If you have two triangles with only two rides of one re. 
spectively equal to two sides of the other, can you make one fit as o 
pattern on the other? Try it. 


Ex. 7. If you have two triangles with two sides in onc equal re 
spectively to two sides in the other, and the included angle in one 
greater than in the other, how is it with the third sides of the 
triangles ? 


YG. Theorem.—The lines which bisect the angles of a triangle 
meet within the triangle at a common point. 


Int.—Try it, by drawing « triangle, and then bisect- 
ing ite angles, as taught in (65). You will need to do 
it very neatly, or the lines will not meet. It is a 
delieate operation. Try it in varions forme of triangles, | Fw. &, 
as equilateral, right angled, scalene, obtuse angled, etc, 
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YY, Theorem—The lines drawn from the vertices of a triangle 
to the middle of the opposite sides meet in a 
common point within the triangle. 


ILL.—Draw a triangle. Bisect each of the sides 
as taught in (39). Then join each angle and the 
middle of its opposite side with a straight line. If 
you do the work well, the three lines will cross 
each other at a common point within the triangle. 





Fig, S8. 


78. Theorem.—The perpendiculars which bisect the sides of a 
triangle meet at a common potnt, which may be 
within or without the triangle, or in one of its 
sides, according to the form of the triangle. 


Inu.—Draw an acute angled triangle, and bisect its 
kides by perpendiculars. If you do it with accuracy, 
they will meet at a common point within the triangle. 

Draw an obtuse angled triangle, bisect its sides with 
perpendiculars, and they will meet at a common 
point without the triangle. 

Draw a right angled triangle, and the perpendiculars 
will mect in the side opposite the right angle (the 
hypotenuse). 


Ex. 1. Draw an equilateral triangle, and find 
the three points characterized in the last three 
articles, Are they all in one place, or are they 
in different places ? 


Ex. 2. Draw a scalene triangle, and find the three points as above. 
Are they all in the same place, or are they in different places ? 





79. Prob.—To inscribe a circle in a given triangle. 


Cc 

ay So.vTion.—I wigh to insertbe a circle in 
FO the triangle ABC; that is, a circle to which 
| the sides of the triangle shall be tangents. 
{First draw the triangle.) I bisect the angles 
as tanght in (65); and then from the point 
QO, where these intersect, I | ‘tet fall perpen- 
upon the sides, as taught in (45). 

hie... End from 0 ac 
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to one of these perpendiculars (they are all equal), I draw a circle, and it is the 
circle required. 


80. Prob.—To circuniacribe a circle about a given triangle. 


SoLUTION.—I wish to circumscribe a circle 






about the triangle ABC which I have drawn. To no 

do this, I disect the sidea with perpendiculars, and C, an 

find their common intersection 0, as taught in ee 

(78). With Oasacentre and a radius equal to BY : 

OB, the distance from O to the vertex of any one eat eo 

of the angles, as these distances are all equal, I t Ph, 13) 
draw acircle. This is the circumscribed circle, os 
that is, the circle in whose circumference the ver- \ Ns 

tices of the triangle lie. [This is really the same a pases 

as Pros. (58).] Fia. tt. 


SECTION FV. 
ABOUT EQUAL FIGURES. 


81, Equal, in geometry, signifies alike in all respects, t.¢, of the 
same shape and the same size. 

82. Equivatent figures are such as have the same area, ¢. ¢., are 
of the same size, irrespective of their form. 


Ex. 1. Can a triangle be equal to a circle? Can it be equiralent? 
Can a circle be equivalent to a square? Can it be equal to a square ? 


Ex. 2. Can a right angled triangle be cqual to an equilateral tri- 
angle? Cana right angled triangle be equal to an isosceles triangle ? 
If either is possible, construct figures illustrating it. 


83. Prob.—To apply one straight line to another. 


So.uTion.—[{ Applying figures to each other ia a very important thing in 
geometry, and may seem a little curious at first; 
but ft is, in reality, very simple. The pupil must 
become perfectly familiar with it.) We will first C--—-—-—----D 
apply the line AB to the equal line COD. Take 
the line AB,* and placing the end Aupon the ¢ 
end C of the Hne CD, make the line AB take the G—~ 
same direction as CO, and put the former upon i 
the latter, Now, since the lines are equal, the 

» Ft, aboat jt it woe «Wl rd wich yom aA ck wp and enti 





ais cesheansnnidaeee nied 
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extremity (or the point) B will fall upon D, and the two lines will coincide 
throughout their whole extent. 

Again, we will apply the line EF to the line CH. Taking the line EF (think 
of it as a little red which you can pick up and handle), put the point E upon 
CG, and making the line EF take the same direction as GH, put the former upon 
the latter. Now, since EF is shorter than GH, the point (extremity) F will fall 
somewhere on the line CH, as at 1. Therefore the lines do not coincide 
throughout their whole extent, and are not equal. 


84. Prob.—To apply one plane angle to another. 


SoLUTION.—First we will apply one angle to another equal angle. Thus, to 

apply BAC to the equal angle EOF. Take the 

B angle BAC (think of it as if it were two little rods 

put firmly together at this angle, and so that you 

could pick them up and handle them), and placing 

Cc the vertex (point) A upon the vertex (point) D, 

make the side AC take the direction OF. As 

AC happens to be longer than OF, the extremity 

E C will full beyond F, at some point, as O. But we 

 - do not care for this, as the size of an angle does 

of not depend upon the length of the sides. Now, 

O while A lies on D, and the live AC on DF, let the 

H line AB be conceived as lying in the plane of the 

paper also (#.¢, on it), Since the angle BAC is 

equal to EDF, the line AB will take the direction 

G DE, and will fall on it, though the point B will | 

i fall somewhere beyond £, as at N, as AB 

chances to be longer than DE. The two angles 

therefore coincide, and are equal. [Notice care- 

fully just what is meant by saying that the angles 

are equal. We do not mean that the sides are 

of the same length, but that the opening between 

them is the same, f.¢. that one is just as sbarp 
a corner as the other. } 


Queries.—If BAC were greater than EDF, and 
we should begin by putting A upon D, and make AC fall upon OF, where would 
AB fall, withoWt the angle EDF or within it? If BAC were less than EDF, and 
‘we proceed as before, placing the vertex A on D, and AC on DF, would AB fall 
without EDF or within it? 


Again, let us attempt to apply the angle HC! to LKM. Placing the vertex C 
on the vertex K, making the side CG! take the direction KM, and then bringing 
GH into the plane of the paper, the side GH will fall within the angle LKM (as 
in the line KR), since the angle“HGl is lees than LKM. The angles, therefore, 
do not coincide, . 





Fra. 63. 
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85. Prob.— When two triangles have two sides and the included 
angle of one equal to lwo sides and the included angle of the other, to 
apply one triangle to the other. 


So.uTion.—In the two triangles ABC and DEF, let the angle A be equal to 
the angle D, the side AB = the side DE, and AC = DF. We 
will apply the triangle ABC* to DEF. Take the triangle 
ABC and place the vertex A upon the vertex O, making the a 
side AC take the direction DF. Since AC = OF, the ex. 
tremity C will then fall on F.¢ Now bring the triangle ABC = A7—~__ 
into the plane of DEF, keeping AC in OF, and the line AB 
will take the direction DE, since the angle A = the angle D. r 
Aguin, as AB = DE, the extremity B will full upon €&. ‘Thus ae 
we have placed ABC upon DEF, so that A falls upon D, wo 
C upon F, and 8B upon E, and tind that they exactly 6 ~ 
coincide. hie. 

Fa. tH. 

Ex. 1. Suppose you attempt to apply ABC in the last. figure to 
DEF by placing B on D, and Ictting BC fall upon DF. Where will ¢c 
fall? Measure it and find out. Which side will then fall nearly or 
quite on DE? Will it fall exactly on it? On which side will it fall ? 
Can you make the triangles coincide (fit) in this way ? 


Ex. 2. Can you make the triangles in the last figure coincide by 
placing C upon D, and letting CA fall upon DF 2) Where will A fall ? 
What line will fall on or near OE 2 Will it fall without O€, or 
within ? 


Ex. 3. Construct two isosceles triangles,J as ACB and OEF, in 


which AC = CB = DE=EF. Can you ap- C E 

ply DEF to ABC by putting D upon A? Fre ys, 
Describe the process. Can you put DO vA , Je — 
upon A and DE upon AB, and make the “| 
triangles coincide? Can you make the A BO F 


triangles coincide by putting F upon A? Fo. t. 


If so, describe the procesa. Can you make them coincide by putting 
Eupon A? If not, point out the difficulties, 
-% 


* Think of ABC «a | 
in the manner described. 
¢ Bh wilt make it clearer if the pupil thinks of ABC. at this stage of the | 


. Dut the angle B ' ; 
aa ae 1 afterward bring the triangle ABC | 
1 AC on the ine DF. 
ng drawn, and that accurately, according to 
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Ex. 4. Construct two equal trapeziums,* 
as ABCD and EFCH, and describe the process 
of applying one to the other. 


So.LuTion.—I will apply EFGH to ABCD. As 
the angle E is equal to the angle B, I will begin by 
putting the vertex E on B, and making EH fall upon 
_----7G BC. Since EH = BC, H will fall on C. Now, as 





ba / angle H = angle C, HC will take the direction (fall 
m f on) CD; and since HG = CD, G will fall on D. 
Berea do Again, as G= D, GF will take the direction DA; 


and since CF = DA, F will fall on A. Finally, as 
F = A, FE will take the direction AB; and since 
FE = AB, E will fall on B, os it ought, since 1 started by conceiving E as 
placed on B. 


Fra. 66. 


Ex. 5. Describe the application of ABCD in the last figure to EFCH, 
by beginning with C upon H. 


Ex. 6. Having two equal equilateral triangles, can you apply one 
to the other by beginning indifferently with any one angle of one 
upon any one angle of the other? Draw two such triangles, and go 
through with the details of the application. 


86. Prob.—Given two triangles with two angles and the included 
side of the one respectively equal to two angles and the included side 
of the other, to apply one triangle to the other. 


c SoLution.—{The pupil should first draw any triangle, as 

ABC. Then make a line OF equal to AB, and at the ex- 

tremities D and F make angles, as O and F, respectively 

equal to A and B. This is preliminary.) Having the two 

triangles ABC and DEF, in which A = D, B = F, and AB = DF, 

B I propose to apply one to the other. I will apply ABC to 

DEF. Taking ABC, I place A upon D, and make AB take 

the direction and fall upon DF, Since AB = OF, B will fall 

upon F. Now keeping the line AB in OF, I conceive the 

triangle ABC to came into the plane of DEF. Since A= D, 

aren the side AC will take the direction DE, and the extremity C 
of AC will fall somewhere in the line DE,or in DE produced. 

Also, since B = F, the line BC will take the direction FE, and the extremity C 
of BC will fall somewhere in FE or FE produced. Finally, as C falls in DE and 





ce Nn, Mt inelat EON the Kgnses being Geuwre, and that accusntety, soseeling te 
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FE both, it must be at E, their intersection. Thus I find that the triangle ABC, 
when applied to DEF, coincides with it throughout. 


Ex. 1. Given the two triangles DEF and ABC, in which DE-=aB. 


D=A, but E>B; show how an attempt yt 
to apply one to the other fails. = 7 


SoLuTion —Since angle D = angle A,® I ap- 
ply the vertex D to the vertex A, and make DE 
take the direction AB. As DE = AB, E will fall te —'E 
on B, and the sides DE and AB will coincide. 
Again, since D= A, the side OF will take the C 
direction AC when the planes of the triangles a“ 
coincide, and the extremity F will fall in AC, a 
or in AC produced (really in AC produced, in . 
this case) Finally, since E> B, EF will fallto = ag. 8. 3 
the right of BC, and the apphication fails. Fin ts 


o 


Ox 


Pot 


Ex. 2. Construct two trapeziums with their respective sides equal, 
as AC = HE. AB= HC, BO = CF, and CO -- EF, 0 
but with their angles unequal; and show how — ©, 
an attempt fo apply one to the other fails. ‘ 


Ex. 3. If the sides of two trapeziums, usin 4 9B 
the last figure, are equal, and two of the c aa 4 
angles including a gide in one are respectively 
equal to the corresponding angles in the other, 
ag A= H, and B= C, can one be applied tothe poocs + - A 
other? If sv, give the details of the process. Kia 


cemernnieniie @ Gippme-— nol 


SECTION VT. 
ABOUT SIMILAR FIGURES, ESPECIALLY TRIANGLES. 


87. Similar Figures are such as are shaped alike—1. ¢, have 


the same form. . 
A more acientific definition ia, Similar Figures are such as have 


their angles respectively equal, and their homologous (correspond- 
ing) sides proportional. 


an em tadinpnabenaey 
pay Sep ee 





eee oo 


* Be careful to distingnish between the vertex, which ts s poiat, and the angie, which ts the 
opening between the lines. 
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88, Homologous, or Corresponding Sides of similar figures 
are those which are included between equal angles in the respective 
figures. 

In SrmttaAn TRIANGLES, THE THoxMoLoGous SIDES ARE THOSE 
OPPOSITE THE EQUAL ANGLES. 


Inu.—The triangles ABC and DEF are similar, for they are of the same 
shape. But it is easy to see that 


FR ABC is not similar to HK or 

Cc \ PA MON. The pupil should notice 
ees e\ <<. that A=D, C=F, and B= €E. 
3\ ar Ss. Also, side ¢,is 1} times d, side J is 
AO et ee a Decode =. 14 times c, and side d is 1) times 
 & € B a E a; so that f:e¢ ::¢:8, and 
[~- — ae S:eciu:d:sa, and d:a::e:8. 
A Te nC Now there are no such relations 
| se yi existing between the parts of 
ao a oe ae ag ABC and IHK. The angles B 


and K are nearly equal, but A is 

much larger than H, and C is 
smaller than |. So these triangles are not mutually equiangular, ¢. ¢., exch angle 
in one has not an equal angle in the other. Again, as to their sides, IH is a 
little Jess than AC, but HK is greater than AB. These wre triangles are, there- 
fure, not similar. 

In the similar triangles ABC und DEF, d ia homologous with ¢, since they are 
opposite the cqual angles B and E. For a jike reason @ is homologous with d, 
apdewith f% It may also be observed, that the shortest sides in two similar 
triangles are homologous with each other; the longest sidca are also homolo- 
gous with cach other, and the sides intermediate in length are homologous 
with each other. 


Ex. 1. Can a scalene triangle be similar to an isosceles triangle ? 
Can an obtuse angled triangle be similar to a right angled triangle / 


Ex. 2. Are all squares similar figures ? 


S8ve.—First, are the angles equal? Second, is any one side of one square to 
some side of another square as a second side of the first is to a secondpide of the 
second, etc. ? 


Ex. 3. A farmer has two fields, each of which has 4 sjges and 4 
right angles. The first field is 20 rods by 50, and the offer 40 by 
80. Are they similar? ah - 


Sve.—Are they mutually equiangular? Then are the lengths in*the sgme 
ratio as the widths? If they are not similar, — pane ia second: ave 
w bein order to make them similar? Draw. two. s | | aml sev if they 


Wok slike in shape 
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89. Prob.—To find a fourth proportional to three given linea. 


SovuTion.—I have the three given lines 


A, 8, and C,and wish to find a fourth line 2° 
; ale ans 
such that Cea k ca x 
A shall be to B as C is to the fourth line, t.¢., ae 
A:B::C: fourth line. a 

To do this, I draw two indefinite lines OX Q.. ” = \ 
and OY, from a common point O. On one a \ 
of these, as OX, I lay off Oa = A, and Oc =: oF a. NN 
B. Then on the other 1 make OJ = C, and bOI 


draw ad, Finally, drawing ao parallel to ad 
through the point ¢ (67), I have Od as the line ees ee 
sought. Thus, calling Od, D, the proportion is Pht: 
Ou : Oc :: O8 : Od,or 
A: B:: €: O. 





N.B.—The order in which the linea are taken, and the ray of drawing the tinea 
ab and ed, are casential, The following directions will insure correctness: Lay 
off the ¥inst and SECOND on the BAME LINK, up on OX; aad the vain on the 
OTHER LINE, as On OY. Then join the extremétics of the rinwr and Tin, and 
druw the parallel thrqugh the extremity of Ue SECOND. 


Ex. 1. Show that if the order of the proportionals in Aig. 71 ix 
B:A:: C: fourth line, the fourth hes 
proportional is €, Fig. 71. 


ice eeeranenes 
Fe mn eer me nee 

Ex. 2. Show that a fourth propor- C+ steer tee 
tional to A, B, and C is D. Also, that 
a fourth proportional to C, A, and B 
is €. Show that, if the order be 
A:C::B8: fourth line, D is still the 7 
fourth proportional. Show that pee 
B:C:: A: 2C, nearly. 


pe ememeen nf 


Ex. 3. Solve the proportion 3:8::5: 2, and find x geometrically, 


Pi. 
Sua.—Using the acale of 100ths of s pe ., ae 
je ae re eae oo ke 


is the Syorth proportio proportional, or z = OD, 
which is found by measurement to be 13}, 
as itis by arithmetic. = - 
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90. Prob.—To draw a triangle similar to a given triangle, and 
having a given side. 


SoLUTION.—1at Method.—I have a triangle ACB, and want to make another 
similar to it, but having the side homologous to BC equal to a. I draw an 
indefinite line, and on it take EF, equal toa. Then at F I make an angle equal 

to C,and make the side indefinite. Now I find 

C a fourth proportional to BC, EF, and AC. Having 

found this, as in the last article, I lay it off from 

F,as FD. Drawing DE, I have DEF, the triangle 
required. 

I can readily satisfy myself that DEF is simi- 

B lur to ABC, for besides the fact that it looks as if 

it were of the same shape, by measuring the other 

two angles, I find that E = B,and D = A. More- 

over, I know that BC, EF, AC, and OF are pro- 

portional, because I made them so, And, by 

finding a fourth proportional to BC, EF, and AB, 

I find it exactly equal to DE. In like manner 

constructing a fourth proportional to AC, DOF, and 

AB, I find it to be OE. So that the two triangles 

Fie. 7. are mutually cquiangular, and have their homolo- 


gous sides (those opposite the equal angles) pro- 
portional. Hence, the triangles are similar. 





24 Method. —But an casier way to construct DEF is to make the angle F = 
C as before, and then make E = B, and produce the sides till they meet in D. 
The triangles will then be similar, aud the proportionality of the sides can be 
feated. 


Ex. 1. Given a triangle whose sides are 7, 11, and 15, to construct 
a similar triangle having the side corresponding to the one which is 
11 in the given triangle, 8 
- Ex. 2. Construct two triangles with equal angles, and then com- 
pare the sides, and see whether 
you can make two triangles whose 
angles shall be respectively equal, 


and their sides not be propor- 
tional. 


3.—Having the triangle ABC, make 
DEF equisngular with it, and then 
compare the homologous sides. fathe 
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gous with AC, because it is opposite angle &, which equals B. For a simi 
lar reason EF is homologous with AB. Now, taking two sides of ABC, as BC 
and AB, and a side of DEF homologous with one of them, as OE, and finding a 
fourth proportional Oc, it will be found exactly equal to EF; so that 

BC: DE :: AB: EF (= Oc). 


Ex. 3. Make two triangles, two of whose angles shall be, one 4 
and the other } ofa right angle; but make the side included between 
these angles twice as great in the second triangle ag in the first. 
What will be the ratio of the side opposite the angle {in the firat 
triangle to the homologous side in the second? What the relation 
of the sides opposite the angles } ? 


Ex. 4. If you make one triangle whose sides are 5, 8 and 3; and 
a sccond whose sides are 15, 24, and 9, will they be mutually equi- 
angular? Which angles are the equal ones 2 Which are the homoel- 
ogous sides ? 


\ Ex. 5. There are three pairs of similar Cc 
triangles in Fig. 76. Can you point them roo NN 
out? Also point out their homologous Pa | w 
parts. <Are all the triangles which you rr ae a‘ 
can make out from the figure similar to db 68 
each other ? wigs 


Ex. 6. Wishing to know the height EC of a house, I set up a 
stake OB 5 Seet long; and putting my 
eye close to the ground, I moved back 
from the stake to A, so that the top of 
the stake and the top of the house were 
just in range (in a line). Then by meas- 
uring I found AB = 10 feet, and AC = &0 
feet. What was the height of the house ? 


Ex. 7. If you take three sticks of different lengths and put them 
together by joining their ends two and two, so as to represent a 
triangle; can you, by putting together the same sticks in a different 
order, make a triangle of different form from the first? Will the 
angles opposite the same sticks always be the same? 

Ex. 8. If you take more than three sticks (say 4), and make of 
them the bonndary of a figure, by putting their ends, together two 
and two, can you put them together 60 as to make another figure of 
different form? Can you make figures having different angles ? 


Ex. 9. If you take thre@iticks, A 3 inches long, 8 5 inches, 
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and C6 inches; and also three other sticks, D 9 inches long, E 15 
inches, and F 18 inches ;* can you place them together so as to make 
dissimilar triangles? Will the corresponding angles of the two tri- 
angles be equal however you may arrange the sticks? If the sides 
of two triangles are proportional, will their angles be equal and the 
triangles similar ? 


Ex. 10. If you take four sticks, A3 inches long, B 5 inches, C 6 
inches, and K 4 inches; and also four other sticks, D 9 inches long, 
E 16 inches, F 18 inches, and L 12 inches;* can you place them to- 
gether 50 as to make four-sided figures which shall be dissimilar 
(i.¢., not of the same shape)? Will the corresponding angles of the 
two figures be necessarily equal? If the sides of a four-sided figure 
are proportional, does it follow that the corresponding angles are 
equal, and the figures similar ? 


Ex. 11. Why do the braces in the frame 
of a building etiffen it? Is a four-sided 
figure stiff? te, are its angles incapable 
of change while its sides remain of the 
same length ? Can the angles of a triangle 
be changed while the sides remain un- 
Fia 7% changed ? 





SECTION VII. 
ABOUT AREAS. 


| 92. A Quadrtlateral is a plane surface inclosed by four 
inlighet! lince. 

92. There are three Classes of quadrilaterals, viz., Trapestume, 
Trapezoids, and Parallelograms. 

93. A Trapextum is a quadrilateral which has no two of its 
sides parallel to cach other. 


94. A Trapesoid is a quadrilateral which hagihut two of ite 


sides papel to each other. 
.,*Motige tit Gapieldes ave proportional, 4, in the aque satin and tee, 
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95. A Parallelogram is a quairilateral which has its oppo- 
site sides parallel. 


96. A Rectangle is a parallelogram whose angles are right 
angles. 


97. A Square is an equilateral rectangle.* 


98. A Rhombus is a parallelogram whose angles are not right 
angles, and all of whose sides are equal. 


99. A Rhomboid ia a parallelogram whose angles are not 
right angles, and two of whose sides are greater than the other two 


Inu.—The figures in the 
margin are all quadrilat- 


erals, A is a trapezium. A PNA 
(Why?) Bis a trapezoid. _ / B 
(Why?) C, 0, €, and F are eee : / ee, eee 


parallelograms. (Why ?%) 
O and € are rectangles, 


although O is the form Se r\ —— a's 
usually referred to by the C D 
term rectangle. So C is ; | | 
the form usually referred careers | 


to when a parallelogram is 
spoken of, without saying 
what kind of a parallel- 
Ogram. C is also a rhom- 
boid. (Why?) € is a square. 
(Why?) F is a rhombus. 
(Why ?) This page is a 
rectangle; so also are the 
common panes of glass. 





100. A Diagonal is a line joining two anglca of a figure, sot 
adjacent. 


Inzu.—In common language, a diagons! fs « line running “from coraer to 
corner.” 


Ex. 1. To constract a square, having given s side; or, in other 
words, to construct # square on a given line. 


* The ohiguid be able to give this snd all similar Gefieitions ab iength. That, A Square 
fn a tanhis tnslote’ by tour egal tight nee making right angien with dod Sibi, 


48 ELEMENTARY GEOMETRY. 


1st Method.—Let A be the given side. Draw 
the indefinite line OX, and lay off OM = A. At 
M erect a perpendicular MY, as taught in (44). 
On this take MN = A. From Nand O as centres, 
with a radius equal to A, describe arcs intersect- 
ing, as at P. Draw NP and PO. 


2d Method.—Let @ be the given side. Con- 

struct equal angles at the extremities of Q, and 

M 0 produce the sides till they meet, and one of 

them till it will meet another side of the square 

proposed. With S as a centre, and ST or SR as 

radius, describe a semicircle. Draw RV, and it 

forms a right angle at R. The construction can 
now be finished as before. 


ix. 2. Construct a rhombus whose side 
is 2 inches, and one of whose acute angles 
is § of a right angle. 

pase Ex. 3. Construct a rectangle whose ad- 
jacent sides are 3 and 5.* 

Ex. 4. Construct « rhomboid whose adjacent sides are 3 and 7, 
and their included angle 4 a right angle. 

Ex. 5. How many diagonals has a triangle? How many has a 
quadrilateral? How many has a figure with five sides (a pentagon) ? 
Of six? Of eight? 





101. The Area. ofa surface is the number of times it contains 
some other surface taken ag a unit of measure; or it is the ratio of 
, one surface t@another assumed as a standard of measure. 
‘~~ £02. The Unit of Area usually assumed is a square, a side of 
which is some linear unit: thus, a eguare tnch, a square foot, a 
aguare yard, a square mile, etc. By these terms is meant a square 1 
inch on a side, one foot on a side, one yard on a sid¢, etc. 


The acre is an exception to the general rule of assuming the 
aquare on some linear unit as the unit of area, there being no linear 
unit in use whose length is the side of a square acre. , 

Ign.—The area of a board is the number of squares 1 foot on a side which it 
would take to cover it. The area of a floor may be spokég of in square yards, 
and is the same as the number of square yards of carpeting it Gould take to 
cover it, ee 7 


“ 


Take any convenient unit, ar ¢ inch, 1 inch. 
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103. The Altitude of a parallelogram is the distance between 
its opposite sides ; of a trapezoid, it is the distance between its parallel 
sides; of a triangle, it is the distance from any vertex to the side’ 
opposite or to that side produced. 


104. The Bases of a parallelogram or of a trapezuid are the 
sides between which the altitude is conccived as taken; of a triangle, 
it is the side to which the altitude is perpendicular. 


IuL.--The dotted lines in B, C, O, and F, Fiy. 79, represent altitudes, 
When the altitude is the distance between two parallels, the flzure haa two 
bases. The altitude of a parallelogram may 
be reckoned between either pair of parallel 


$ 
sides, but it is most common to conceive it as / \ ; 
the distance between the two longer sides. : : 
The altitude of a rectangle ia the same as” : ; 
either side to which it is parallel. Atriangle ~¢—— 777 0B «oe 
, : A A B O 
may have three altitudes, and any side ofa 
triangle may be conceived as its base. In 


Fig. 81, AB is conceived as the base in each case, and) CD the altitude, 





Fig, 81. 


Ex. What side of a triangle must you conevive as the base, in 
order that the altitude shall fall upon it, and not upon ita pro- 
longation? From what angle will the altitude be reckoned in such 
a case ? 


105. Theorem.—The area of a rectangle ia the product of ita 
two adjacent sides; or, what ix the same thing, the product of tts 
altitude and base. : 


Inu.—Let ABCD represent a rectangle, of which AB is 8 units long, and 
AC 5. Now, let us conceive a square a constructed on one of these unite, 
Using this surface as the unit of area, it ia evident 
that in the rectangle cABd there will be 8 such. C 
Hence, the area of this rectangle is 8 (square units). 
Now, drawing parallels t) the base through the 
several points of division of the altitude, it is evident 
that the whole rectangle ABCO is made up of as 
many rectangles like cASd as there arc units in the As 4946 
altitude—in this case 5. Hence the whole area is 5 Vio, 92. 
times the area of cAGd, i.¢.,5 times 8 {square units) 
= 40 (equare waite), 

N.B.—The pupil should ba careful to observe that the language “product of 
bass into althtiide.” t only a convenient form of abbreviated enpreston. It is 


yi 
* 
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just as absurd to talk about multiplying 4 line by a line, as to talk about multi- 
plying dollars by dollars. Thus 8 inches in length can be taken 5 times, and 
- makes 40 inches in length. But what does 8 inches in length, multiplied by 5 
inches tn ength mean?’ Or what is 8 dollars taken 5 dollars times? The multi- 
plier must always be an abstract number, and the product be like the multipli- 
cand, from the very nature of multiplication. With this the explanation given 
above agrees. When we say that the area of ABCD = 8 x 5, we mean 5 times 
8 square units, which equals 40 square units. 


106. Theorem.—The area of any parallelogram is the same as 
the area of a rectangle having the same base and altitude as the paral- 
lelogram, and hence is the product of its base and altitude. 


Inu.—This truth is easily illustrated by cutting out a parallelogram, as 
ABCD. Then, cutting off the triangle DEC, 
being careful to make DE perpendicular to 
BC, and placing DC upon AB so as to bring 
the triangle DEC into the position AFB, the 
two parts will just make up the rectangle 
AFED. Hence we sec that the area of ABCD 
is the same as tbe area of AFED, which latter 
is a rectangle having the same base AO, and the same altitude ED, as the given 
parallelogram. 





Fia. &3. 


107. Theorem.— The area of a triangle is half the product of 
tts base and altitude. 


Inu.—To illustrate this truth, cut out two triangles A and B just alike. By 
pete ese ea ine aes placing them together, a 
Beet tee ?  paraliclogram can be 


7 : A’ a formed whose base and 
yf 8 # altitude are the same as 


Fi. ot. the triangle. The area of 
the paraliclogram is the product of its base and altitude. Hence the area of 
one of the triangles is one-half the product of its base and altitude, 

In fact, by cutting one of the triangles, as A, into two triangles, its parts can 
be put with B so as to make a reciangle having the same base and altitude as 
the triangles. (The pupil should do it.] 





108. Theorem.—The area of a trapezoid is the product of tts 
liitude into the line joining the midis points of tis inclined sides. 


Ua.—To illustrate this truth, cut owt axy trapeaoid, an ABCD, and through 
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the middle of the inclined sides, as a and }, cut o C 
off the triangles Aam and Bon, being careful to ae pe ; 


cut in lines @m and bn perpendicular to the Ree 
base. These can be applied as indicated in the”: 
figure, so as to fill out the rectangle omnp. A “m7 
Hence we see that the area of the trapezoid is Fiu. 8h, 

just equal to the product of its altitude into the line joining the middle polats 
of its inclined sides, as ad. 





Ex. 1. How many square yards of plastering in the walls of a 
room 20 feet by 30, and 19 feet high, including the ceiling ? 
slug, 2334 
Ex. 2. A salesman is selling a piece of velvet which is worth @8 
per yard. The velvet is cut “on the bias,” as the technical phrase 
is, t.¢@, obliquely, instead of square across, The piece he is selling is 
measured along the selvedge in the usual way half a vard. He is 
disposed to charge the customer somewhat more than @4. Is he 
right? The customer claims that he is getting but half a yard of 
velvet, and so ought to pay but $4. Is he right ? 
Ans. Both are right,—the salesman in his demand, and the 
customer in his statement. How is it? 


Ex. 3. There are two parallel roads one mile apart. A has a farm 
which extends along one of the roads half a mile. and the lines run 
perpendicularly from one road to the other. 68 has a furm lying be- 
tween the same roads, and half a mile front on each road, but rune 
ning obliquely across. Which 
has the larger furm ? en” sera } _ et 

Ex. 4. Of the four triangles o — a . po 
ACB, ADB, AEB, and AFB, Fig. oe if ge 

‘ One? ee 
86, which has the greatest gue wg 
area, CF being parallel to AB? Fis, 86. 


Ex. 5. Which is the largest triangle which ii 
can be inscribed in a semicircle, having the MA Ces 
tg ON a 
o? = 





a 


diameter for its base ? . 


Ex. 6. Can you vary the areca of a triangle 
while the sides remain of the game length? | 
Can you vary the area of a quadrilateral while the sides remain of the 
same length ? 


Ex. 7. If you have two lines.gach 5 inches long, and two each 3 
inches Jong; into what kind of @ parallelogram must you form them 
in order to have its area the greatest ? 

4 





ene 


Fie, &%. 
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Ex. 8. Rough boards are usually narrower at one end than at the 
other, for which reason the lumberman measures their width in the 
middle. What is the number of square feet in the following : 

12 boards 16 feet long, 10 inches wide (in the ee : 

15 boards 11 feet long, 9 inches wide “ : 

8 boards 10 feet long, 13 inches wide “ 2 
What principle is involved in such measurement ? 


Ex. 9. What is the area of a triangle whose altitude is 6 feet, and 
base 10 feet? Arc these elements sufficient to fix the form of the 
triangle ? 


ix. 10. If a line be drawn from any angle of a triangle to the 
middle of the opposite side, what is the relation of the areas of 
the two partial triangles? Why ? 


THE PYTHAGOREAN PROPOSITION. 


109. Theorem.—The square described on the hypotenuse of a 
right angled triangle is equivalent to the sum of the two squares 
described on the other two sides. 


Int.—The meaning of this proposition may be illustrated thus : Let ABC be 
aright angled triangle, right angled at C, and the 
sides AC and CB be 4 and 3 respectively, Then 
measuring AB, it will be found to be 5, and we 
observe that 4" + 8* = 5°. This is also seen from 
the figure, in which the square*on AC contains 
4*= 16 square units, and that on CB 3'= 9; while 
that on AB contains 5° = 25, &.¢., as many as on 
both the other sides. We cannot 80 readily ilue- 
trate the truth of the proposition when the ratio 
of the sides is any other than that of 8, 4, and 5, 
ae E but it is equally true in all cases, ax will be proved 
Fre. 83. in the next part of this book. 


Ex. 1. Can you fhake a right angled triangle whose sides: ‘shall be 
5, 8, and 10? 


Sva.—As 10 ia the longest side, it wilkhave to be the hypotenuse. Now 5° 
+ 8 = 25 + 64 = 89. But 10* = 100; Hence, neaie for the hypote- 
nase of a right angled triangle whoseqther sides are 5 and &... er: 


Ex. 2 Can you make a right angled ingle whe ie hal be 
@, 12,and 15? . ss 
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Ex. 3. A carpenter has framed the four sills of a building to- 
gether, and placed them on the foundation. He then wishea to 
adjust them so that the angles shall be 
right angles. He places one end of his 
ten foot pole ad at a, 6 feet from, and, 
holding it in position, orders his attendants 
to move the sill AB to the right. How far 
will the end 4 of the pole be from ¢ when 
the angle 6 is a right angle ? 





Fie. 8. 


Ex. 4. A gate is to be 10 feet long and 4 feet high. How long 
must the brace be to go in ag a diagonal and held the gate in the 
form of a rectangle ? 


Ex. 5. The angles of a room are all right angles, and ita dimen- 
sions are 20 feet by 30 on the floor, and 16 feet high. What ia the 
length of the longest diagonal extending from one corner on the 


floor to the opposite corner in the cciling ? 
Ans. A little more than 39 feet. 


Ex. 6. The numbers 3, 4, and 5 sre much used hy artizans as 
parts of a right angled triangle. Will any equi-multiples of them 
answer the same purpose, as twice them, t.¢, 6, 8, and 10; or three 
times them, as 9, 12, and 15, ete. ? 

Ex. 7%. In an obtuse angled triangle, is the aquare of the side oppo- 
site the obtuse angle greater or less than the sum of the squares of 
the other two sides? How is it with the square of the side opposite 
an acute angle? 


Cc 
oe Cn es, C% 
Sve.—In the right angled triangle ABC, AC* = an toe of 
CB" + AB". . In the obtuse angled triangle C’S is * ie " 
equal to CB in the right angled triangle. But AC* % ma 
is greater than AG*; hence AC™ > 8C* + AB’. 3 ey 
By a similar inepection the other case may be Fe. 00 


determined. 





KX 110. Prob.—To find a mean proportional between tivo lines. 

Bo.vurion.—I wish to find a mean propor- 
tiowal between the lines M and N, é¢., 8 line 
2, such that 

M:2:: @:N, whence 2° = MX 

e= JX, | 

I draw 2 line AB equal to the sum of @ and Pes. 08. 4 

N, making OG = M, and AD= N. I draw 





dae 
rad 


gemicircumference on AB, and at D erect CD perpendicular to Ag CD is z, 
the mean proportional required. 


x. 1. To construct a square which shall be equal ig area to a 
given rectangle. 
80c.—Draw any rectangle. Then find a mean proportional between its 
adjacent sides as described above. A square constructed on this line will be 
.equal in arcs to the rectangle; since, if z is the side of the square, and M and N 
are the adjacent sides of the rectangle, z* = M x N, But 2’ is the area of the 
square, and M x N is the area of the rectangle. 


\/ Ex. 2. To find the square root of 15 by means of the ruler and 
compasses. 


Sua.—Bince 15 = 8 x 5,if OB = 8 and AD = 5, Mig. 91,2 (CD) = V8 x 6 
= 4/15. Therefore, making a figure having DB and AD of these lengths, 
CD can be meusured, and thus the square root of 15 obtained, approximately, in 


numbers. 


N. B.—ZJn auch a case CO represents ernetly the required root, although we 
may not be able to express the ralue eractly in numbers In this case geometry 
does exactly what arithmetic can only do approximately. 


Ex, 3. Draw a line which shall represent, exactly, the square root 
of 5. 


Svug.—Make OB = 1, and AD = 5. 


Ex. 4. Draw a rectangle whose adjacent sides are 2 and 8, and 
then draw a square of the same area. 


4111. Theorem.— The areas of similar triangles are to each 
other as the squares of their homologous sides. 


Cc InL.—The meaning of this is, that ff ABC and DEF 
arc similar, and any elde of ABC is 3 times as great as the 
homologous side of DEF (as is the case ih the @pute, CB 
being = 2FE, CA to 2FD and AB to SR) Gb area of 
ABC is 4 times the area of DEF. In in @ simple 
case like this, we can divide ABC iito ' ¢langles 
exactly cqual to DEF, as is done by the Gotthil Maes. 


Ex. 1. Aand 8 have trian ploteeol land, 
fe which sve similar to ach eahem am aay 
situated. But a’s front is to @’s as § to 3; how 
mauch more land has A than ef . 

Ans. $4 timed @ munch. 





Ex. 2. In order that one triangle may be similar to and 4 times as 
great as another, how must any side 





of the first compare with the ho- / 
mologous side of the second ? we its 
Ex. 3. In order that the areas of 2 ag 
two similar triangles may be to te we ee 
each other as 4 to 9, what must Le at + a ; “sg 





be the ratio of their homologous , 
sides? . 


Res 3 


| 
‘+112. Theorem.—The homologous sides of similar lriangles are 
to each other as the square roots of their areas. 


This theorem is involved in the theorem that the areas of sifilar trianglen 
are to each other as the squares of their homologous sides, It is Wustrated in 
the preceding examples. 


“~ Ex. Construct a triangle with one of its sides 2 in length. 
Then construct a similar triangle 1} times as large. What must be 
the length of the side of the second triangle which is homologous 
with the side 2 of the first. 


So.turion.—Let CAB be the given triangle, whose side AB is 2. Since the 
second is to be 1} times as great as the first, the ritio of the areas te 2: 3, 
Hence, 1/2: 7/3 
:: AB (or 2) : 2, 
the side of the ree 9 
quired triangle ho- 
mologous with side 
2 of the given tt- 
angle. Construct 
the square roots of 
2 and 8, as ad and 
ac in the figure, 
and then find a 
fourth proportional 
to ah, ao, and AB. Ff 
This is found to be ° Fre. 06. 
ay. Taking OE = 
ay, construct on it s triangle DEF similar to ABC, and St will be 1) times as 


large. 





THE AREA OF A CIRCLE. 


113. Theorem.—The area of a circle whose radius 18, 18 xr’, 
¢.¢.; 3.1416 times the square of tts radvus. 


InL.—If we take a circle whose radius is r and circumscribe about it a square 
ABCD, we observe that the area of this square is 477. Hence we see that the 
areca of a circle is less than 4 times the square of its radius. Again, drawing two 
diameters EF and CH at right angles to each other, 
and joining their extremities, we have the inscribed 
square CEHF, The area of this square is equal to 
the area of the two triangles CEF and EHF. But 
aren GEF = 400 x EF =4r x 27 = 2°; and in like 
manner EHF = 7°. Hence area CEHF = 277. 
We thus see that the area of a circle is more than 
two times the square of the radius. The area 
of a circle is therefore somewhere between two 
and four times the square of its radius. Just how 
many times 7* the area is, we do not propose to find 

Fig. 05. in this place, but only say that it has been found to 

be 8.1416 times 7*. We must also remark that this 

ts not exact; but it is near enough for practical purposes. In fact, nobody 
Rows exactly how many times the square of the radius the area of a circle is. 





Ex. 1. If yon cut from a square the largest possible circle, show 
that you cut away a little less than } of the square, or more exactly 
2146 of it. 


Ex. 2. What is the areca in acres of a circle whose diameter is 3 
miles? Ans. 4523.904. 


Ex. 3. A horse is so tied to a tree that he can graze on every side 
of it to a distance of 100 feet. What is the area in acres over which 
he can graze ? Ans. A little less than 3 of an acre. 


Ex. 4. What is the area of a circle whose radius is 1? 
[Remember fhis result. ] 


Ex. 5. What is the area of a circle whose radius is 3? 3?. 4? 
How do these areas compare with the area of a circle —_— Lalas 


oe, 
wo 
* uv 


is 1? 





eguares of their radii. 


I1.—This is readily seen.from the last theorem. Thus the : és ee —_ 
‘wide radius is 5 is 200; and of one whose radius is 6, the ares is Sle, How, 
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the ratio of these areas 252 : 86x is the same as 25: 36, i.¢., as the squares of 
the radii of the two circles. 


Ex. 1. In the figure the radius of the outer 
circle is twice that of the inner. How do their 
areas compare? How do the 4 parts into which 
the larger circle is divided compare with each 
other ? 

Ex. 2. The radii of 2 circles are 3 and 5 re- 
gpectively ; what is the relation of their areas ? 

Ans. 9:25; or one is 27 times as lurge ag the Pia te: 
other. 

Ex. 3. I have a circle whose radius is 4, and wish to make anc‘aer 
whose area is twice as great; what must be its radius ? 

Ans, V50, or 1071 nearly. 





Ex. 4. Can we compare the areas of circles by meansof the squaree 
of their diameters us well as by means of the squares of their radii ¥ 
How much greater is the square of the diameter of any circle than 
the square of the radius? 

ot a 

Ex. 5. Two 53-inch stovepipes run together into one T-inch piper 
Is the capacity of the one pipe equal to that of the two ? 

Ex. 6. Two men bought grindstones of equal thickness, Phe 
stones cost $4 and $9 respectively. One was 2 fect in diameter and 
the other 3. What was the difference in the rutes paid ? 


SECTION F/I. 
OF POLYGONS. 


118. A Polygon isa portion of a plane bounded by straight 
lines. 
The word polygon means many-angled; 90 that with atrict propriety we 


might Hmit the definition to plane figures with five or more uides. This limite 
tion in the use of the word is frequently made. 


'26. A polygon of three sides is a triangle ; of four, a quadrilat- 
views Of five, a pentagon ; of six, a hexagon ; of seven, s heptagon ; 
of eight, an octagon ; of nine, a nonagon ; of ten, a decagon; of 
twelve, a dodecagon. me 
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2117. A Regiwdar Polygon is a polygon whose sides are 
equal each to cach, and whose angles are equal each to each. 


118. The Perimeter of a polygon is the distance around it, 


or the sum of the bounding lines. 
% 





119. Theorem.—Any polygon may be divided by diagonals 
drawn from any angle, into as many triangles as the polygon has 
sides, less two sides. 


D Inu.—In the figure the polygon has 7 sides. 

C.gn By drawing the diagonals from C to the other 
ae 7 eee 

Le c., angles, we divide the polygon into 5 (7—2) 








B * SE triangles. 
ab = | 
> cae 120. Theorem.— The sum of the an- 
e gles of any polygon ta twice as many right 
angles as the polygon has angles (or sides), 
Fra. #7. less four right angles. 


Int.— Draw a polygon, as ABCDEFG, and the arcs a, 4, ¢, d, e, f, g, measuring 
its angles. Weth the same vadiue draw a 
a= circle. Beginning at some point, as. O, 
i, lay off OA = a, AB = +, BC = ¢, CO = a, 
oS, D DE =, EF =f, and FC =g. It is found 
in this case that the sum of these meas- 
7 ures is two circumferences and a half 
: Now, one ‘circumference is the measure 
C of 4 right angles. Hence, 2} circumfer- 

| wa ences measure 2} x 4 = 10 right angles. 
oe ra Thus it appears that the sum of all the 
ion era angles of the polygon is 10 right angles. 
This agrees with the theorem; for, by 

or that, the sum should be 2 righf angles x 7 
— 4 right angles, which is 10 right angles. 


. 
Se eae Sie 








121. Prob.—To draw @ regu- 
lar polygon. 


Fro, 98. So.vrTron.—Draw a circle, and divide 

the circumference into as many equal arce 

aa the polygon has sides. The chords of these arcs will Se eee 
of the polygan. 
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The practical difficulty lies in dividing the circumference as required. The 
circumference can be divided into 6 equal arcs by (535). Drawing raidli to these 
points of division, and bisecting the included angle, a dividion into 13 equal 
parts is effected. These can be again bisected, and the division into 24 equal parta 
effected, etc. Aguin, the circumference can be divided into 4 equal parta by 
drawing two diameters at right angles to each other (see Fig. 03). These ares 
can be bisected as indicated above, and the division into 8 equal parts effected. 
Bisecting the latter arcs, we have 16 equal parts, ete. There is also a way to 
divide the circumference into 10 equal parts, but it is too difficult to be given 
here. For all regular polygons except those of 3, 6, 12, 24, ete., and 4, 8, 16, ete, 


sides, the pupil, at this stage of his progress, is oxpected to effect the division 
by trial. 


EXERCISES, 


1. By drawing diagonals from any one angle, into how many tri- 
angles can a pentagon* be divided 2? Show it with a figure, Into 
how many an octagon 2? A dodecagon ? A nonagon? A hexagon ? 
9, What is the sum of the angles of a hexagon? Determine the 
number mentally, and then measure the angles geometrically, as in 
the solution of (720), observing that the latter result verifies the 
former. In like manner determine the sum of the angles of a pene 
tagon. Of an octagon. Of adecagon. Of a nonngon. Of a tri- 
angle. Of a quadrilateral. 


3. If the angles of a hexagon are equal cach to each—-that is, if 
the hexagon is equiangular——what is the value of any one angle? 
Ans. 14 right angles. 
{Nore.—A regular polygon is equiangniar. | 


4. What is the value of any angle of a regular octagon? Of @ 
regular pentagon? Of a regular dadecagon ? 
Answer tu the last, 1§ right angles. 


5. Construct a regular dodecagon. 
6. Construct a regular heptagon. 


8co0'sa — Observing that as the chord for the heragon 
fa the radius, and bence the chord for the heptagon is 
@ little les, we can readily find dy trial juat how wide 
to open the dividers so that they shall step around 
the circumference at 7 steps. This is not a very 
scientific way of constructing a figure, it is true, but 7 
itis the only way we can get the chord in this case. 10, 9. 


Fo oem ansennan anaspemmarmnerieeaenseteneammmnnmmmannmmaamemmenineeaneaats ripen sellin eels aa Se enuf ei Ry IE ED atin a BNC TARAA Hk NRRCIKHTINS EE Ve ei 2 aE pe aR 


© Polygous are not to be assamed regular unless they are 90 designated. 
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%. Construct a regular octagon. 
Buc.—BSee the gencral solution (222). 


ra 
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8. Construct a regular nonagon. 


SoLuTION.—First get a quarter of the cir. 
cumference by marking the points where two 
diameters at right angles to each other would 
cut the circumference. AX is an arc of 90°. 
Then from A take AY = 60° by using radius as 
achord. YX is therefore an arc of 80°. Divide 
this into three equal parts dy triad. Measure 
YB equal to two-thirds of YX, and AB and BC 
are arcs of 40°, and the chords AB and BC are 
chords of the regular nonagon. 


9. To draw a five-point star. 


So.uTtion.~-Draw a circle, and dividing the 
circumference into five equal parts, join the 
altcrnate puints of division, as in the figure. 


.. 0, To circumscribe a square about a circle (56). Also an equi- 
triangle, and » regular hexagon. 
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SYNOPSIS OF PLANE FIGURES. 


What ? 
What ? Sides. Perimeter Dingonal. 
What? Altitude. Base, 
Ze Scalene. ee { Acute, 
TRIANGLES, == = 
‘zB 4 Tsosceles, y § Right. 
5 = | Equilateral, | 5 2 | Obtus 
What ? 
+. ry ee 
Z Trap aium, 
S Prapezoid. 
> 4 QUADRILAT- ( Rhombus, 
£ 2 ERALS. Parallelo- Rhomboid. 
a ro With mnequal 
=| gran. Revtan- dite 
=| pulat Sy tare. 
Pe 
eae ae: Pentagon. 
“| Hexagon. 
a Heptagon. Regular. What? 
Octagon. 
Nonagon, ete. 
x What ? 
i Circumference. 
a CIRCLE. Contre, 
ve Radius, Diameter. 
fz 
‘ { Ellipse. 
a | Conte Sections. < Parabola. 
2 Hyperbola. 
& | Hicugr Prange Craves.® 


peer KE 


* These are inverted simply to give completeness. Of course, the stadent is uot ex 
to know more than their names. 








PART II. 


ED 


TIE FUNDAMENTAL PROPOSITIONS OF ELEMENT- 
ARY GEOMETRY, DEMONSTRATED, ILLUS- 
TRATED, AND APPLIED. 


CHAPTER I. 
PLANE GEOMETRY. 





SECTION I. 
OF PERPENDICULAR STRAIGHT LINES. 





PROPOSITION I. 


y? 


482. Theorem.—At any point in a straight line, one perpen- 
_ dtoular ggn be erected to the line, and only one, which shall lie on the 


‘game side of the line. 


Deu.—Let AB* represent any line, and P be 
any point thercin; then, on the same side of 
AB there can be one and only one perpendic- 
uler erected at P. Fo? from P draw any ob- 
Hque line, as PC, forming with AB the two 
angice CPB and CPA. Now, while the ex- 
tremity P, of PC, remalas at ?, conceive the 
line PC to revolve so as to Incrensc the fem of 

hal oa the two angles, ‘gp CPB, and decreas the 
gteater,as CPA. It is evident that fora certain of CP, as CP, there 

















ii 
i 


sei. mr, win dpc ak i 
stration a0 It Is tn the text, pointing to thn seypent parts of the figaed te thay dew sefteved to. 
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angles will become equal. In this position C’P becomes perpendi 
(26).* Again, if the line C’P revolve from the poaiiien in whieh repent 
are equal, one angle will increase and the other dimiutsh ; hence there is only 
one position of the line on this side of AB in which the adjacent angles 
are equal. Therefore there can be one add‘ only one perpendicular erected to 
AB at P, which shall lie on the sume side of AB. Q. &. D. 


123. Cor. 1.—On the other side of the line a second perpen- 
dicular, and only one, can be drawn from the same point in the line. 


174. Cor. 2.—If one straight line meets another so ag to make 
the angle on one side of tt a right angle, the angle on the other side is 
also a right angle, and the first line ts perpendicular to the second. 


125. Cor. 3.—Jf two lines intersect so as to make one of the 
four angles formed a right angle, the other three are right angles, and 
the lines are mutually perpendicular to each other, 


Dem.—Thus, if CEB is a right angle, CEA, 
being equal to it, is also a right angle. Then, 
as AEC is a right angle, the adjacent angle 
AED is a right angle, since they are equal. 
Also, as CEB is a right angle, and BED equal 
to it, BED isa right angle. Hence CO being 
perpendicular to AB, AB is perpendicular to 
CD, as it meets CD so as to make the adjacent 
angles AEC and AED, or CEB aud BED equal to 
cach other (43), 


Cc 





D m 
Fas. 100, 





PROPOSITION IL. 


126. Theorem.— When two straight 
linea intersect at right angles, if the por- 
tion of the plane of the linea on one aide 
of either line be conceived as revolved on 
that line as an amis until tt coincides 
with the portion of the plane on the other 
side, the parts of the second line will corn- 
cide. 





at right angles st E; and let the portion of the ve 
plane of the lines on the side of COD on which : 
@ lies be conceived to revolve on the line CD as an axis,t until it falls fn the 


a 
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portion of the plane on the other side of CD. Then will EB fall ia and coincide 


AE. 
a the point E being in CD, does not change position in the revolution; 
and, as EB remains perpendicular to CO, it must coincide with EA after the 
revolution, or there would be two perpendiculars to CD on the same side and 
from the same point, E, which is impossible (122). Hence EB coincides with 


EA. QE. D. 





PROPOSITION III. 


127. Theorem.—From any point without a straight line, one 
perpendicular can be let fall upon that line, and only one. 


Demu.—Let AB be any line, and P any point without the line; then one per- 
pendicular, and only one, can be let fall from P 
upon AB . 

For, conceive any oblique line, as PC, drawn, 
making the angle PCB>PCA. Now, while the 
extremity P of this line remains fixed, conceive 
the line to revolve so as to make the greater angle 
PCB decrease, and the leas angle PCA increase. 
rig: 4K At some position of the revolving linc, as PD, the 

two angles which it makes with the line AB will 
become equal. When these adjacent angles are equal, the line, as PD, is per- 
pendicular to AB (26, 4.3). Moreover, there is only one position of the line in 
these angles are equal; hence, only one perpendicular can be drawn 

from & given point to a given line. Q. E. D. 





PROPOSITION Iv. 


128. Theorem.—From a point with- 
out a straight line, a perpendioular te the 
shortest distance to the tine, 


Dem.—Lot AS be any iimpight line, P any point 
without it, PD a perpendicular, and PO any 
oblique line ; then is PO <PO. 

Produce PD. making BW x PO, und dew #0. 

of the Wine 
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PCP’, which is a broken line, since a straight line is the shortest distance be- 
tween two points. Hence PO, the half of PP’, is leas than PC, the half of the 
broken line PCP’. Q, E. D. 


PROPOSITION V. 


129. Theorem.—If a perpendicular be erected at the middle 
point of a straight line, 

Ist. Any point in the perpendicular is equally distant from the 
extremities of the line. 

2d. Any point without the perpendicular is nearer the ertremity of 
the line on tts own side of the perpendicular. 


Dem.—Iist. Let PD bea perpendicular to AB at Its middle point O Then, 
O being any point in the perpendicular, OA = OB. 


For, revolve the figure OBD upon OD as an axis ; 
until it falls in the plane on the other side of PD ; © 
Since ODB and ODA are right angles, OB will full QO} 
in DA (226); and, since DB = DA, B will fall at A. “ 

Hence, OA and OB coincide, and OA - O8 % 
2d. O' being any point without the perpendicular | Kn 
on the same side as B, 0'B <O’A. K - _——, 

For, drawing O’A and O’B, Iet O be the point at eee 


which O’A cuts the perpendicular Draw OB Now 
0'8 <80 +00’, since 0'B is a atraight and O'08 is a broken line, Bat, aa 
OA=OB, we may substitute it in the inequality, and have O’B« OA + OO’, wikch 
sum = O’A, 


y 


130. Corn—If each of taro points in one line ta equally distant 
from the extremities of another line, the former line is perpendicular 
to the latter at tts middle point. 


Deu.—-Every point equally distant from the extremities of a atraight line Hea 
in a perpendicular to that Hue st its middle point, by the proposition. Bug, 
two potuts determine thé position of a straight linc. Henec, two points, each 
equally distant from the extremities of a straight line, determiac the position 
of the perpendicular at the middle point of the linc. 


t 


1. Prob—Te erect a perpendiouiar to a given line af a given 
point in the Has, be a bs 


4 


% 
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Fig. 168. 


+ ferairseitrnfThe jprocitd ix given in 
(44), and should be repeated here ex. 
actly as given there, with the reasons for 
the solution, as follows.) A is one point 
in the linc OA, which is equally ‘distant 

Y from B and C, by construction, and O is 
another. Hence OA is perpendicular to 
BC at A, by (130). 


2, Prob.—To lisect a given line. 


ty 


Fia 309 
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SoLution.—[For the process see ($9). The 
student should first do it as he did then. The 
reason why this process bisects AB is as follows. ] 
Since m is one point equally distant from the ex- 
tremities A and B, and » another, there are two 
points in mn cach equally distant from the ex- 
tremities of AB. Hence mn is perpendicular to 
AB at its middle point O, by (2.30). [The reason 
fur the process in Fig. 20 is the same. Let the 
student give this method, and show how the cor- 
ollary (130) applies.] 


3. Prob.—From a point without a 
given line, to let fall a perpendicular upon 
the line. 


So.ution.—[Repeat the process as in (45), 
and give the reason for it as follows] O is one 
point equally distant from B and C, and D is 
another. Hence a line drawn from O to D is 
perpendicular to BC by (230). 


4 Wishing to 7 a line perpendicular to AB at its centre, I 


eo! 
a” 
. 
. 


» 
» 
af 


take a cord or chain somewhat 
longer than AB, and, fastening 
its ends at A and B, take hold of 


ee the middle of the cord or chain 


ah Ssand carry it as far from AB 05 I 


Fra. 118, 


- can, first on one side and then on 


the other, sticking pins at the 
most remote points, sa at P and 
#. These pointe determine the 


perpendicular sought, What is the principle involved ? 
%. Two boys are skating together on the ide, and both start from 


7 SORLANOR. La. tt, 


the sane point ehthe came Hane, ine tkating directly to the shere 
and-the other obliquely. ‘They’ both reach the hore at the aune 
time. Which skates the faster? What principle is involved ? 


6. Several persons start at different times from the same point in 
s straight road that runs along a wood, and each travels direotly 
away from the road. Will they come out at the same, or at different 
points on the opposite side of the wood ? What principle is involved ? 
What is the geometrical language for the colloquial phrase “ Directly 
away from the road”? ; 


%. If I go from A to B, Fig. 111, by first passing over AP, will I 
gain or lose in distance by going on a little farther in the direction 
of AP before I turn and go straight to B? What principle is in- 
volved ? Would I gain or lose by stopping short of P on the line 
ap? Why? 


SECTION II. S 


4 
OF OBLIQUE STRAIGHT LINES. 
e 





PROPOSITION 1 


131. Theorem.— When an oblique line meets another straight 
line forming two adjacent angles, the sum of these angles 1s two right 
angles, 


Dseu.—Let the oblique line CD meet the straight c 

line AB forming the two adjacent angles COB and ; 

CDA; then COB+CDA equals two right angles i 
For suppose CD to revolve toward the position of i 

the perpendicutar C’D ; the angle COB will jncrrase 

at the same rate that CDA diminishes; hence their 

oums will remain constant (i 4, the seme). Bat, wis. ik 

whew GO becomes perpendicular, the sum of the ; 

adjacent angles formed with AB is two right angles by definitions (96, 43), 

Therdse COB + CDA x two right angles. @ E. D. 





132%. Con-—The sum of all the consecutive angles formed by Gag 
umber of lines meeting a given line on the dame side and at @ gidew 
point is two right angles. 

| & 
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Deu —Thus ADC’ + C’DC' + C'DC” + 6”DC” 
+ CDC’ + C’/DC + COB = ADC’ + C’DB, which 
sum is two right angles by the proposition. Or, in 
general terms, the angles thus formed can always be 
united into two groups, constituting respectively the 
two adjacent angles formcd by one line meeting 
Fie 118 another. 





133. Der—Two angles whose sum is two right angles, are 
called Supplemental Angles. Hence, the Supplement of an angle is 
what remains after subtracting it from two right angles. 


PROPOSITION II. 


134. Theorem.— When any two straight lines intersect, the 
opposite or vertical angles are equal to each other, and the sum of the 
four angles formed is four right angles. 


Duu.—Let AB and CE intersect at D; then CDA = the opposite angle BDE, 
AOE = the opposite or vertical angle COB, and ADC + COB + BDE + EDA — 
ier right angles For, since CD meets AB, ADC is the supplement of CDB. 

* (131, 133.) Also, since BD meets CE, BDE is the 
B supplementof CDB Hence ADC = BDE. Ina sim- 
ilar manner ADE can be proved equal to ODB. [The 
student should give the proof.) 

e _ Again, since ADO + ODB = two right angles, and 
Fre. 144 BDE + EDA = two right angles, by adding the cor- 
responding members together, we have ADO + CDB 

+ BDE + EDA = four right angles. 

a 


1365. Cor.—The sum of af the consecutive anspjles formed by any 
number of lines meeting at a common point is Your right angles. 


Deu—The teeth of this coroliery is rendered 
apparent by drawing a line through She! igiemon 
vertex, and observing that the eum of all Whilijigies on 
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PROPOSITION I. 


136. Theorem.—If two supplemental angles are so situated as 
to be adjacent to each other, the tia sides not common will fait in the 
same straight line. 


Dem.-—Let the sum of the two angles 
BOA and CO’D he two right angles. B 
Prolong CO’, forming the angle DO’E, 
Then is DO’E supplemental to CO’D (13.2, 0 
133), and hence equal to BOA, which Is 
supplemental to CO’D by hypothesis. 
Now, if AOB be placed adjacent to CO’D, 
the vertex O being at O’, and the side OA 
falling in O’D, OB will fall in O’E, since 
BOA = DO’E. Hence, when the angles _o = Yt 
are so situated, OB becomes the prolonga- © E 
tion of CO’. Q. B D. Fre 116. 








PROPOSITION IV. 


137. Theorem.—If from a point without a straight tine a per- 
pendicular be drawn, oblique lines from the same point cutting the 
line at equal distances from the foot of the perpendicular are equal le 
each other; the angles which they form with the perpendicular are 
equal to each other ; and the angles which they form with the line are 
equal to each other. 


Dex.—Let AB be any straight line, P any point without jt, PO a perpelir 
dicular, and PC and PE oblique lines cutting ss 
AB at C and E, eo that OC=DE; then PC=PE, 
ungle CPD = angle DPE, and angle PCO = 
angle PED, \ 
Revolve the figure*PDE upon PO as an 
axis, until it falls in the plane on the other 
side of PD. Since AB is perpendicular to PD, 
DB will Mill in DA; and, fuce OE = OC*,E 4 
will fall at ©. Now, as P remains seggersaaetl ; 
the triangles PDE and PDC coincide. Hence, 
angie PCO = angle PED. q. &. D. 


Quany.—How does the equality of PE and PC follow from (129) 7 


LAGER THT 


xX _FROPOSITION V. 


138. Theorem <—If from a point without a Vine o pe prebads.. 
lar be drawn to thellitus. and alte from the smne point two obn 
¥ 3 
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Hues making equal angles with the perpendicular, the obligue kines 
wre equal to cach other, cut the line at equal distances from the foot 
of the perpendicular, and make equal angles with tt." 
Dex.—PD being s perpendicular to AB, and angle CPD equal to angle 
DPE, PC equals PE, CD equals DE, and PCD 
P equals PED. 

Revolve the figure PDE upon PD as an 
axis, till it falls in the plane of PDC. Since 
angle EPD = angle CPD, PE will take the 
direction PC, and E will fall somewhere in 
the indefinite line PF. But, since PDE and 
POC are right angles, DE will fall in DA (726) 


) E B and E will fall somewhere in the indefinite 
, line DA. Now, as E falls at the same time in 
Fia 118, PF and DA, it must fall at their intersection 


C. Hence, PE coincides with PC, and DE with DC. Therefore PE = PC, DE 
=: OC, and angle PED =: PCD. @q £. p. 





PROPOSITION VL 


139. Theorem.—TIf from a point without a line a perpendicular 
be let fall on the line, and two oblique 
lines be drawn, the oblique line which cuts 
off the greater distance from the foot of 
the perpendicular ts the greater. 


Dem.—Let AB be any atraight line, P any point 
without it, and PC and PF two obliges Hnes of 
which PF cuts off the gremler distance from the 
foot of the perpéidicuiar; that in DF > DC. 

Fra. 119, Then is PF > PG, 

Produce PD, making DP’ = PD, and draw PF aad *O@, producing the latier 
watll it meets PF in H. Revolve the figure FPD upon AB af at ania, until it 
falls in the plane on the opposite side of AS. elt ell nigp -smartriadine 
PD will fall in DP’ ; and, since PR = OF’, F will ‘fall at #, #0 ='PC 
agile co oe ae oe , since 

straight line PO < the broken line PHO. For a like renegh Hib Daten line 
PHP < PFP’, yee HP’ < HEP’. Hente SOP < PFW, anh iO Ape halt of 
POP < PF the half of PF’. 9. 2p, 7 wilde 


‘|, Seu—If the two oblique Hines to be competed Me'tn Guide he 
Mew PC. Then seed PC = PE, if 1 dn felidl Mes aes PP, 0 2 Gemon- 


1 a Migs yeopenttion tu Spo, anmnares of Ga hak, ‘Che aigadacaslls GE Was TONGUE Will be 
* ait 2% 
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140. Cor. 1.—From @ given point without a line, there can nod 
be two equal oblique lines drawn to'the line on the same side of a per- 
pendicular from the pouni to the line. 


141. Cor. 2.—Two equal oblique lines drawn from the same 
point in a perpendicular to a given line, cut off equal distances 
on that line from the foot of the perpendicular. 


Dem.—For, if the distances cut off were unequal, the lines would be unequal. 





EXERCISES. 


1. Having an angle given, how can you construct its supplement? 
Draw any angle on the bluckbourd, and then construct ita supple 


WAAL 


Fu 120 


2. The several angles in the figure are such parts of « rignt angle 
as are indicated by the fractions placed in them. If these angles 
wre added together by bringing the vertices together and causing 
the adjacent sides of the angles to coincide, how will MA and GN 
lie? Construct seven consecutive angles of thes several magni- 
tudes. How do the two sides not common lic? Why? 

8. If two times A, B, two times D, three times E, three times C, three 
times G, two times F, in the last figure, are added in order, how will 


am and GN lie with reference to each other? Why ? 
Ana. They will coincide 


4. If you place the vertices of any two equal angles together ao 
that two of the sides shall extend in opposite directions and form 
one and the same straight line, the other two sides lying on opposite 
sides thereof, how will the latter sides lie? , By what principle ? 

“1.5. Upon what principle in this section may the common method 
of erecting a perpendicular at the middle of a straight line (29, €@) 
be explained ? Upon what the method of letting fall « perpendicular 
upon a straight line from a point without (44)? 
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6. A and B start at the same time, from the same point in a certain 
road; A travels directly to a point in another road at right angles to 
the first, and at ten miles from their intersection, and B travels di- 
rectly toward a second point in the second road, which point is seven 
miles from the interscction. Both reach their destination at the 
same time. Which travels the faster? What principle is involved ? 


cara PIPE I ar 


SECTION If. > 
OF PARALLELS. 


5 


tr 


PROPOSITION IL. 


142, Theorem.—Two straight lines lying in the same plane 
and perpendicular tu a third line are parallel to each other. 


Dzmu —Let AB and CO be two straight lines 

F lying in the same plane and each perpendicu- 
lar to FE; then are they parallel. 

For if AB and CD are not parallel, they 

will meet at some point if sufficiently pro 

B duced (66) But, if they could meet, we should 

E have two straight lines from one point (their 

Fio. 121 point of meeting), perpendicular to the same 

straight line, which is impossible (227). There- 

fore, as the lincs lic in tho same plane and cannot meet how far soever they be 

produced, they are parallel. Q. . D. 


| 243, Cor. 1—Through the same point one parallel can always 
be drawn to a given line, and only one. 

Dasw.—Let AB be the given line, and G the given polmt, fiere can be one 
and only one perpendicular through G to AB (227) Let this be FE. Now 
through G one and only one perpendicular can be drawn toFE. Let this be 
CO. Than ia CD parallel to AB by the proposition. That there is only one 
woeh peralicl, we shall assume as axiomatic.* 


AGG, Oon. 2.—If a straight line ts perpendicular to one of to 
poreliels, it 12 perpendicular to the other albe. 


‘Deiteetf FE is pecpendicalar to AB it is perpendicular ty Vor, if 
aie meee bie sey CO, ’s perpendicular Ihe dequny #0 fa per- 
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allel to AB by the proposition. But, by Cor. 1, there can bo but one line 


through G parallel to AB. Hence the perpendicular to FE at G coincides with, 
or ia, the parallel CD. 


x PROPOSITION II. 


145. Theorem.—Two straight lines which are parallel to a 
third, are parallel to each other. 


Dea.—Let AB and CD be cach parallel to EF ; 
then are they parallel to each other. 

For draw HI! perpendicular to EF ; then will it 
be perpendicular to CD because CD is paralle) to 
EF. For a like reason HI is perpendicular to AB 
lence CD and AB are both perpendicular to Hl, 
and consequently parallel. q. E. p. 





146. DeErinrrions.—When two lines are cut by a third line 
the angles formed are named as follows: 
Exctertor Angles are those without the two 


lines, as 1, 2, 7, and 8. 
Interior Angles are those within the two PA 
lines, as 3, 4, 5, and 6. al Saat 


without the two lines and on different sides of the 
secant line, but not adjacent, as 2 and 7, 1 und 8, 

Alternate Intertor Angles are those 
within the two lines and on different sides of 
the secant line but not adjacent, as 3 and 6, 4 and 5. 

Corresponding Angles are one without and one within the 
two lines, and on the same side of the secant line but not adjacent, | 
as 2 and 6, 4 and 8, 1 and 5, 3 and 7. 


EOE 


Alternate Exterior Anglea are thoxw = — ~~ 


Fro, 19% 


4 


PROPOSITION Il. 


147. Theorem.—If two lines are cut by a third line, making 
the sum of the interior angles on the same side of the secant line 
equal to two right angles, the (t00 lines are parallel : 

Den.—Let AB and CD be met by the tine EF, making ECO + PKS a ‘two 
tight angles; then sre AB and CO parallel. = * 
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paereenitex rv. 


180, Theorem<-~If two paraliel dines are cut by 0 third 
the swm of the taterior angles on the same side WP essrh og 
equal to two right angles. 


Dsm.—Let the parallels AB and CD be out by EF, then is OCK + GKB = two 
right angles, * 

For, if OCK is not the supplement of GKB, 
let LM be drawn through G so as to make 
MGK that supplement. Then, by the preced- 
ing proposition, LM is parallel to AB, and we 
have two patallels to AB through the point C, 
which is impossible (243) Hence, as no hne 
but a parallel can make this interior angle the vA. 
supplement of the other, the parallel makes it 
i Sl By 1% 

{Let the student demonstrate this proposi- 
tion as the preceding was demonstrated In this case CD and AB are parallel 
by hypothesis, and H! being drawn perpendicular to one is perpendicular to the 
other also When K falls at G, KI! falls on CC, since tom a point without s 
line only one perpendicular ean be drawn to that line | 


151, Cor. 1—If two parallel lines are cut by a third line, the 
sum of either two exterior angles on the same side of the secant ine te 
equal to two right angles. 


Deu.—FGD + EKB = two right angles For FGD sani GKB arn both sup. 
plements of DQK (733, 7150), and therefore equal to cach other For like 
reasons, EKB = KGD Therefore, FGD + EKB = GKB + DGK = two right 
angles, by the proposition. 





1652. Cor. 2.—If two paralel lines are cut by a third gine, either’ 
alternate interior, or ether two alternate exterwor, & vilher lwo 
corraiponding angles, are equal to each; other. 


Dew—If CD and AB are parallel, CQK = QKB, For each is the sapplematt 
of KOD, the former by (18.1), the latter by (180). [Let the stadent didw in 
parca ork AK@ = KQD, FGD = AKE, CGF = EXB, FED ~ ONS, and 

o> AKG. 





153. Con. 3—Of the eight angles formed when one tine exte toe 
paralicds, the four acute angles ore each te cach, and the 
obigen anglia < or, i conse por srakarsfigery angle, iy, Ue 
ethers ars vight dngice. 


a; | ELEMRENTARY PLANE GEOMETRY. 


184. Scu.—The last two propositions and their corollaries are the converse 
of each other; ¢. ¢., the hypotheses or Gate and the conclusions or things proved 
are exchanged. Thus, in Prop. IIL, the hypothesis is, that The sum of the two 
interior angles on the same side of the secant line ts equal to two right angles ; and 
the conclusion is, that The two lines are parallel. Now, in Prop. IV., the hypoth- 
ais is, that The two lines are parallel ; and the conclusion is, that The sum of the 
two interior angles on the same side of the secant line ts two right angles.* [A clear 
conception of this scholium will save the student from confounding these prop- 
sitions. } 


PROPOSITION V. 


155. Theorem.—If two straight lines are cut by a third line 
making the sum of the interior angles on one side of the secant line 
less than two right angles, the two lines will meet on this side of the 
secant line, if sufficiently produced. 


Deu.—Let AB and LM be cut by EF making 
MCK + FKB < two right angles; then will 
AB and LM meet on the side of EF on which 
MCK and FKB lic, if sufficiently produced. 

For the angle which a parallel to AB 
through G makes with EF is the supplement 
of FKB. But by hypothesis MGK is less than 
this supplement. Hence the portion GM, of 
Pus. 19% the “ine LM, lies within GD, and will meet 

KB if aufficiently produced. Q, E. D. 





‘ 
PROPOSITION Vi 


186. Theorem .—Two parallels are everywhere equally distant 
* from each other. 


Dan.—Let E and F he any two points in the line GD, and EC and FH per- 
pendiouiars measuring the distances between the parallels CO and AB ot these 
points; then is EG = FH. 

For, et P be the middle point between E and F, and PO « perpendicular at 








elite lenener may think a peopaiton 3 tee, He convene is msanthcy eames and 

Sow ts sb no man acai heqen Abhonge ia = oe my ponhetenr.n 
no 

pga wernt ibenn os 


% happens thet Sa prapetin « ite epaveres 
hea, neaved the ather: anil we sherri eihepad ppteallaahaghrirdp asrairt 
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this point. Revolve the portion of the figure on the right of PO, upon PO as 
an axis, until it falls upon the plane of the 

paper at the left. Then, since FPO and EPQ 6— 
are right angles, PO will fall in PC; and, as 
PF = PE, F willfall on E. AsFandEare ._ 
right angles, FH will take the direction EC, “ GS fe) H 

and H will lie in EC or EC produced. Also, Fro. 19. 

as POH and POG are right angles, O8 will fall in OA, and H falling at the same 
time in EC and OA is at their intersection GC. Henve FH coincides with and is 
equal to EC. Q. 5D. 


EXERCISES, 


1. Prob.—Through a given point to draw a line parallel to a 
given line, by the principle contained in Prop. 1. of this section. 

Sue'’s.—Draw a straight line on the blackboard. Designate with a dot some 
point without the line. To draw a line through the designated point and par- 
allel to the given line, is the problem. ‘Let fall a perpendicular upon the line 
from the point. Then through the given point draw a line perpendicular to 
this perpendicular. The latter liue will be parallel wo the given line. (By what 


proposition ?) 


2. Prob.—Through a given pot to draw a parallel ta a gives 
line dy Prop. III. 

8vo’s.—Through the given point draw an oblique line cutting the given Disve. 
Then draw a line through the given point making an angle with the oblique 
line equal to the supplement of the angle which is included between the oblique 
line and the given line, and on the same side of the former. [Of courme the 
student will be required to do the work on the blackboard, gucasing at nothing.) 


Prob.—Through a given 
point to draw a line parallel toa 
given line, upon the principle that 
the alternate angles made by a 
secant line are equal (152). 


4. A devel ig an instrument much 
used by earpenters, and consists of 
a main limb AB, in which a tongue 
CD is placed, so as to open and shut 
like the blade of a knife. This 
tongue turns on the pivot 0, which 
is a screw, and can be tightened so 
as to hold the tongue firmly at 
any sngle with the limb. ~ 1 en eee 2 
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to allow a greater or less portion to extend on a given side, as CB, of 
the limb, Now, suppose the tongue fixed in position, as represented in 
the figure, and the side m of the limb to be placed against the 
straight edge of a board, and slid up and down, while lines are drawn 
along the side 2 of the tongue. What will be the relative position of 
these lines ¥ Upon what proposition does their relative position 
depend? How can the carpenter adjust the bevel to a right angle 
upon the principle in Prop. L, Sec. 12) At what angle is the bevel 
set, when, drawing two lines from the same point in the edge of the 
board, one with one edge mam of the bevel against the edge of the 
board, and the other with the other edge a’, these lines are at right 
angles to each other? 


5. Are the two walls of a building which are carried up by the 
plumb line exactly parallel 2? Whiv ? 

J 6. Passa circumference through three given points, as in (58), 
and show from principles contained in one of the preceding sections, 
that O is equally distant from A,B, and Cs; and hence that. ifa cir- 

ctumference be drawn from OQ as a centre with a radius OA, it: will 

pass through A, By and ¢. 


% Construct two triangles of unequal sizes, but having the sides 
of the one respectively parallel to the stdes of the other, Are they 
shaped alike ? 

8 Construct two triangles of unequal sizes, but having the sides 
of the one respectively perpendicular to the sides of the other. Are 
they shaped alike ? 


9 Construct a parallelogram, two of whose sides are 6 and 10. 
Can you construct different-shaped figures with the same sides ? 
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SECTION IV. 


OF THE RELATIVE POSITIONS OF STRAIGHT LINES AND 
CIRCUMFERENCES. 


PROPOSITION I. 


x 


1858. Theorem.—Any diameter divides a circle, and also tts 
into fwo equal parts. 


Demu.—Let AB be any diameter of the 
circle AmBn; then is the figure AmB equal to 
AnB. 

For reyolve AnB upon AB as an axis until it 
fills on the plane of AmB. Then, since every 
point in AxnB is at the same distance from the 
centre C, as every point in AmB, the figures 
will coincide, and are, consequently, equal. 
Henee surface AnB = surface AmB, and arc 
hd AnB = arc AmB. Q. ELD. 





PROPOSITION IL. 


189. Theorem.—A1 radius which is perpendicular to a chord 
bisects the chord and also the subtended are. 


Dem.—Let AB be any chord and O€ a radius 
perpendicular to it at O; then AD = BD, and 
AE == BE.* 

For, drawing the radii OA and OB, revolve 
the semicircle CBE upon the diameter CE until 
it falls on CAE. The semicircles will coincide 

(158); and since AB is perpendicular to O€, 
DB will fall in DA. Moreover, as there cannot 
be two equal oblique lines from a point to a Hine 
on the same side of a perpendicular, OB apd OA 
must coincide. Hence BD coincides with AD, 

Fia. 123, and BE with AE. Therefore AD = BD, and AE 

=BE. qaEepn. 





*To avold confusing the pupil by a multiplicity of detaile, the demonstrations In thie sec- 
thon are generally limited to the consideration of arcs Jess than « eemi-cireamference. All the 
propositions, except Pror. V., are equally trae whatever the arcs, and the demonstrations can 
easily be applied to casca in which the arcs are greater than eemi-circumferences, But this had 
better not be done tilla review ts taken, for the reason given above. 


- 
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160. Cor. L—A radius which is perpendicular toa chord bisects 
the angle subtended by the arc of that chord. 


Thus OE bisects AOB, since BOE is found to coincide with AOE in the 
demonstration above, 


161. Cor. 2.—Conversely, A radius which bisects an are is pers 
pendicular to the chord of that arc at its middle point. 


Dem.—If OE bisects arc AB at E, when semicircle CBE is revolyed on CE 
til] it falls on CAE, EB will coincide with EA; and as O remains fined and @ 
fills on A, BD coincides with DA. Hence OE has two points, O and B, ered 
equidistant from the extremities of AB, and is, consequently, perpendicular to 
it at its middle point. 


162. Cor. 3.—Also, conversely, A radius which bisects a chord ts 
perpendicular to the chord and bisects the subtended are, 


For it has two points, each equidistant from the extremities of the chord, 


163. Cor. 4.— The line OD MeaSUTES lhe dishirnce uf lhe chord AB 
from the centre; since by the distance froma pout toa dine iw 
always meant the shorfes? distance, 


PROPOSITION TH. 


164. Theorem —lu (he sane ar tn canal corvedes, rqued chores 
are equally dixtanl from the contre, 


Dem.—Let O and 0’ 
be two equal circles, and 
chord EF = chord GH; 
then are the perpendicu- 
lurs LO and NO’*, which 
meastre the distances 
of the chords from the 
centre (263), equal. 

For, since FE is per- 
pendicular to LO fe 

‘ andLlf = N 
rae whee oblique lines FO and HO’ cut off equal distances from the foot 


of each perpendicular (24 £). Therefore LO= NO’, gy. &. Dd. 
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PROPOSITION IY. 


165. Theorem.—/n the same or in equal circles, equal ares have 
equal chords; and concersely, equal chords subtend equal ares, 


Demw.—Let O and O’ be 


PB 20... the centres of two equal 

7 a oT 11 7 Circles, and are AwcB =: arc 

tr ” a . \ CxuD; then chord AB = 
A * GC: s chord CD. 

3 | a Apply the circle O' to 

the circle O, with O’ at O, 


\. 4 / and C at A. Since the cir. 
eA ‘. cumferences coincide, all 

Meee 5 a ’ . . 
Sai aan. the points in each being 
equally distant from the 
centre, and since arc AmB o> are CaD by hypothesis, OD will {dl at BL Hence 

B :: CD. 
sonversely, if chord AB -: chord CD, arc AmB = arc CvD. Draw the per. 
pendiculars OL and O'N from the centres to the chords, Conecive the plane 
of clrele O' placed upon circle O, so that CO shall fall upon its equal AB, and 
O’ be on the same side of AB as 0. Since & and N are the middle points of 
the equal chords, they will coincide; and as LO and NO’ are perpendiculars to 
the respective chords, and equal (26-4), O' will fall at O. As the circles are 
equal, the cireumferences will coincide, and consequently the are AwB coin- 
cides with CD. 


of 


‘ Pe yy 
‘ 
PROPOSITION Y. 


166. Theorem.—In the same or in equal circies, the less of 
two arcs has the shorter chord; and, conversely, the shorter chord 
subfends the less are. 


Dea. —Let O and O’ be the centres of two equal circles, and are AmB be less 
than arc CD; then is 
chord AB < chord CD. 
Drawing the diameters 
AL. and CM, place circle 
O’ upon circle O with 
CM upon AL. Take arc 
AD’ = arc CnOD and 
draw AD’, OB, and OD’. 
Now AB < AN + NB. 
Also OD°< ND’ + NO, 

Fra. 18. or,as:00' = GB, OB < 
ND’ + NO. Subtracting NO from both members,OB — NO (or NB} < NO’. 
Hence, we may substitute ND’ for NB in the inequality AB < AN +. ben and 
‘have AB < AN + ND’ or AD’, which equals CD. 
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Conversely, if chord AB is less than chord CO, are Au; B is less than are 
CxO. For ifare AmB = are Cad”, chord AB = chord CO.163). And, if are 
AmB > are CnD, chord AB > chard CD. But both of these conclusions ack 


contrary to the hypothesis. Hence, as are AmB can neither be equal to por 
greater than arc CD, it must be less. 


PROPOSITION VI. 


> . : ‘ 
1IG?. Theorent—Jn the same or in Cup ets coretes, of fur unequal 
chords, the less ts at the greater distance fram the contre, 


Drem.—Let CE - AB, then is the perpendicular OD, whieh measures the 
distance of CE from the centre, greater than OD’ 
Which mensures the distance of AB from the centre -E 
From A lay off AED. CE, and draw the perpen ' 
dicular OD’, ‘Then OD” -. OD, sinee equal chords i ‘ \ 
are equally distant from the centre. As are AE’ - v | 
arc AB, AB cuts OD’ in some point as HO Now OH Ae i" 1 eta 
> OD’ since the former is oblique and the hitter per. ; 
pendicular to AB. Also OD" .- OH. Much more roo 
then is ODO" > OD’. Therefore OO Cwhich equals 
OB") > OD’. yg. FE. bp. Pte ti 


IGS. Con—Conversely, OF fica chords which ure nuegualty 
distant from the centre, that which rs at the greater distiuece ws the 
less. 

Dem.—Thus, if CE is at a greater distaner: from the centre than AB, CE « 
AB. For, if CE were equal to AB, it would be equally diant from the centre. 


And if CE were greater than AB, it wotdd be ata lees citance frog The centre. 
Hence, as CE cannot be at an cq! distance from the centre with AB, nor at « 


less distance, it must be at a greater. 


PROPOSITION VII. 


169. Theorem.—A straight line can interseel a circumference 
tn only two points. 


Deu. —The distances from the centre to the intervections wing radi, are 
equal Hence, as there can he only two equal straight lines drawn from » 
point to a straight line, there can be only two intersections. Q. E. D. 

6 
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PROPOSITION VIII. 


170. Theorem.—A straight line which intersects a circumfer- 
ence tn one point intersects it also in a second point. 


Drem.—Let LM intersect the circumference at A: 
then does it intersect at some other point, as B. 

For, since LM intersects the circumfcrence, it 
passes within it, and has points nearerto O than A, 
The radius OA is, therefore, an oblique line. Now 
two equal oblique lines can be drawn from O to the 
straight line LM. But all points in the plane at the 
distance OA from O, are in the circumference. Hence 
there isa second point, as B, common to LM and the 
circumference. Q. E. D. 





Fig. 137. 


17:1. Corn—Any line which is oblique to a radius at its extremity, 
ts a secant line. 


PROPOSITION IX. 


172. Theorem.—A_ straight line which ts perpendicular to a 
radius at its ertremity ts tangent to the circumference. 


Deu.—The line touches the circumference because the extremity of the 
radiue ig in the circunmterence. Moreover, it does not intersect the cireum- 
ference, since, it did, it would have points nearer the centre than the extremity 
of the radius; but these it cannot have, as the perpendicular is the shortest 
distance from a point toa line. Hence, as a line which is perpendicular to a 
radios at its extremity touches the circumference but does not intersect it, it is 
a tangent (G3). 9. E. v. 


173. Con.—Conversely, A tangent to a circumference is perpen- 
dicular fo a radius at the point of contact. 


For, as a tangent to a circumference does not pess within, the point of contact 
is tlie nearest point to the centre, and hence ia the foot of a perpendicalar from 
-uhe centre. 
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PROPOSITION xX, 


174, Theorem.—Two parallel secants intercept equal aves. 


Dem.—Let the parallels LM and RS intersect the circumference AECF . 
dre the intercepted arcs AB and DC equal. 

Draw the diameter EF perpendicular to one 
of the parallels, as LM, whence it will be per- i 
pendicular to the other (244). Draw the radii —— 2 —t-.-——R..g 
OB and OD. Revolve the portion of the figure Rae ck ee 
on the right of EF, upon EF until it falls on the 
plane on the left of EF. Then, since RS and 
LM are perpendicular to EF, 1S will fall in IR, ; 
and HMin HL. Moreover, as there cannot be 3 
two equal oblique lines on the same side of a 
perpendicular, and from the same point (7-40), 
OD and OB must coincide, and D fall at B. In like manner C fulla at A, and 

CD coincides with AB. Therefore CD = AB. Qa. ip. 


then 





Fira. 188, 


PROPOSITION XI. 


175. Theorem.—lIf a secant be parallel ta a tangent, the areca 
intercepted between the intersections and the point of tungency are 
equal. 


Dem.—Let the secant LM be parallel to p 
the tangent RS; then is CP = EP. eS ee 
For, draw the radius OP to the point of Ze. ae 
tangency; it will be perpendicular to the C7; aac 5 all ee 


tangent (27.3), and also to the parallel 


LM (f44). Buta radius which is perpen- 

dicular to a chord, as OP to CE, bisects the 

subtended arc (159), hence CP = EP. In ‘ | 

like manner, if VU is parallel to LM, a aaa T 


CB8-—€B. g9xzpD. 
Fits Y0. 


176. Con.—Tvo parallel tangents include equal arcs between the 
points of tangency; and these arcs are semi-circuniferences. — * 
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EXERCISES, 
1. Draw a circle ano divide it into two equal parts. What proposi- 
tion ia involved ? 
~, 2. Given a point in a circumference, to find where a semi-circum- 
ference reckoned from this point terminates. What proposition is 
involved ? 


Oj. 
wy», 
« 
“. 


3— Prob.—To bisect a given are. 


B 

; 4 SoLuTion.—Let AB be an arc which we wish to 
a - | bisect.* Draw its chord AB, and erect OO’ bisecting 
. the chord, by (1-30). Now, as OO’ is perpendicular 
i ae to the chord at its middle point, it bisects the arc by 
Rea AQ (162), since there can be but one perpendicular at the 
middle point of the chord. The arc AB is, therefore, 

Fra. 149, bisected at C, z.¢., AC = CB. 


4. Prob.—7o bisect a given angle. 

Sua.—The method of solving this is given in Parr I. The student should 
do tf us there directed, and then point out the principle upon which the method 
depends. 


& Ina circle whose radius is 11 there are drawn two chords, one 
at 6 from the ecntre, and one at 4.0 Which chord is the greater? By 
what proposition ? 


6. In a certain circle there are two chords, each 15 inches in 
Jength. What are their relative distances from the centre? Quote 
the principle. 


% Thore is a circular plat of ground whose diameter is 20 rods, 
A straight path in passing runs within 7 rods of the centre. What 
is the position of the path with reference to the plat? What is the 

position of a straight path whose nearest 

ee BB point is 10 rods from the centre? One 

a “a a Whose nearest point 18 11 rods from the 
centre ? 





8 Pass a line through a given point, 
A and parallel to a given line, by the prin- 
ciples contained in (774) and (1635). 


Fig. 141. 





Oe etnies ene, 











* Thia solution and many others are given, not eo mach that it is feared that the student 
will not be able to eolve the problems, as to afford models for doscribing the process. In 
this case an arc sbould be drawn fret, and all trace of the centre obliterated. TZAen proceed as 
directed. 
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9, Prob.—To draw a tangent to a circle 
at a given point in the circumference. M # 


SoLUTION.—Let P be the point at which a tan- 
gent is to be drawn. Draw the radius OP to the 
given point of tangency, and produce it any con- 
venient distance beyond the circle. Erect a per- 
pendicular to this line at P, as MT; then is MT a 
tangent to the circle (172). 





Fie, 141%, 
10. Prob»! To find the centre of @ circle those circumference tn 
tnown, or of any arc of tt. 


Suea.—The process is given in Part I. Do the work as there directed, and 
‘hen show upon what proposition in this section it is founded. 


SYNOPSIS. 


DIAMETERS. Prop. I. How divide circles and circumferences. 


for. 1. Biseets angle 
Prop. IT. Radius perp. J Cor 2. Converse of Prop, 


to chord. Car. 3. = we 
for. 4. Dist) from centre, 
‘HORDS. J Prov. WY. Distance of equal chords trom centre. 
Prop. oe Equal arcs, and converse, 
Prop. Unequal ares, 


Prop. “i Unequal chords, Dis 4 


' Cor, Converna, 
tance from centre. 4 : NVETKS 


f 
Pror. VIE Intersect in only two pointe, 
§ 
( 


CIRCUMFERENCES. 


SECANTS. Prop. VIEL Ha line trtersect in ane } for. Line ottiaue 
point, iC intereects a adie at exte 
tho in another j " 

RAP pe 
TANGENTS, Prov. IX. Line perpendicular tad 7. pe CARWEENE: 
radiow aleatremity. 4 
( Pror. X. Parallel seesnts Intercept equnal aren, 
PARALLELS. ) (for ‘Two paraliel 


Prov. XI. Secant par. to tangent. , a.) gents 


[ Prob To hisect an are, 
EXEncisgs. | Prob To hisect an angle. ; 


RELATIVE Positions oF StraIGHT LINES AND 


Prob. To draw o tangent at a point in cireamference, 
Prob. To find centre of circumference or are, 
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SECTION V. 


“OF THE RELATIVE POSITIONS OF CIRCUMFERENCES. 


PROPOSITION I. 


177. Theorem.—All the circumferences which may be passed 
through three points not in the same straight line coincide, and are 
one und the same. 


Dem.—Let A, B. and C be three points not in the same straight line; then 
all the cireuimferences: which can be passed through them will coincide. 

For join the points, two and two, by struight lines, as AB and BC. Bisect 
these lines with perpendiculars, as OF and EH. Since 
; AB and BC are not in the same straight line, OF and 
, ; “Sco EH will mect when sufficiently produced, at one and 
. only one point, as O, because they are straight lines 


ne ae : Now, every point in FO is equally distant from A and 

: ei B, and every point in HE is equally distant from B and 

ai — S eli, : , C (129). Hence O is equally distant from the three 
A a B points A, B, and C; and, if a circumference be drawn 
Fra. 142. with O asa centre, and a radius AO, it will pass through 


the three points. Moreover, every circumference pass- 
ing through these points must have O for its centre, since the centre must be in 
FO (otherwise it would be uneqifally distant from A and B), and also in HE 
(229). But these lines intersect only in O. Also, every circumference with O 
aa its centre, and passing through A, must have AO for its radius. Hence, as 
all circles having the same centre and the same radius coincide, all those passing 
through three points, A, B, and C, coincide. Q. E. D. 


178. Cor. 1—Through any three points not in the same straight 
bine a circumference can be passed. 


179. Cor. 2.— Three points not in the same straight line determine 
a circumference as to position and extent ; i.e, in all respects. 


180. Cor. 3.—Two circumferences can intersect in only tto 
pointe. 


e 


For, if they have three points common, they coincide, and form one and the 
same circumference. 
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PROPOSITION II. 


181. Theorem.—Two CrrcUumferen- M 
ces which intersect tn one point, intersect as , ae ~\p 





also in a secund point. : 
Drm.—Let M intersect N at P. As M passes _ 

from without to within the circle N, it has points et Se 

both without and within. Now, for M to re- fp Sa 

turn into itself from any point within N, as Y, a 

to any point without, ag X, it must interseer N; f 

but it cannot intersect in P, fora circumference 

does not intersect itself! Tenee, it interseets in 

a second point, a Pq. Fp. moe 


Rie. 1h 


PROPOSITION UL 


182. Theorem.— [fia straviht line be drawn thraugh the cen- 
tres of lio circles, of the (utersections of crther cirruintereuce with 
that line lhe one ou the side toward the contre of the ther circle as 
the nearest poind tn this circuaterenee la that coutee, and the ane an 
the opposite side ts the farthest poral fra that coudtre, 


Dew.— Let Mand Noor Mo and NY be two cireuiatirences whos centres are 
OandO. Draw an indetinite Tine (hietsh these centres, het Aad 4 he the 
intersections of Moor M’ with this line, of whieh Ao ds oon the side of Moor WV 
toward the centre O', and 
H is on the opposite side. M 
Then is A the nearest point oe Me p oON ia 
in Mor M’ to O', and # the = iy 
farthest point from 0’. 


a! 


a, Coreen y | 
Firat, To show that A is a om AO 





’ ; a 
nearer O° than any other ee vA — 

point in the circumference. ead 

A will lic between O and O,, Fis. 346. 


in O', or beyond O°. When 
A lies between O and 0’, as in M, let P be any other point in M, and draw oP 
and O’P. Now OO’ being a straight line, is Jews than OPO’, « broken Ine. 
Subtracting OA from the former, an‘ its equal OP from Ue Inter, we have AO’ 
< PO’. When A falls at O' the truth is selfevident. When A Sies heyond oO, 
as in M’, Jet P be any other point in M’, and draw OP and OP. Now OP + 
O00’ > OP (= OA). Subtracting OO’ from both, we have O'P » OA - 00’ 
= O’A). Hence, in any case, A is the nearest point in Moor WM tO’. 

Second, To show that H is the farthest point in Mor MW from 0. In elther 
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figure, let P’ be any other point in the circumference than H, and draw OP’ 
and QP’. Now, PO + 00’ > PO’. But P'O = HO. Hence HO + OO’ (= 
HO’) > PO’ 


PROPOSITION IV. 


183. Theorem.— When the distance between the centres of two 
circles ix greater than the sum of their radii, the circumferences are 
wholly exterior the one to the other. 


Des.—Let M and N be the circumferences of two circles whose centres are 
Oand 0’. LetOO’ be greater than the 
sum of the radii. Then are Mand N 
wholly exterior the one to the other, 
For A, the intersection of M~ with 
00’, is between O and O’7 since OA < 
00’. Now, by hypothesis, OO’ > OA 
+ BO’. Subtracting OA from both, we 
have AO > BO’. Hence, as the nearest 
point in M is farther from QO’ than the 
circumference of the latter circle, M lies wholly exterior tu N,Q. B.D. 





Fiu. 145, 


184, Con—Conversely, When (vo circumferences are exterior the 
one to the ather, the distance between their centres is greater than the 
sum of their radi. 


Dew.—For, join the centres OO’ with a straizht line. Now the point A 
where this line cuts the circumference M is the nearest point in this circumfer- 
ence to the centre O°) But, by hypothesis, this (and every other point in cir- 
cumference O) is without circle 0. Henec, AO’ > BO’ To each add OA, 
and OA + AO’ (or 00’) > OA + BO’. 


PROPOSITION Y. 


“185. Theorem .— When the distance between the centres of two 
dvcles is egual fo the sum of their radti, the circumferences are tan- 
gent to each other externally. z 


Dex.—Let M and N be two circumferences, and OO’, the dilfance between 
their centres, be equal w OC + OC’, the our of their sadity/Ahon are the cir- 
Cumferences tangent to cach other externally, 
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The point A, where M cuts the line join- 
ing the centres, is between O and O’, since 
OA < OO’ by hypothesis. Moreover, A 
ig the nearest point in M to the centre 0’. 
Again, as OO” =*OC + O’C’, subtracting OA 
from the first member, and its equal OC from 
the other, we have OYA = O/C’; that is, A is in 
the circumference N. Hence, as A lies in N, 
and ali other points in M are more distant 
from O’ than the length of the radius O’C’, M 
is entirely without N, except the point A, and the circles are tangent to each 
other externally. Q. E. D. 





Fia. 146. 


186, Cor. 1.—Conversely, When two circumferences are lanqent 
to each other externally, the distance between their centres is equal to 
the sum of their radii. 

DemM.—M being tangent to N externally, the point in M nearest the centre O' 
must be in N, while all other points in M are esterior to N. Now, the point jo 
M nearest to O’ is A on the line joining their centres (AS). Aas therefore the 
point of tanvency, and OO’ = OA + OVA. 

187. Corn, 2— When two circumferences are tangent to cach other 
externally, the point of tangency is in the line Joining their contrea 


PROPOSITION VI. 


188. Theorem — When the distince between the centres of two 
circles 1s less than the sum and greater than the difference of their 
radit, the two circumferences tulersect, 


Dew.—Let M and N be the circumferences of two circles whose Centres are 


O and O’. Let the radius of M “a 

M be oqual to or greater than ca ae gore 4, 

the radius of N. Now, if OO’ ia i a * a : \ 

<OA + O’B, and > OA—0O’B, fu 

M and N interacct. qe “S ‘Bb 7. og a b o [od wy” 
For, when 00’ > OA, 00’ \ P =a n. Sage 

< OA + OB gives 00’ — OA _ rd 

(= AO) < O’B; and when Fru. 147. 


00’ < OA, OO’ > OA — 0'B gives O'R > OA — 00’ (=A0’). Hence the. 
nearest point in M to O’ lies within N. Again, to the first member 
of 00’ > OA rs add HO, and Ww the secund its » equal OA, and we 


have OO’ + HOM{= HO?) > 20A — O'R. Now,since 0'B < OA,* by bypothenia, 
the difference 0A. O'B > Tos. Hence, HO’ > 0’6, and H licus without N. Aa, 


® Read * O'B 1s equal to or less than OA.” 
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therefore, M has one point at least within N and one without, M and N inter- 
sect, Q. EB. D. 


189. Con.—Conversely, When two cireumferences intersect, the 
distance between their centres is less than the sum and greater than 
the difference af their radit 


Demu.—Let the radius of N be equal to or less than the radius of M. As the 
circumferences intersect the farthest point H’ of N from O must be farther from 
O than the length of the radius of M, é e., must lie without that circle. So we 
have by hypothesis H'O > OA. Subtracting H’O’ from the first inember and its 
equal BO’ from the second, we have H’O — O’H' (= 00’) > OA — BO’; that is, 
the distance between the centres is greater than the difference of the radii. 
Again, as the nearest: point in M to Oo must lie within N, we have AO’ < BO, 
and adding OA to both members, OA + AO’ (= 00’) < OA + BO’; that is, the 
distance between the centres is less than the sum of the radii. 


PROPOSITION VII. 


190. Theoveme~ Whe the distance betirveen the centres of tivo 
vnegual circles is equal lo the difference of their radit, the less cir- 
ts fanueut tu the other taternally, 


Drem.—Let Mand N be the circumferences of two circles whose centres O and 
O'nre so situated that OO’ = OC —O’C’; then are the 
circles tangent to ¢ach other internally, 

For, let N be the circumference of the less circle, so 
that OC > O’C’. Let HH’ be a diameter of M. By 
hypothesis OO’ = OC — O'C’. Now, subtracting each 
member of this eg wality from OH’, we have OH’ — 00’ 
(= O'H) = O'C’. Whence it appears that H’, the point 
in Nat the greatest distance from O, is in M; and, con- 
sequently, that every other point in N is within M. 
Hence, N is tangent to M internally. Q &. D. 


191. Con. 1.—Conversely, When a less circumference ts tangent to 
a greater internally, the distance between their centres equals the 
difference of their radii. 





Pra. 148. 


‘ lesa circumference N being tangent to the greater M, internally, 
the poiut in N at the greatest distance from the centre O of must be in M, 
while all other poitits of N lie within M. Now H’in the line passing through 
the centres is the point of N at the greatest distance from 0. Henoe we ob- 
serve that OO’ = OH’ — O'H’, #. «, the difference between the radii. 
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192. Cor. 2—When one circumference ts tangent to another tn- 
ternally, the point of tangency is in the line passing through their 
centres. 


193, Scu—If the radii are equal the two circumferences coincide, 


PROPOSITION V 


194. Theorem. — When the distance between the ceutres of two 
unequal circles ts less than the difference of their radii, the less cite 
cumference is wholly within the greater, 


Dem.—Let N bea less circumference than M, and 00%, is 
the distance between theircentres, be less (ian OA OH, / N ae 
the difference of their radii; then is N wholly within M. i [ 2 
For, to cach member of OO" -. OA — OH’ add O'H and | \ SOF at es 
we have 00'+0'H’< OA. ButO0’'+O'H'= OH". Hence ae 
OH’ < OA, and H’, the farthest point in N from O, is with. oe we 
in M, aud cousequently N lies wholly within Moo qQ. kb. p. ire 149 


196. Con—Conversely, When iu less circnmpercner ix wholly 
within a greater, the dishucr beluven therr centres is tess than the 
difference of thetr radii. 

Dem.—I0N lies wholly within M. the farthest point in Notreaat O, the centre 
of M, must be nearer O than is any pointin Mote, OH) OA Now, subtract 
O'H’ from cach member, und we have OH’ - OH ( OO; - OA ~ OW’, 
Q. E. D. 


196. Sceun—If the centres coincide «o hat OO’ -- 0) the circumferences: are 
said to be concentric. Uf, at the sume time, Uieir radii are equal, they are eon. 


IX. 


197. Theorem.— When tua circumferenres interact, tha line 
which passes through their centres is per- 
pendicular to their comiun chord al tts pt, wen 
middle point. ye a > 


Dem.—Let the circumferences M and Nj at Oe en. at 
intersect in the points P and P’ (184); let \ 
PP be the common chord, and LR the line 5, LP 
passing through the centres O and 0’; then is i‘: 
LR perpendicular to PP, Pia. 1a. 


92 ELEMENTARY PLANE GEOMETRY. 


For O’ is equally distant from the extremities P and P’, and O is also equally 
distant froin P and P’. Hence, as LR has two points equally distant from the 
extremities of PP’, it is perpendicular to PP’ at its middle point. Q. E. D. 


PROPOSITION X. 


198. Theorem.— When one circumference ts tangent to another, 
either eclernally or internally, they have a common rectilinear*® tan- 
gent at their common point. 


Dem.—Sinee the radii of the two circles drawn to the common point form 
one and the same straight line (287, 7292), a line perpendicular to one at its 
extremity is perpendicular to the other also, And oa dine which is perpen- 
dicular to a radius at its extremity is tangent to the circle (272). QE. D. 


199, Corn—ALN etreumferences having their centres in the same 
dine, and having but one common point, are tangent ta each other, and 
have a common rectilinear tangent at the common pata 


e UX ERCISES, 


1. Prob.—To pass a circumference through three given points 
mot tn the sane straight line 


Sue.—The process should be goae through with as Jearned from Part L, 
and then the reasons fur the process given as furnished by this section. 


2. To pass a circumference throngh two given points, whose 
center sball be in a given line. 


3. Prob. —To circumscribe a circumference about a given triangle, 
and give the reasons sor the process. 


4. The centres of two circles whose radii are 10 and %, are at 4 
from each other. What is the relative position of the circumfer- 
ences? What if the distance between the centres ig 17? What if 
20? What if 2? What if0? What if 3° 
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5. Given two circles 0 and ‘ 
oO’, to draw two others, one oe ge og “5 
of which shall be tangent to | ~ 1 
these externally, and to the | : \ ! 
other of which the two given | Pe ; 
circles shall be tangent in- ee ee % 
ternally. Givead/ the princi- — \ a anes 
ples involved in the construce- \ 
tion. Give other methods. x. 
ra 6. Given two circles whose Pt ius Sa Seksey 
radii are 6 and 10, and the ele. 
distance between them centres 20.0 To draw a third circle whose 
radius shall bes, and which shall be tangent to the two given eir 
cles?) Can a third circle Whose radius is 2 be drawn tangent to 
the two given circles? Tow will it be situated 2 Can one be drawn 
tungent to the given circles, Whose radius shall be 1? Why? 


SYNOPSIS, 


for 1. A ctret enn he passed. 
Prop. 1. Through three points. Cor 2. A corel) determined: try 
( Cor 3. Totersections of two circ’ 's 


Prop. I. Two circumferences which interseetin eae point 


Pror. I. Points in one circumference nearest to and farthest from the 
centre of another. 


Prov. IV. Greater than sum of radii, { Cor, Converse. 


. . seg § Cor bo Convere, 
Prop. V. Equal to sum of radii 7 3,0 8 point of tangency. 


NN 


Prop. VI. Leas than snm and greater than | 61 Converse, 
difference of radii. { ores. 


TWEEN CENTRES 


oF Two CIRCLES 


Cor. 1. Converne. 


Prop. VII. Equal to diff. of raslil. a Pia a langency. 
Neh, dn equal 





Z ;  § Cor. Converee, 
n Prop. V IIL. Less than ail. of rasdit ‘ Ach. Coucentric, Coincident 





DIstaxNce RE 


Paor. IX. Perpendicular to common chord, 


Pror. X. Common tangent to two circles tangent to —) Cor. To alt 
other. 


Prob. To circumference through three points. 
Exeaciars. i Prob. To Te cumeeribe 8 triangle witht a circumference. 
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SECTION VI. 


OF THE MEASUREMENT OF ANGLES, 





200. Angles are said to be measured by ares, according to the 
principles developed in the three fullowing propositions. 





PROPOSITION I. 


201. Theorem.—I[n the same or in equal circles, equal ares 
aubtend equal angles at the centre. 


Dem.—In the cqual circles M and N, let are AB = are DC; then will the 
angles O and O’, called angles at 
the centre, be equal. For, placing 
No upon M so that O’ shall fall 
on O, and O’D on OA, since 
the circles are equal, D will fall 
on A; and since, by hypothesis, 
arc DC = arc AB, C will fall on 
B. Hence, O’C will coincide 
with OB, and angle O’ = angle 
O, because they coincide when 
applied. Q. E. D. 





202, Cor, 1.—Conversely, Zn the same or tn equal circles,equal 
angles at the centre intercept equal arcs. 


Deu.—If, by hypothesis, angle O' = angle O, in the equal circles M and N, 
are DC = are AB. For, placing circle N upon M, so that O’ shall fall on O, 
and O’D on its equal OA, D falls on A, and, since angle QO’ = angle O, O’C takes 
the direction OB, and, being cqual to it, C fallson B. Hence, OC and AB co- 
incide and are equal. 


#03. Cor. 2—A right angle at the centre intercepts a quarter of 
a circumference, and ts said to be measured by tt. Hence, a semi- 
circumference is the measure of two right angles, and a whole oireum- 
Serence of four. 
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PROPOSITION II. 


204. Theorem.—Tun the same or in equal circles, arcs which are 
tn the ratio uf two whole numbers subtend angles at the centre which 
have the same ratio whener the aides are ta oth other us the arcs 
which subtend them. 


DemM.—lIn the equal cireles M and N. Jet the ares EF and IW which subtend 
the angles O and O’ at the centre, be in the ratio of 5 to8; then ate the nares 
O and O’ in the ratio of 5 to 8, 
and we have M No 


, aa _ os my ” . Sd 
angleO :angle QO’: arcEP sarcll, E = 3 


For, divide EF into 5 equal 
parts, us Ea, ad, ete., then JH can 
be divided into & sueh parts, le, 
efrete. Draw the radii Oa, OF, 
Oc, etc., and O'e, O17, O’y, ete. ; 
and, since these partial ares . 
are equal, the partial angles 
Which they subtend are equal, 
by the preceding proposition, Now, O iy composed of 4 of these angles, and 
O' of 8; whence 


E" a} 


yi, 9M 


angle Os angle OO As 
But, are EF sare TH 2 ON, 
Ifence, the two ratios being equal, we huve 
angle O' : angle O°: are lH are EF. 


As the same method could be pursued in ease the ares were to each other as 
any other two whole numbers, the argument os general, 


205. Cor.—Conversely, fn the someon ta equel corch 4, angler at 
the centre which are tn the ratio of tivo whole numbers are to each 
other as their intercepted ares, 

Dew.—Thus, let angle O' be to angle O in the ratio of te 4 Coneetve 0! 
divided into & equal partial angles, then will O be divisible inte 5 auch parthal 
angles. Now, the partial angles being equal, their intercepted ares are equal, 
by the preceding proposition, Cor 1. Whence, 

arc IA are EF SK: OS. 
But, angie 0’ ; angeO:. 8: 5, hy hypothenis, 
: Hence, are IH: ure EF: angle 0 : angle O. 
And the same method could be pursued with angles having the ratio of any 
other whole numbers. 
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PROPOSITION III. 


206. Theorem.—In the same circle or in equal circles, two in- 
commensurable arcs are 
to each other as the angles 
which they subtend at the 
centre. 


, Li 
% \ 
\ 
O \ Oo’ 
‘ . Drem.—In the equal cir- 
‘% Lo cles M and N, let EF and tH 
. ss be incommensurable ares. 
F !~> ’ K 


™ 


Now there is some are to 
which EF bears the same 
ratio as angle O to angle O'” 
If that arc is not 1H Ict it be IL, an arc leas than 1H, so that. 

angle O : angle O’ +: are EF : are IL.* 





Fia. 154. 


Conceive EF divided into equal parts, each of which is less than LH,+ the as. 
sumed difference between IH and Ik. Then conceive one of these equal parts 
to be applied to TH as a measure, beginning at Lo Since the measure is less 
than LH, at Jeast one point of division must fall between Cand H. Suppose K 
to be such a point. Draw O’K. Now, the ares EF and IK are commensurable, 
and by the last proposition 
angle 0: ange IOK >: are EF: are tK. But we assumed that 
angle O : angle VOTH ss are EF sare tL. 
In these proportions the antecedents being alike, the consequents should be pro- 
portional, so that 
angle WOK should be to angle 1O’H : : are WK : are IL. 


But this proportion is thlse, since 
angle 1O'K <2 angle 1O'H, whereas are (K > are IL, 


In a manner altogether similar (the student should supply it) we can show 
that 
angle O is not to angle O' >: are EF : any are greater than IH. 
Hence, as the fourth term of the proportion cannot be less or greater than IH, it 
must be IH itself; and 
angle O : angle QO’: : arc EF: arclH. Q E. v. 


207. Corn—Conversely, Zn the same or in equal circles, too tncom- 
mensurable angles at the centre are to each other as the arcs which 
they intercept. 


ae in eee adem 11) pl mee ah Ryan yielatleen anh eel RGR Sr tata SREP aA CL isin SEA YAS: ts neta 


* Thies ie a falee hypotheels, and the object of the argument following is to show its 
falsity. 

¢ This can be done by euppoeing EF bisected, then the halves bisected, then the fourths 
bieected, and thie process of bisection continued until the parte are cach lees than LH, 
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magnitude of an angle from the statement of the number of degrees which 
measure it: and, for brevity, the angle is spoken of as au angle of the same 
number of devrees as the intercepted arc. 


209, An Inscribed Angle is an angle whose vertex is in a 
circumference, nnd whose sides are chords, or a chord and diameter, 


of that circumferenee. 
PROPOSITION IV. 


210. Theorem.—An inseribed angle is measured by half the 
are Tntercepted between tts sides, 


Dres.— First, arhen one side tan diameter. Viet APB 
be an inscribed angle, and PB a diameter: then is APB 
measured by one-half of are ABL | For, through the 
centre O, draw the diameter OC parallel to the chord 
PA; then COB = POD (2-3-4), whence ere CB = arc 
PO (20%), also COB = APB (252): and ave PO = are 
AC (17-4), whence PD = CB = 4AB. Now COB is 
measured by CB (208); heuce APB is measured by 
CB = 4AB. gkv. 





= Second, when bath sudes are chorda and the ecntre of the 
circle lies between them, Let APB be such an angle. 
Draw the diameter PC. Now, by the preceding part, 
APC is measured by 4 AC, and CPB by 4CB. Hence 
\ APC + CPB, or APB, is measured by 4AC + 4CB, or 
re G 4AB. QE. D. 





’ 
: 
ae 
Cc 


Fra. i. 





Pp 


Third, when both adea are chords and the centre lics 
without the angle, Let APB be such an angle. Draw the 
diameter PC., Now APC is measured by 4 AC, and BPC 
by 4B8C. Hence APC — BPC, or APB, is measured by 
4AC —4BC, or AB. QO RD, 
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211. Cor.—In the same or equal circles all 
angles tnseribed in the same segment, intercept 
equal ares, and are consequently equal. If the 
segment ts less than a semivircle, the angles are 
obtuse ; if a semicircle, right; if greater than a 
semicirele, acute. 





ILL.—In each separate figure the angles P are equal, poo a. 
for they are each measured by half the same are... . In [ . . es “~ \ 
O, each angle P is acute, being measured by tin, which 
is less than a quarter of acireumference. ... In O', each 
angle P is a right angle, being measured by jm’, which ie 
is a quadrant (quarter of a circumference)... In 0”, : | 
each angle P is obtuse, being micasured by fm’, which is 
greater than a quadrant. 


Sci.—Tho converse of this proposition is usually taken 
for granted; i.¢, that if the several angles P, P, ete., are A a 
equal and subtended by the same chord, their vertices lie 
in the circumference. This is readily proved rigorously oO” } 
after the next two propositions. Thus, if vertex P were y 
without, the angle would be measured by JAB — } the mn”. ao 
other intercepted arc; and if within, by JAB + 4 the other a ode 
intercepted arc. 


PROPOSITION Y. 


212. Theorem.— Any anyle formed hy two chords intersecting 
tr acircle ta measured by one-half the sum af the ares titercented 
betiveen its sides and the sides of tts vertical, or appostke, angle, 


Deu.—Let the chords AB and CO intersect at 
P; then iy APD, or its equal CPB, measured hy 
4(AD +CB); and APC, or its equal BPD, is measured 
by 4(AC + BD). 

For, through C draw CE parallel to BA; whener 
ECD = APD (752), and CB = EA (47-4). But ECD is 
measured hy 4 ED (220), which equals 4 (AD + EA) = 
4(AD + CB). 

That APC, or its equal BPD, is measured by 
3(AC + BD), appears from the fact that the sum of the 
four angles about P being equal to four right angles, is measured by 4 whole 
circumference (208). But APD + CPB is measured by AD + CB; whence 
APC +8PD, or 2APC, is measured by the whole circumference minus (AO + CB); 
that is, by AC+BD. Then is APC measured by 4 (AC + BD). 





* Fra, 9, 


a 
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213. Sem—The case of the angle included between two chords passes 
info that of the inseribed angle in the preceding proposition, by conceiving AB 
to move parallel to its present position until P arrives at C and BA coincides 
with CE. The angle APO is all the time measured by balf the sum of the in- 
tercepted arcs; but, when P has reached C, CB becomes 0, and APD becomes 
an inscribed angle measured by half its intercepted arc. 

In a similur manner we may pass to the case of an angle at the centre, 
by supposing P to move toward the centre. All the time APD is measnred by 
4(AD + CB); but, when P reaches the centre, AD =: CB, and 4(AD + CB) = 
4 (2AD) =. AD; ¢.¢., an angle at the centre is measured by its intercepted arc. 


PROPOSITION VI. 


274. Theorent— Anangle formed by two secants meeting with- 
oul the circle ts measured by one-half the difference of the intercepted 
arcs. 

Des.—Let APB be an angle formed by the two se- 
LP cants AP and PB; then is it measured by 4 (AB -- CD), 
/ | te, one-half the intereepted ares. 

For, draw CE paratlel to PB; then CD =: EB (17-4), 
mB and ACE = its corresponding angle APB. But ACE jx 

measured by | AE- | (AB—EB)=] (AB—CD). a ep 


/ scribed angle, by conceiving P to move toward C, thus 
/ diminishing the ure CD. When P reackes C, the ante 





Cc 
l 
| | 
| 215. Scu.—This case passes into that of an in- 


“BR becomes inseribed ; and, as CO is then 0, $(AB — CD) 

c :. 4 AB. Also, by conceiving P to continue te move 

Bia. 160, along PA, CD will reappear on the other side of PA, 

hence will change its sign,* and 4 (AE — CO) will become 4 (AE + CD), as it 

should, since the angle is then formed by two chords intersecting within the 
elrcumfcrence. 


PROPOSITION VII. 


#16. Thearem.—An angle formed by a tangent and a chord 
drawn from the point of tangency is measured by one-half the inter- 
cepted arc. 

* In accordance with the jaw of positive and negative quantities as ased in mathematics, 
whenever a continuously varying quantity ia conceived as diminishing till it reaches 0, and 
then ae reappearing hy the same law of change, it must change its sign. 


eer mee tte re et Ne PS 





sland lnienetnrence areata cieeemeneentahamnteameaminnaienes 





atta oo a Namen, 


« 
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Dem.—Let TPA be an angle formed by TM 
tangent at P, and the chord PA; then is TPA SE a ee 
measured by one-half the intercepted arc AP. - 
For, draw auy chord CD parallel to TM and 
cutting AP. Then CEA = TPA. But CEA is 
measured by 4 (AC + PO). Hence, as PD = CP 
(475), TPA is measured by 4(AC + CP), or 4 
AP. QED. 

Show that APM is measured by 4 arc AmP. 

Also, observe iow the case of two sccants 
(2I#) passes into this. 


/ 





Fra. lol. 


PROPOSITION VIEL. 

217. Theorem.—An angle formed by dwo tanyrnts ts measured 
by one-half the difference of the intercepted 
AIS, A ig 

Diew.—Let APB be an angele formed by the \ 
two tangents AP and PB; then is it ineasured by | 
A dere CauD — are CuD), fe, one-half the ditfer x 
ence of the intercepted ares, Por, through one of Cy 
the points of tangency, as C, draw a chord, us CE, Z 
parallel to the other tangent. Now, ACE. is v4, 7 
measured by 4 are CE, by the last: proposition. As jo 
But ACE -- APB, and aee CE - CD Dame -- A \ /\ 
Cr D — CuD, since CuD -= EwD (755). Hence, \ / 
APB is measured by 4(CmO — CxdD) gobo. 74 es 

218, Scu.—The case of two secants (2 2-#) - B 
passes into this by supposing the secants to Via, 12. 
separate until they become tangents, 


EXERCISES, 
1. Prob.—Through a given point todrawa parallel toa given 
line, on the principles contained in (149), C201), ond (165). 


SotutTion.—Through P to draw a parallel to AB. Frown P asa centre, with 
any radius greater than the distance 


from P to AB, describe an arc cut- ‘ 

; Or P 

ting AB, asac. From a as a centre, | yj ———Dpe——_—- rN 
with the same radius, strike an arc t oe a * 

through P, intersecting AB, 2s Pv. i aes 

Take the chord Pb and appry it og re 
from a on the arc ac, as a0. These mia: 


chords being equal, the arcs Pd and 


102 





Fru. 164. 
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aO are equal (765). Again, angle Pab = angle 
OPa, since they are measured by equal arcs struck 
with the same radius (207). These alternate 
angles being equal, MN is parallel to AB (749), 


\ 2 In fig. 164 there are 4 pairs of equal 


‘angles. Which are they, and why? Show 


wlso that COB = ABD + CDB, by (2/0), 


and (272). Show also that 008 = ABC + 
DAB. 


‘Y 


3. Prob.—from a point without «@ etrele to draw a tangent to 


the circle. 


So.uTtion.—Let O be the given circle, and P the given point. Join P with 
the centre O, and upon PO as a diameter describe a circle. Let T and T’ be 


M 
"ee 
iy! 
; 
, 
’ 
| ae 
iy 
O: | 
‘S 
‘ 
™~, - ; 4 
7 
Me 
al 


Teh: i Ae ee 


the intersections of the two cir- 
cumferences. Now, if lines be 
drawn from P through T and T’, 
they will be tangent to the cir 
cle O. For OTP and OT'P, 


ea . being inseribed in semi-circles, 
es tee SAP are right angles (221). Hence, 

; PM is perpendicular to radius 
a - OT at its extremity T, and 


ix therefore a tangent (272). 
In like manner PT’ is shown 
to be a tangent, and we sce 
that from a point without a etr- 
cle tivo tangents can be drawn to 
the evrele. 


4. Prob—On «a given line, to construct a segment which shall 





contain a given angle. 


SOLUTION. — Let AB be | 
the given line, and O the 
given angle. At one ex- 
tremity of the given line, as 
B, construct an angle ABC 
equal to the given angle O, 
which shall lie on the oppo- 
site of AB from that on which 
the required segment is to 
lic. Erect s perpendicular 
to the line CB at B, and also 
@ perpendicular bisecting 
AB. Let FB and FE be 
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these perpendiculars, intersecting at F. From F as a centre, with a radiua 
equal to FB, describe a circle. Then is AHB the segment required. For, 
CB being perpendicular to radius FB at its extremity, is tangent to the 
tircle, and angle ABC (= angle O) is measured by 4 of ure AmB (216). Now, 
any angle inscribed in the segment Am'm’B, as AHB, has } AmB tor ity 
measure, and is, consequently, equal to O. 


¥f ANOTHER SoLrtTion.—On the side of AB on which the seument is to lie, draw 
any line through cither extremity of AB, 
making an acute angle with ABL Let CB oc 
be such a dine, At avy point in CB, as i> ee 
C, draw aline CE, making angle ECB = | a ca 
the given angle O, A%. 166. Through A gate 8 _— 
pass a parallel to CE (see Av. 1), as ADJ { 7 e 
Pass a circumference through A, D, and ge 
B. Any angle inscribed in segment AaB | K 
is equal to O. [Let the student give all \ o 
the reasons, and make the construction, | | 
The requisite marks for the construction na is / 
are made in the figure. Why is it said, a _ 
make CBA an acule angle? When would E. 
a right angle auswer? When an obtuse \ 
angle ¥] Fie. 167. 





SYNOPSIS. 
How angles are measured. 


ro] Converse. 
ro. Mensare of 1, 2, and 
Pright angles. 


. \ 
! Prop. I. Equal area subtend equal { 
angles at the centre, / 


Prop. If. Commensurable ares in the same ratio | ao. ¢ 


SON VETRE, 
us their subtended angles, 


H 
; 
a 
| 


OSITIONS, 


Cor, Converse. 
Pror. III. Incommensurable ol Sch. Method of incasuring 
angles. 


FUNDAMENTAL PROP- 


Inscribed angle, what? 


‘ ( Cor In seyment, >, <2, Or 
3 3 a » Ld cs . ’ 
Prop. LV. Inscribed angle, how measured. Senele. 


Prop. V. Angle between two chords. ( Sch, Compared with preceding. 


Prop. VI. Angle between two secants. Sek, Compared with Prop, TV. 
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-Prop. VIL. Angle between tangent and chord. 
Prop. VIL Angle between two tangents, ‘ Sch. Compared with Prop. VI. 


( Prob. To draw a parallel rune piven point. pestis 

Prob. To draw a tangent to a circle from a point withou 

EXERCISES. ) pyoy. To construct A segmnent on a given live which shall 
contain a given angle. 
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SECTION VII. 


OF THE ANGLES OF POLYGONS, AND THE RELATION BETWEEN 
| THE ANGLES AND SIDES. 





OF TRIANGLES. 





* PROPOSITION I. 


219. Theorem.—The sum of the three angles of a triangle is 
fwo right angles. 


Dem.—Conceive a circumference passed through 
the vertices of the triangle, as ade, throuch the ver- 
tices of the trinngle ABC (58). The angle A is 
tnevsured by 4 area, B by 46,and © by de. Hence, 
A+ B+ C is measured by 4 (+ 6 + ¢) ora 
semi-cireuinference, and is equal to two right angles 
(20.3). Q. kD. 





Fru. 108. 220, Con, L—aA triangle can have only 
one right anyle, or one obtuse angle. Why ? 


B21, Con. 2—Two angles of a triangle, or their sum, being 
gtven, the third may be found by subtracting this sum from two right 
angles, i.e. etther angle is the supplement of the other two. 


RB. Con. 3.—The sian of the two acute angles of a right-angled tri- 
angWis equal to one right anyle; ic., they are complements of each other. 


22.3. Cor. 4.—Jf the angles of a triangle are equal each to each, 
anyone is one-third of two right angles, oi two-thirds of one right angle. 





a 


“ PROPOSITION II. 

224. Theoren.— The sides of a triangle sustain the aame 
GENERAL relation to each other as their opposite angles ; that ia, the 
greatest side is opposite the greatest angle, the second greatest side 
opposite the second greatest angle, and the least side opposite the least 
angle, | : 
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Dem.—In the triangle ABC let C > B > A be 
the order of the values of the angles; then AB > 
AC > BC is the order of the values of the sides. 

For, circumscribe the circumference ade. The 
angle C being greater than B, the are c, the half of 
which: measures C, is greater than the ure 3, the 
half of which measures B. Now, the greater arc 
has the greater chord (766). Hence, AB > AC. A 
In like manner, if B > A, are b > are a, and AC > 
BC. If cither angle, as C, is obtuse, AB is greater Fie. 169. 
than AC or BC, because it lies nearer the centre (167). 


225. Cor. 1.—Conversely, The order of the magnitudes of the 
sides being AB > AC > BC, the order of the maquitudes of the angles t8 
COBO A. 


{Let the student give the demonstration in form. | 

226, Con. 2. eguiangular triangle is 
also equilateral ; and. concersely, an equilateral 
triangle is equiangular. 





Demw.—If A = B= C,are «a = are > = are ¢, and, AY ee caabcslacre 5 
consequently, chord BC =: chord AC — chord AB. - oe 
Conversely, if the chords are equal, the arcs are, and ey ae 
hence the angles subtended by these arcs. Fra. 170. 


227, Cor. 3.—In an tsosceles triangle the 
angles opposite the equal sides are equal ; 
and, conversely, tf tivo angles of a triaugle 
are equal, the sides opposite are equal, and 
the triangle is isoscelex. 

Dem.—If AB = BC, arc a = arc ¢; and hence, 
angle A, measured by $4, = angle C, measured by 
+c. Conversely,if A = C, arc a = arce; and hence 
chord BC = chord AB. 

228, Scu.—It should be observed that the proposition gives only the general 
relation between the angles and sides of a triangle. 

It is not meant that the eldes are tn the sume ratio c 

as their opposite angles: this is not true. Thus : 
in Fig. 172 angle ¢ is twice as great as angle a; 
but side ¢ is not teice as great as side a, although 
it te greater. Trigonometry discovers the aract 
relation which exists between the sides and 
angles. 





Fig. 171. 





Fee. 173. 


106 ELEMENTARY PLANE GEOMETRY. 


x PROPOSITION Ii 


Theorem.—If from any point within a triangle lines 
be drawn to the extremities of any side, the 
included angle 18 greater than the angle of the 
triangle opposite this side. 


Dem.—Let OA and OB be two lines drawn from 
any point O within the triangle ABC, to the extremi- 
ties of the side AB; then angle AOB > ACB. 

For, circumscribe a circle about the triangle. Now, 
ACB is measured by 3 AzB, but AOB is measured by 
+ (AnB + EmD). Therefore, AOB > ACB. Q. 5. D. 





Fig. 173. 


230. An Exterior Angle of a polygon is an angle formed 
by any side with its adjacent side produced, as CBD, Fig. 174. 


‘PROPOSITION IV. 


231. Theorem.—An exterior angle of a triangle is equal to the 
sum of the two interior non-adjacent angles. 


Dum.—Let ABC be any triangle, and CBD an ex- 
terior angle; then CBD = A + C. 
For CBD is the supplement of CBA by (1.3.2), and 
D CBA is tho supplement of A + C by (222). Hence, 
CBD =A+C. Qxz.D. : 






Fro. 174. 232. Con.—Lither angle of a triangle not 

adjacent to a specified exterior angle, ts equal 

to the difference of this exterior angle and the other non-adjacent 
angle. 

Thus, since CBD = A + GC, by transposition, CBD — A = C, and CBD — C 


OF THR ANGLES OF QUuADEELATERALs, oF 


OF QUADRILATERAIS. 





PROPOSITION Y. 


233. Theorem.—The sum of the angles of a quadrilateral 4s 
four right angles. 


Dreu.—Let ABCD be any quadrilateral ; 
then DAB + ABC + BCD + CDA = four 
right angles. 

For, draw either diagonal, as AC, di- 
viding the quadrilateral into two triangles. 
Then, as the sum of the angles of the two . 
triangles is the same as the sum of thc an- Dd 
gles of the quadrilateral, and the sum of Fla. Yb. 
the angles of the triangles is twice two 
right angles (229); the sum of the angles of the quadrilateral is four right 
angles. Q. E. D. 








PROPOSITION VI. 


234. Theorem.—The opposite angles of any quadrilateral 
which can be inscribed in a circle are supplementary. 


Dem.—Let ABCD be any inscribed quadrilateral ; 
then A + C = two right anglea, and OD + B = two 
right angles. 

For, A is measured by } are BCD, and C is mensa- 
ured by 4 are DAB (220). Hence, A + C is meas- 
ured by one-half a circumference, and is, therefore, 
cqual to two right angles (203). In like manner D 
is measured by 4 are ABC, and B by ¢ are ADC. 
Consequently, O + B is measured by one-half a cir- 
cumference, and is, therefore, equal to two right 
angles. 





tan einen 


PROPOSITION VII. 


235. Theorem.—The opposite angles of a parallelogram are 
equal, and the adjacent angles are supplementary. 


Deu.—ABCD, Fig. 177, being any parallelogram, A = C, B = D,andB + C, 
C + 0,0 + A, andA + B, each = two right angles. 


108 ELEMENTARY PLANE GEOMETRY. 


For, produce any side, as AB, form- 
ing the two exterior angles EAD and 


y) C CBF. Since CB and DA are parallel, 
and FE cuts them, the corresponding an- 
gong foe gles, CBF and DAB are equal (15%). 


Fig. 177. Again, since EF and DOC are parallel, and 

CB cuts them, the alternate interior* 

angles CBF and C are equal (152). Hence, as DAB and C are earh equal to 

CBF, they are equal to each other. In a similar manner D can be proved equal 
to CBA, [Let the student give the proof. ] 

That the angles B and C of the parallelogram are supplemental is evident 
from (150), which proves that the sum of two interior angles on the same side 
of a secant cutting two parallels is two right angles. Fora like reason A + D 
=: lwo right angles, etc. 


236. Corn. 1—The two angles of a trape- 
zoid adjacent to either one of the two sides 
nol parallel are supplemental, 


Kia, 178. {Let the student show why } 


237. Corn, 2—/f one angle of a parallelogram ts right, the others 
are also, and the figure is a rectangle. 


PROPOSITION VII. 


288. Theorem .—Conversely to the last, Zf the adjacent angles 
of a quadrilateral are supplementary, or the opposite angles equal, 
the figure is a parallelogram. 


Dau.—If A + D = two right angles, AB and DC are parallel by (747). 
For a like reason, ifD + C = two right 
C angles, DA and CB are parallel. Avain, 
if A = C and D = B, by adding we 
haveA +O=C +B. ButA + 0 + 
eA BO F C + 8 = four right angles (233). 
' soe ay Hence, A + D = two right angles, and 
“oe AB and CD are parallel. So, also, A + 
8 oan be shown to be equal to two right angles; and, consequently, AD and 
cs ane paralicl. 
asa ade cena seamen emenemnnenannn anne nein an nese anan eaaneeneneememeeeeinmmmnn aan eneamennanieneeeemnmenael 
* Interior with reference to the paralicis (146). 


D 
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PROPOSITION IX. 
239. Theorem.—If two opposite sides of a quadrilateral are 
equal and parallel, the figure is a parallelogram. 


Dem.—I[n (a) let OC be equal 
and parallel toAB; then is ABCD 
a parallelogram. 

For, drawing the diagonal 
AC, it makes the aneles ACD and 
CAB equal, since they are altern- 
ate interior anvles (132). Con- 
ceive the quadriluteral divided 
in this diagonal into two tri- 
angles, as in (Ob) Reverse the 
triangle ACB and place it as in 
(¢). Draw OB. Since angle OCA 
- angle CAB, and OC = BA, if 
CBA be revolved upon AC, AB 
will take the direction CD, B will 
fall in O, and CBA will coin- 
cide with ADC. Hence, angle 
ACB = angle OAC, But in (a) 
these are alternate interior an- 





gles made by AC with AD and BC. Therefore, AD is parallel to BC (149), 


Q E. D. 


PROPOSITION X. 


240. Theorem.—/f the opposite sides of a quadrilatered are 
equal, the figure is a parallelograin. 


DEM.—In (@) let AB = DC, 
and AO = BC; then is ABCD a 
parallelogram. 

For, divide the quadrilateral 
in the diagonal AC, and revers- 
ing the triangle ABC, place it 
as in (c), and draw OB. Since 
AB = CD, and CB = AD, DB is 
perpendicular to CA (2.30). 
Now, revolying ABC upon CA, 
it will coincide with AOC. Hence, 
angle OCA = angle CAB, and 
AB is parallel to OC. Also, 
angle DAC = angle BCA, and 
AD is parallel to BC. There- 
fore, ABCD is « parallelogram. 


Q & DBD. 
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PROPOSITION XI. 


241. Theorem.—Conversely to the last, The opposite sides of 


a parallelogram are equal. 

Dewu.—Let ABCD be a paral- 
lelogram; then AB = DC, and 
AD = CB. 

Since DC is parallel to AB, an- 
gleOCA=angle CAB. Also, since 
AD is parallel to BC, angle DAC 
= angle ACB(152). Now, divide 
the parallelogram (@) in the di- 
agonal, and place ABC as in (c). 
Revolve ABC on AC, until it falls 
in the plane on the other side of 
AC. Since angle BAC = angle 
ACO, AB will take the direction 
CD, and B will fall in CO, or CD 
produced. Since angle BCA = 
angle DAC, CB will take the 
direction AD, and B wil! fall in 
AD, or in AD produced. There- 
fore, as B falls at the same time in AD and CD, it falls at the intersection D, and 
the triangles coincide. Hence, AB = CD, and AD = CB. aq. &. D. 


242, Cor. 1.—Parallels intercepted between parallels are equal. 





Fig. 182, 


243, Cor. 2.—A diagonal of a parallelogram divides tt into two 
equal triangles. 


PROPOSITION XIL 


244. Theorem.—The diagonals of a paralielogram m utually 
dbssect each other. 


D Cc u.—Let AC and DB be the diagonals of 

: the parallelogram ABCO (q@), and @ their inter- 
section ; then, O@ = QB, and AQ = QC. 

(a) For, take the triangle AQB, and apply it to 

DQ‘C, by placing BA in its equal OC, B falling at 

Dp, and A at C, with the vertices @ and @’ on the 


~~ 


* 
Pal 
“ 









oe Ac same side of this common line, as in (6). Now, 

a oe ee since angle @BA = Q’DC (152), B@ will take the 

so oy ™Q.. (©) direction D@’, and @ will fall In DG‘, or in DQ’ 
: Re Fra. 168. produced. For a like reason AQ will take the 


Ler pret C@/, and Q will fall in CQ’, or in C@’ produced. Hence, as @ falls 
the time in DQ’ and CQ’, it falls at their intersection @’; whence 
nd AQ= COQ’. QED. 
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* PROPOSITION XIIL 


245, Theorem.—The diagonals of a rhombus bisect each other 
at right angles. 


Dem.—Let AC and DB be the diagonals of the 
rhombus ABCD; then are they at right angles to 
each other, and bisected af @. 

For, since AB = AD, and OC = CB, AC hus two 
of its points equally distant from D and B, and is, - : 
therefore, perpendicular to DB, at its middle point &- - 
(1.30). In like manner D and B are each equidistant Fre. 194. 
from A and C, whence @ is the middle point of AC. 





wA£6. Cor.—The diagonals of a rhombus bisect its angles. 


For, revolve ABC upon AC as an axis, and it will coincide with ADC. Hence 
angles A and C are bisected. In like manner revolve DAB upon OB, and it will 
coincide with OCB, Hence O and B are bisected. 


PROPOSITION XIV. 


247. Theorem.—The diagonals of a rectan- eee 
gle are equal. D" ite. 


Dem.—Let AC and DB be the diagonals of the rectan- 
gle ABCD; then AC = DB. 

For, upon AC os a diameter describe a circle. Since ™. 
O and 8 are right angles, they are inscribed in semicir- Av ‘8 
cles (212), and OB isa diameter. Therefore, AC = DB. ae 
Q E. D. Pic. 165. 


248, Cor.—Conversely, If the diagonals of a parallelogram are 
equal, the figure ts a rectangle. 

Dem.—Since the diagonals of a parallelogram bisect each other, if they are 
equal, a circumference described from their intersection as a centre, with 


radius equal to half of a diagonal, will pass through the vertices of the parallel- 
ogram. Hence the diagonals will be diameters, and the angles will be inscribed 


in semicircles, and consequently will be right angles. 
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OF POLYGONS OF MORE THAN FOUR SIDES. 


249. A Salient Angle of a polygon is one whose sides, when 
produced, can only extend without the polygon. 


G F 250. A Re-centrant Angle of a 
polygon is one whose sides, when pro- 
C duced, can extend afin the polygon. 


A D Int.—In the polygon ABCDEFG, all the an- 
gies are salient except D, which is re-entrant. 


Cc 
lf, A Conver Polygon is a 
8 polygon which hays only salient angles. 
Fic. 146. A polygon is always supposed to be con- 


vex, unless the contrary is stated. 


252. A Concave or Re-entrant Polygon is a polygon 
with at least one re-cntrant angle. 


PROPOSITION XY. 


. 253. Theorem.— The sum of the interior aagles af a polygon 
ta equal to twice as many right angles as the polagon has sides, less 
four right angles. 


Dem.—Let a be the number of sides of any 
polygon: then the sum of its angles is 


nm times fico right angles — 4 right angles. 


For, from any point O, within, draw lines te 
the vertices of the angles. As many triangles 
will thus be formed as the polygon has sides, that 
is,n. The sum of the angles of these triangles is 





n times tito right angles (229). 


But this exceeds the sum of the angles of the 
i by the sum of the angles at the common vertex O, that is, by 4 reghi 
Hence the sum of the angles of the polygon is 


Fis. 187, 


n times (we right angles ~ 4 right angles. Q. & D. 


é. Scu. 1—The eum of the angles of a pentagon is 5 times to right an- 
plea — 4 right angles, or 6 right angles. The sum of the angles of a hexagon is 
8 right angle ; of a heptagon, 10; of an octagon, 12, ete. 
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255, Scu. 2.—This proposition is equally applicable to triangles and to 
quadrilaterals. Thus the sum of the angles of a triangle is 3 times tie right 
angles —4 right angla (or 6 — 4) =2 right angles. So also the sum of the 
angles of a quadrilateral ja 4 times to right angles — 4 right angles, or 4 right 
angles. 


256, Sen. 3.—To find the value of an angle of an equinngular polygon, 
that is, one whose angles are equal each to each, divide the sum of all the 
angles by the number of angles. 


PROPOSITION XVI. 


257. Theoveim.—lIf the sides of a polygon be produced so as to 
form one exterior angle (and only one) at each verter, the sum of 
these exterior angles tx four right angles. 


Des.—Let 2 be the number of sides of any F 
polygon. At cach of the «1 angles, there is an Ec 
of 


interior and an exterior angle, whose sum, as Paice) 
A +a, istwo right angles. Hence the sum of 
all the exterior and interior angles is times Geo 
right angles, Now, from this sum subtracting A 
the sun of the exterior angles, the remainder IK 





in the sum of the interior angles. But, by the 
preceding proposition, 4 right angles subtracted Boe 
from n times teo right angles, leaves the sum (4 
nf the interior angles. Therefore the sum of 
the exterior angles is 4 right anglea. Q. KE. D. Fig. 183. 


OF REGULAR POLYGONS, 


PROPOSITION XVII. 


258. Theorem.— The anyles of an inscribed equilateral polygon 
are equal ; and the polygon is regular. 


Deu.—Let ABCOEF be an inscribed polygon, with AB = BC = CD, etc.; 
then is angle A = B = C = D, etc., and the polygon is regu)ar. 
For, from the centre of the circle draw OF, OA, and OB, and also the per- 
pendiculars Oa and Od. Revolve OFA upon OA ne an axis, until it falls in the 
8 


“Ohad, Se 
septs 


tye 
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plane of OAB. Since the chords FA and AB are equal, the are FA = are AB, 





Fig. 189. 


and F falls at 8B. Hence the triangles OFA and OAB 
coincide. The angle A of the polygon is therefore 
bisected by OA; that is, OAF = OAB. In the same 
manner OBA can be shown equal to OBC. More- 
over, since OA and OB are equal oblique lines drawn 
from & point in the perpendicular, angle OAB = 
angle OBA, Hence, as the half of A equals the half 
of B, A= B. In like manner, B can be shown equal 
toC,C to D, DtoE, etc. Therefore the polygon is 
equiangular, as well as equilateral, and consequently 
regular (2277). Q. E. D. 


PROPOSITION XVIII. 


259. Theorem.— The sides of an inscribed equiangular polygon 
are equal when their number is opp; and the polygon is regular. 


Deu.—Let ABCDEFC be an inscribed equiangular polygon of an odd 





“ae 
ee ee ae 





Fra, 190. 





number of sides; then is side AB = BC = CD, etc., 
and the polygon is regular. 

For, from the centre of the circle draw the 
radii OA, OB, etc., to the vertices of the polygon, 
and Oa, Od, etc., perpendicular to the sides. Re- 
volve the quadrilateral GGAa, upon Oa as an axis 
until it falls in the plane of OCBe. Since Oa 
is perpendicular to the chord AB, Aa = aB, and 
A will fall at B. Also, as the angle A of the poly- 
gon = B, AG will fall in BC. Now C falls at the 
same time in the arc BCD (258) and in BC, and 
hence falls at their intersection ©. Therefore AC 
= BC. In like manner revolving OBCe upon Oc 
as an axis, BC is found equal to ED. §o also we 


gan show that ED = FC; then that FC = AB; then that AB = DC; and finally, 
that OC = EF. Hence we have CA = BC = ED = FG = AB = DC = EF ; and 
eaghe polygon is equiangular by hypothesis, it is regular (£277). Q. E. D. 


as oe 3 
¥ a ': 

4 w 

‘Wen. 101. 





260. Scu.—It is easy to see that the above argu- 


ment would fail in the case of a polygon of an cven 

number of sides, because, in going around the second 
time the same sides would céincide es fn going around 
the first time. Moreover, we can readily insoribe an 
equiangular polygon of an even nusaber of sides which 


shall not ei regular. 


be sy : 
aL at 
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‘PROPOSITION XIX. 


261. Theorem.—The sides of a circumscribed equiangular 
polygon are equal; and the polygon ts regular. 


Dem.—Let ABCDEF be a circumscribed polygon, with angle A= B = C, 

tc.; then is AB = BC = CD, etc., and the polygon is regular. 

For, from the centre of the circle, draw OA, OB, 
etc., to the vertices of the polygon, and Oa, 04, ete., 
to the points of tangency. The latter will be per- 
pendicular to the sides by (77.3). Now reveree the 
triangle AaO, and apply it to AJO, placing Ocin its 
equal O4; aA will take the direction dA. Then will 
OA of the triangle AqO, tall in OA of the triangle 
AbO, since there cannot be two equal oblique lines on 
the same side of Ob (240). Hence angle LAO = angle 
aAO, and dA = aA. In the same way it can be Fra. 199. 
shown that OB, OF, ete., bisect the other angles, and that 48 = Be, ete. 
Whence, as the polygon is equiangular, these halycs are equal, that js, OAga 
=: OFa, ete. Then, as OA and OF make equal angles with AF, they cut off 
equal distances from a, and Aa = aF, So, likewise, we can show that Ad - 4B, 
and that each side is bisected at the point of tangency. Therefore, as the halves 
of the sides are equal, the polygon is equilateral, as well as cquiangular, and 
consequently regular (127). Q. E. D. 








PROPOSITION XX. 


262. Theorem.—The angles of a circumseribed equilateral 
polygon are equal when their number is op; and the polygon ts 
regular. 


Demu.—Let ABCDE be a circumscribed polygon 
with AB = BC = CD, etc.; then is angle A= B 
=C=D, ete, and the polygon is regular. 

In the same manner as in the preceding demon- 
stration, we may show that OA, OB, ctec., bisect 
the angles of the polygon. [The student should 
go through the process.] Then revolve the tri- 
angle AOE upon AO as an axis till it falls in the 
plane of AOB; and as angle OAE = angle OAB, 
and AE = AB, the triangles will coincide. Hence 
angle OEA, the half of angle E of the polygon, Fia, 193. 
equals angle OBA the half of 8, and E= 8. In like manner revolving AOB 
upon OB, we can show that A= C. So also we find 8 =D, and O= A, 
Therefore the polygon is equiangular as well as equilatcral, and consequently 
regular. QB. D. 
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263. ScH.—That the above style of argument fails in the case of a polygon of 
an even number of sides, may be ohserved by attempt- 
ing to apply it. Thus, from %g. 192, we would have 
A=C, B=D, C=—E, D—F, E=- A, and F -B. 
From these we have A= C=E, and B=D=F. 

Z But the process will not give any one of the first three 

Fra. 191. angles equal to any one of the second set. That'is, 

ft does not follow that two adjacent angles are equal in case the number of sides 

is even. We can readily construct a circumscribed equilateral polygon which 
shall not be equiangular. 





' PROPOSITION XXI. 


264. Theorem.—A circumference may be circumscribed about 
any regular polygon. 


Dem.—Let ABCDEF be a regular polygon. Bisect AF with a perpendicular 
Oa. Any point in this perpendicular is equidistant 
from A and F. Bisect AB, adjacent to AF, with a 
perpendicular, as 05. Any point in this perpendic- 
ular is equidistant from A and B. Hence the inter- 
ecction of these perpendiculars, O, is equidistant from 
A, F, and B, and a circumference described from O as 
A centre, with a radius OA, will pass through F and 
B. Now revolve the quadrilateral FOJA upon Od as 
an axis until it falls in the plant of CO3SB, dA will 
fall in its equal 5B; and since angle A = angle B, 
and side AF = side BC, F will fall atC. Thus it 
Fro. 198. appear? that the circumference described from O, 
and passing through F, A, and B, also passes through 
-G. In a similar manner it can be shown that the same circumference passes 
through all the vertices, and hence is circumscribed. Q. EZ. D. 





265. Cor. 1—A circumference may be inscribed in any regular 
polygon. 
Deu.—For, having circumscribed one about it, the equal sides become equal 


chords, aud hence are cqually distant from the centre. If, therefore, a circle be 
drawn from O as a centre, wilh Oa as a radius, it will touch every side of the 


polygon at its middle point. 
3. Cor. 2.—The centres of the inscribed and circumacribed 
circles coincide. 
The Centre of a regular ee ia the common centre 
of its inscribed and circumscribed ci 
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268. An Angle at the Centre of a regular polygon is the 
angle included by two lines drawn from the centre to the extremities 
of a side, as FOA, AOB. a 


269. Cor. 3.—The angles at the centre of a regular polygon are 
equal each to each; and any one ts equal to four right angles divided 
by the number of sides of the polygon. 


270. The Apothem of a regular polygon is the distance from 
the centre to any side, and is the radius of the inscribed circle. 


PROPOSITION XXII 


271. Theorem.—The side of a regular tnacribed hexagon ¢s 
equal to the radius. 


Dru.—Let ABCDEF be a regular inscribed hexagon; then is any aide, as 
BC, cqual to OB, the radius. 

In the triangle BOC the angle O is measured by 
the arc BC, or } of a circumference, and hence is } 
of 4 right angles, or 4 of a right angle. Angle ABC 
is measured by } arc COEFA, or 3 of a circumfer- 
ence. Hence angle QBC, which is 4 of ABC, is 
measured by § of 3, or 4 of a circumference, and is, 
consequently, equal to BOC, So alxo OCB, the half 
of OCB, is measured by 3 of a circumference. Hence 
OCB is equiangular, and consequently equilateral 

|\8C=O08. @ED. 





272. A Broken Line is said to he Conver when no one of its 
parts will, when produced, enter the space included between it and 
a line joining its extremities. 


PROPOSITION XXIII. 


273. Theorem.—A Convex broken line is less than any broken 
line which envelops tt and has the same extremities. 


Dex.—Let AbedB be a broken line enveloped 
by the broken line ACDEFB, and having the 
game extremities A and B; then is AdcedB < 
ACOEFB. 

For, produce the parts of AbedB till they mect 
the enveloping line, as Ab to ¢, bc to f, and cd 
to g. Now, since a straight line §s the shortest ‘ 
path between two points, Ae< ACé, if < beDE/, “ 
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ty < of Fy, and dB <dgB, Hence, if a pointstarts from A to move to B, AeDEFB 
will be a shorter path than ACDEFS, Ad/FB shorter than AeDEFB, AdcgB shorter 
than Ab/FB, and AbcdB ghorter than AdegB. Therefore, AbcdB is shorter than 
ACDEFB, q. &.D. 


274. Cor. 1—The sum of any two sides of a triangle is greater 
than the third side. . 

“his is the same as the axiom that the shortest distance between two points 
is a straight line. 


2. 
275. Oon. 2.—The difference between any two sides of a triangle 
18 leas than the third side. 


Dem.—Let a, 5, and ¢ be the sides. By Corollary 1st, a+6>c. Therefore, 
transposing, a> c— d. 4 


276. Cor. 3—Jf from any point within a triangle lines be 
drawn to the extremities of any side, the sum of these lines ts less 
than the sum of the other two sides of the triangle. 


EXERCISES, 


1, Given two angles of a triangle, to 
find the third. 


Sva’s.—The student should draw two angles 
on the blackboard, as a and 8, and then proceed 
to find the third. The figure will suggest the 
method. The third angle is ¢. 

che solution is effected also by constructing 
the two given angles at the extremities of any 
line, and producing the sides till they meet. 





2. Two angles of a triangle are re- 
spettively f and j ofa right angle. What is the third angle? 


‘{ 3, The angles of a triangle are respectively %, 4, and § of a right 
angle. Which is the greatest side? Which the least? Can you tell 
the ratio of the sides? 


4. What is the value of one of the equal angles of an isosceles tri- 
angle whose third angle is } of a right angle? 


5. Two consecutive angles of a quadrilateral are respectively ¢ and 
3 of a right angle, and the other two angles are mutually equal to 
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each other. What is the form of the quadrilateral ? What the yalue 
of each of the two latter angles ? 


6. One of the angles of a parallelogram is § of a right angle. What 
are the values of the other angles? 


“. 7, The two opposite angles of a quadrilateral are saialaies 
and 4 ofa right angle. Can acircumference be circumecribed ? If 
80, do it. | 3 


8. Two of the opposite sides of a quadrilateral are parallel, and 
each is 15 in length. What is the figure? Do these facta determine 
the angles? 


9. Two of the opposite sides of a quadrilateral are 12 cach, and the 
other two 7 each. What do these facts determine with reference to 
the form of the figure ? 


10. What is the value of an angle of a regular dodecagon ? 


11. What is the sum of the angles of u nonagon ? What is the 
value of one angle of a regular nonagon? Of one exterior angle? 


12. What is the regular polygon, one of whose angles is 14} right 
angles ? 


13. What is the regular polygon, one of whose exterior angles 
is § of a right angle? 
N14. Can you cover a plane surface with cquilateral triangles with- 
out overlapping them or leaving vacant spaces? With quadrilat- 
cralg? Of what form? With pentagons? Why? With hexagons? 
Why? What insect puts the latter fact to practical use? Can you 
covers plane surface thus with regular polygons of more than 4 
sides? Why? 
‘15. Is an equilateral hexagon circumscribed about » circle neces- 
sarily regular? A heptagon? An octagon? A nonagon? 

16. Is an equiangular circumecribed quadrilateral necessarily reg 
ular? A pentagon? A hexagon? A heptagon ¢ 


~+ 1%. Is an equilateral inscribed pentagon necessarily regular? At 
octagon? How is it if they are equiangular; are they necessaril' 
equilateral and regular ? 
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SYNOPSIS. 


( Oe - my an de or obtuse. 
. 2. Two angles given. 
Prop. I. Sum of angles. | Cor, 3. Acute angles if right angled 
Cor. 4. One angle if equiangular. 
Oor. 1. Converse. 
Oor. 2. Equiangular, equilat- 
' eral, and converse. 
Prop. IL Sides and opp. angles. { Cor. 3. Isosceles, equiangular, 
and converse. 
Sch. These only general rela- 
tions. 


Prop. ITI. Angle within a triangle. 
Derr. Exterior angle. 
Prop. IV. Exterior angle.—(Cor. Non-adjacent interior. 


Pror. V. Sum of angles. 
Prov. VIL Angles of suena es 
ae aay. or. 1, Of a trapezoid. 
gi | Puor. VIL. Angles of | Cor, 2. Of a pecan 
Pror. VITTL. Converse to last. 
Pror. IX. Two op. sides of a quadrilat’l equal and parallel. 
Prop. =X. Opposite sides of : quadrilateral equal. parallels, 
: Niet aecuss Cor. 1. Parallels intercepted bet. 
Por, XI. Converse to last. { Cor. 2. Diagonal of a papisiogtan, 
Prop. XII. Bisect. 
Diagonars. 2 Prov, XU. Ofa rhombus.— Cor. Bisect angles. 
Prop. XLV. Of a rectangle.—Cor. Converse. 


QUADRILATERALS. 
PARALLELOGRAM 


Sch. 1. Application. 
wer 3 Neh. 2. Applied to triangles. 
» » A 
Prov, XV. Sum of angles. 1 243) Anele of equiangular poly- 
ron. 


Der's.—Salient angle. —Re-entrant.—Con vex polygon. —Concave. 


Prov. XVI. Sum of exterior angles, 
Prop. XVII. Equilateral inscribed, regular. 
Prov. XVUE, Equiangular inscribed | Sed. Fails for 
if odd No. of sides. 2? even No. 
Prop. XIX. Equiangular circumscribed, regular. 
Prop, XX. Eqguilateral cirebd. if) Sek. Fails for 
odd No. of sides. {even No. 
REGULAR. Cor. 1. Inscribed. 
Cor, 2. Centres, 
Pror. XNXI. Circf. can be cir- | Def. Ancle at centr. 
cunscribed. Cor. 8. Value of an- 
gle at centre. 
Def. Apothem, 
(| Pror. XXII. Side of inscribed hexagon. 


Der. Convex Broken Line. 
Cor. 1. Sum of two sides of tri- 


angie. ‘ 
Pror. XXIII. Convex broken line < | Gor. 2. Diff. of two sides of tri- 
than —. angie. : 
Cor. 8. Lines from point witbin 
triangle. 
EXERCISES. = 
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SECTION VIII. 


OF EQUALITY. 





277. Equality significa likeness in every respect. 


#78. The equality of magnitudes is usually shown by applying 
one to the other, and observing that they coincide. 





PROPOSITION I. 


279. Theorem.—Two straight lines of the same length are 
equal magnitudes.* 


Dim.—~Let AB and CD be two straight lines of the same length; then are 
they equal, 

For, conceive the extremity C of CD placed at A, 
and the other extremity somewhere in AB, or in AB \——___——-——- 8 
produced, as the case muy be. Now, the point 





which traces AB passes through all points in the CS D 
direction of B from A; and hence, if CO js traced Fics, 108. 
from A towards B, it will pase through the same , 


points as far as they mutually extend. The lines therefore coincide, as far as 
they both extend; and, being of the same length, D falls at B, and they coincide 
throughout; they are, therefore, equal. qQ. EK. D. 


Int.—The truth of this theorem is so evident, that 


the student may fail to see the point of the demonstra- Pa 7) ae 
tion. Let him see if he can say the same things of Ne 
two curved lines AmB, and CxD, which are of the A n 8 
same length. 

The substance of the demonstration is as follows: C 5 


‘A line has two properties, and only two, form and 
magnitude. Straight lines, being of the same form, if 
they are of the same magnitude, are alike in all respects; ¢¢, they are equal. 
Now, a line, as a magnitude, has only one dimension, viz, length. If, there 
fore, two lines have the same length, they have the same magnitude, 


Fie. 190. 








* See Preface. 
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PROPOSITION II. 


280. Theorem.—Two circles whose radii are of the same length 
are equal; i.e. the circumferences are equal, and 
the circles equal. 





A B DemM.—Let there be two circles whoso radii AB and 
CD are of the same length; then are the circles equal. 
For, place the second circle on the first, with the centre 
C at A, and CD in AB. As CD = AB, D will fall at B. 
Now, every point in the plane at a distance AB from A is in 
\ the circumference of circle A. But every point at a distance 
C D CD from the common centre is in the. circumference of 
circle C. Hence, the two figures coincide, and the circles 
are alike in all respects, 7.¢., are equal. Q. E. D. 


Fie, 200. 


OF ANGLES. 





PROPOSITION IIL 


281. Theorem.—Two angles whose sides are parallel, two and 
two, and lie in the same or in opposite directions from their vertices, 
are equal. 

Dem.—-ist. In (a) or (a’) let B and E have BA and ED parallel, and extending 


hy vo in the same direction from the 
@ A / _- Bp’ vertices, and also BO and EF; 


i : _e then are B and E equal. For, 
bp 4 Ss produce (if necessary) either two 
8 we cl e’ sides which are not parallel, till 
Cc a they intersect, as at H; then are 
E La Dp’ the corresponding angles DHC and 
oe ae DEF, and DHC and ABC equal 

(DY) UDA wwe F’ = (182). Hence; ABC = DEF. 
we BO a 7B 2nd. In (6) and @’) let B’ and E’ 
ae ines; ’ have B’A’ parallel with E’F’, but 


a, a (By extending in an opposite direction 
C from ite vertex; and in ke manner 
Fie, 201. B’C’ parallel with, but extending in 


an opposite direction from E’D’; then are B’ and E’ equal. For, produce (if neces- 
sary) two of the sides which are not parallel till they intersect, as at H’; then 
D'H’B’ = the corresponding angle D’E’F’, and also = the alternate interior 
angle A’B’C’; whence A’B’C’ = D’E'F’. q. & D. 


: ° 


‘EQUALITY OF ANGLES. 


PROPOSITION IV. 


282. Theorem.—If two angles have two sides parallel and ex- 
fending in the same direction with each other, while the other two 
sides are parallel and extend in opposite directions from each other, 


the angles are supplemental. 


Dem.—Let ABC and DEF be two angles, 
having BC and ED parallel, and extending 
in the same direction from the vertices, 
and AB and EF paralicl, and extending in 
opposite directions from the vertices; then are 
ABC and DEF supplements of each other. 

For, produce the two sides not parallel, it 
necessary, till they meet. Now, BHD is the 
supplement of BHE by (2.32), BHE = the al- 
ternate interior angle DEF, and BHD = the 
corresponding angle ABC. Therefore, ABC is 
the supplement of DEF. a. BE. pb. 

[This demonstration is adapted to the wpper 
cut; let the student adapt it to the lower.] 


PROPOSITION V. 


283. Theorem.—1f two angler have 
their sides respectively perpendicular to 
each other, the angles are either equal or 
supplementary. 

Dem.—Let BA be perpendicular to EF or 
to E’F’, and BC to ED; then is ABC = DEF. 
For, through B draw BO and BN, respectively 
parallel to ED and EF; then by the preceding 
propositions NBO = DEF, and is the supple- 
ment of F’E’D, But NBA = OBC, since both 
are right angles. Take away OBA from cach, 
and we have NBO = ASC: and as NBO is the 
supplement of F’E’D, ABC is also the supple- 
ment of F’E’D. gq &. D. 





“of 
; 4 vo 
A 8 Seas 
ca 
Ler es 
c Fr 
ae He ih 
E ee. 
Peace, “iy 
Ftu. 202. 
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OF TRIANGLES, * 





PROPOSITION VI. 


284. Theorem.—Two triangles which have two sides and the 
included angle of one equal to two sides and the included angle of the 
other, each to cach, are equal. 

the angle A adjacent to its 


Cc 
of 
re 
D 
A 
B 
equal angle O. Then re- 


Fig. 204. volving ABC upon DB, until 

it falls in the plane on the 

opposite side of DB, since angle A = angle D, AC will take the direction DF; 

and as AC = DF,C will fall at F. Hence BC will fall in EF, and the triangles 
will coincide. Therefore the two triangles are equal. Q E. D. 

We may also make the application of ABC to DEF directly, as in (85). The 
method here given is used for the purpose of uniformity in this and the follow- 
ing. We may observe that in this, as in the other cases, OB is perpendicular to 
FC, and bisccts it at O. This fuct might easily be shown, and the demonstra- 
fon be based upon it. 


Drem.—Let ABC and DEF 
be two triangles, having 
AC = DF, AB = DE, and 
angle A= angle D; then 
are the triangles equal. 

For, place the triangle 
ABC in the position (3), the 
side AB in its equal DE, and 





"98S. Son—This proposition signifies that the two triangles are equal tn all 
reepedts, ft. ¢., that the two remaining sidea are equal, a8 CB = FE; that angle 
C = angle F, angle @ = angie E, and that the areas are equal. 


PROPOSITION VIL 


286. Theorem.— Two trigngles which have two angles and the 
included side of the one equal to two angles and the incleided side of 
the other, each to cach, are act r a 
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Dem.—Let ABC and DEF bye 
be two triangles, having . 
angle A = angle D, angle 
B = angle E, and side AB 
= side DE; then are the 
triangles equal. 

For, place ABC in the g~—————B 
position (0), the side AB in 
its equal DE, the angle A 
adjacent to its equal angle D, 
and B adjacent to its equal 
angle E. Then revolving 
ABC upon OB till it fully in the plane on the same side as DFE, since angle A = 
angle D, AC will take the direction OF, and © will fall somew here in OF or 
DF produced. Also, since angle B = angle E, BC will take the direction EF, 
and C will fall somewhere in EF, or EF produced. Hence, as C falls at the 
same time in OF and EF, it falls at their intersection F. Therefore the two 
triangles coincide, and are consequently equal, Q. i. D. 





28%. Con—lf one triangle has a side, tls opposite angle, and one 
adjacent angle, equal to the corresponding parls in another triangle, 
each to each, the triangles are 


For the third angle in cach is the aupplemént of the sum of the given angles, 
and they are consequently equal. Whence the case is included in the pro- 
position. 


288. Scnu.—A triangle may have a side and one adjacent angle equal to a 
side and an adja- 


cent angle in . 


another, and the CG 

second adjacent a : 

angle of the first , 
equal to the angle A ° v 


opposite the equal ea 


aide in the second, and the triangles not be equal. Thus, in the figure, AB = 
C’A’, A = A’, and B = B’; but the triangles are evidently not equal. [Such 
triangles are, however, similar, as will be shown hereafter. 


PROPOSITION VIII. 


289. Theorem.—Two triangles which have two sides and an 
angle opposite oge of these sides, in the one, equal to the corresponding 
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parts in the other, are equal, if of these two sides the one opposite the 
given angle is equal to or greater than the one adjacent. 


Dew.—In the triangles ABC and DEF, ict AC = DF, CB = FE, A =D, and 
CB (= FE) 5 AC (= DF); then are the triangles equal. 

For, apply AC to its equal 
DF, the point A falling at 
D and C at F. Since A = 
D, AB will take the direc- 
tion DE. Let fal) the per- 
pendicular FH upon DE, or 
DE produced. Now, CB 
being > DF, cannot fall 
between it and the perpen- 
dicular, but must fall in FD 
or beyond both. As there 
can be but one line on the 
same side of the perpen- 

nial dicular equal to CB, and as 
FE — CB, CB must full in FE. Wence, the two triangles coincide, and are 
consequently equal. Q. B.D. 





290. Scn. 1.-If A and D are acute and CB (= FE) = AC (= DF), the tri- 
angles are isosceles. If A and D are right or obtuse, CB (=FE) must be greater 
than AC (= DF), in order that there may be a triangle, since the right or obtuse 
angle is the greatest angle in a triangle, and the greatest side is opposite the 
greatest angle. This impossibility appears also from the demonstration above. 


Scua. 2.—If A and D are acute, and the side opposite A, ¢.¢., CB, is less 
than AC, it must be equal to or 
greater than the perpendicular Ci 
(== FH) in order to have a triangle. 
Then, applying AC to DF, and ob- 
serving that AB takes the direction 
DE, and that EF, which = CB, being 
intermediate in length between DF 
Fie. 908. and FH, may lie on either side of 
FH, we see that ABC may or may 
not coincide with DEF. Whether it does or not will depend upon whether 
angle C = angle F, or whether AB = DE. This is the ammievous Case in 
the solution of triangles, and should receive special attention. 





EQUALITY OF TRIANGLES. 


PROPOSITION IX. 


\ ; : , 
292. Theorem.+ Two triangles which have the three sides of 
the one equal to the three sides of the other, each to each, are eqral. 


and BC = EF: then are the . 
triangles equa), 
For, place the triangle C F 


ABC in the position (6) and yeu 
the side AB in its equal DE, ie : 
so that the other equal sides : 


shall be adjacent, as AC ad- 2 a ra an. ne :' 
jacent to OF, and BCtoEF. A &»&B Xs by 7 
Draw FC. Now, since OC 

= OF, and EC = EF, OB is ee 
perpendicular to FC at its oy 
middle point (2.30). Hence, Fic. 200. 

revolving ABC upon DB, it 

will coincide with DEF when brought into the plane of the latter Therefore 
the two triangles arc equal. Q. E. D. 





29.3. Cor.—Zn two equal triangles, the equal angles lie oppoatte 
the equal sides. 





204. Scun.—If the triangles compared, as in the fr 
three preceding propositions, have an obtuse angle, and | 
the two sides first brought together are sides about the 
obtuse angle, the figure will take the form in the mar- “40 
gin; but the demonstration will be the same. When 
the three sides are the given equal parts, the form of 

' 


figure given in the demonstration above can always be 
secured by bringing together the two greatest sides. 


ZL 


@) 


Fie. 210. 


PROPOSITION X. 


295. Theorem-+-If two triangles have two sides of the one 
respectively equal to two sides of the other, and the included angles 
unequal, the third sides are unequal, and the greater thitd side 
belongs to the triangle having the greater included « 


ELEMENTARY PLANE GEOMETRY. 


Dem.—Let ACB and DEF be two tri- 
angles having AC = OF, CB = FE, and 


C > F; then is AB > DE. 
For, placing the side OF in its equal 
AC, since angle F < angle C, FE will fall 
as within the angle ACB, as in CE. Then let 


the triangle ACE = the triangle OFE. Bi- 
sect ECB with CH, and draw HE. The 
triangles HCB and HCE have two sides 
and the included angle of the one, respec- 
tively equal to the corresponding parts of 
the other, whence HE = HB. Now AH + 

E HE > AE; but AH + HE = AH + HB = 
AB. Therefore, AB > AE.: QQ. BE. D. 


296. Cor. — Conversely, If two 

sae sides of one triangle are respectively 

equal to two sides of another, and the 

third sides unequal, the angle opposite this third side is the greater 
tn the triangle which has the greater third side. 


Dem.—If AC = OF, CB = FE, and AB > DE, angle C > angle F. For, if 
C = F, the triangles would be equal, and AB = DE (28-4); and, if C were less 
than F, AB would be less than DE, by the proposition. But both these conclu- 
gions are contrary to the hypothesis. Hence, as © cannot be equal to F, nor 
fees than F, it must be greater. 








PROPOSITION XI. 


- QO. Theorem.—Two right angled triangles which have the 
Aypotenuse and one side of the one equal to the hypotenuse and one 
side of the other, each to each, are equal. 


Den—In the two triangles ABC and Dé, right angled at B and E, let AC 
== DF, and BC = EF; then are the triangles equal. 

For, place BC in its equal 
EF, so that the right angles 
shall be adjacent, the angles 
Aand D lying on opposite 
cides of EF, as in(), Since 
E and B are right angles, 
DA is a straight line. Now, 
since equal obtique lines, as 
FD and CA, cut off equal 

ee distances from ‘the foot of 
Ges porpendiontar (1en, vf ss, aud revolyiig CAB upon FB, the two 
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triangles will coincide when CAB falls in the plane on the side D. Therefore, 
the triangles are equal. Q. E. D. 


PROPOSITION XI. 


298. Theorem.—Two right angled triangles having the hypo- 
fenuse and one acute angle of the one equal to the hypotenuse and 
an acute angle of the other, are equal. 

Dem.—One acute angle in each being equal, the other acuto angles are 
equal, since they are complements of the same angle (222). The case is, then, 
that of two angles (the acute angles in cach), and their included side (the hy- 
potenuse), and falls under (286). 


PROPOSITION XIII. 


299. Theorem.—Two right angled triangles having a side ana 
a corresponding acute angle in each equal, are equal. 
This also falls under (286). Let the student show why. 


OF QUADRILATERALS. 


PROPOSITION XIV. 


). Theorem.—Two quadrilaterals are equal when the follow-- 
tng parts are equal, each to each, tn both quadrilaterals, and similarly 
arranged : 

1. The triangles into which either diagonal divides the quadrilaterala. . 

2. The four sides and either diagonal. 

3. The four sides and one angle. . 

4. Three sides and the two included angles. , 

5. Three angles and any two sides, if the other two sides are non 
parallel. | 

Dem.—1. This case is demonstrated by applying one quadrilateral to the other, 

2. This case is redu the former by (297). 

8. Drawing the sl opposite the knows angle, this ease is redaced to 
the first by (284), and (292). 

4. This is demonstrated by spplying one quadrilateral to the other ; or, draw. 
ing diagonal, it may be reduced to case first by (2&4). 

5. In this case the quadrilaterals are ey ee Ole H, 
then, the two sides are adjacent, by drawing she diagonal joining their extrem!- 


x 
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ties the case is brought under the first by (284), and (286). If, however, the 
two known sides are non-adjacent, by pro- 
ducing the unknown sides two triangles 


a : a ‘ 

a A ce are formed in each figure, which are mu- 
: tually equal by (286), and the case comes 
? under the axiom concerning equals sub- 

od on me tracted from equals. 
a [Let the pupil draw the figures and give 
the demonstrations in full form. Trapeziums should be used; although it 
should be seen in each case—~except the fifth—that the truth applies to any 


other form of quadrilateral.] 


PROPOSITION XY. 


301 » Theorem.— Two parallelograms having two fies and the 
included angle of the one equal to two sides and the included angle 
of the other, each to each, are equal. 


Deu.—Let AC and EC be two parallelograms, with AD = EH, AB = EF, and 
A = E;; then are they equal. 


D C For, applying the angle E to A, since EH 
sz AD, H will full at O; and since EF = AB, 
F will fall at B. Now, through D but one 


H wie line can be drawn parallel to AB; hence HG 
eae ie / will fall in DC, and G will be found in DC, 
orin.OC produced. In like manner, since but 
F one parallel to AD'can be drawn through B, 
Fic. 24. FC must fall in BC, and CG be found in BC, 
orin BC produced.- Therefore, as G falls at 

the same time in DC and BC, it falls at C, and the parallelograms coincide. 





BOR. Corn.—Two rectangles of the same base and altitude are 
equal. 


OF POLYGONS. 


PROPOSITION XYI. 


803. Theorem.—Two polygons of the same number of sides, 
«having all the parts of the one except three angles, known to be respec- 
tively equal to the corresponding parts of the other, are equale 
Dex.—If the two polygons AE* and A’E’, have all the parts of the one equal 
_ to the corresponding parts of the other, each to each, ol thn anon: then 
are the polygons equal, 2 


© Tt is often more conventent to read s polygom. by two letters, instend of all those at the 
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ist. When the three un- 
known angles are consecu- 
tive, as G, F, E, and G’, F’, 
E’. Draw CGE, and C’E’. 
Apply polygon A’E’ to AE, 
beginning with g' in its 
equal gq: A’ = A, and a’ = 
a; hence, B’ falls at 8; B’ 
= B,and 8 = 3, hence, C’ 
falls at C; ete. Thus, we 
may show that the pcrime- 
ters coincide till we reach E’ and E. Then will G’E’ = CE, and the trlangles 
GFE and C’F’E’, having their corresponding sides respectively equal, are them- 
selves cqugl, and the polygons coincide throughout. 

2d. When two of the unknown angles are consecutive, and the third not con- 
secutive with these, as GC, E, 0, and GC’, €’,0’. From the angle which is not 
consecutive with the other two, draw diagonals to the other angles, as GE, GD, 
and G’E’, G’D’. Now, G’A’B’C’D’ can be applied to GABCD, and C’F'E’ to CFE, 
in the ordinary way. Hence, the trianglea C’E’O’ and GED are mutually @qui- 
lateral, and consequently equal. Therefore the polygons are equal. 

$a. When no two of the three unknown angles are consecutive, as G, B, OD, 
and G’,8’,D’. Join the unknown angles by diagonals, as GB, GD, 8D, and C’B’, 
C'D’, B’D’. Now, polygon C’F’E’D’ can be applied to GFED, D'C’B’ to OCB, 
and G’A’B’ to CAB in the ordinary way. Hence, the triangles G’D’B’ and GOB 
are mutually equilateral, and consequently equal. Therefore the polygans are 
equal. 





Fia. 215. 


304. Corn—Two quadrilaterals having their corresponding sides 
equal, and an angle. in one equal to the corresponding angle in the 
other, are equal. 


PROPOSITION XVIL 


3035. Theorem.—Two polygons of the same number of 
having all the parts of the one except two angles and the included 
side, known to be respectively equal to the corresponding parts of the 
other, are equal. 


.—Let the unknown parta be C,¢, D, and C’, c’, D’. From any other two 
of the mutually equal angles, as G and G’, draw the diagunals GC, GD, G’C’, G/D’, 
a a a a le 


* Notice that in esch case the unknown angles are to form the vertices of triangles, which 
the argument shows to be equilateral, and therefore equal. In Case Ist, we bave to draw only 
one Ine tn order to give the triangles, as two sides are sides of the polygon; in Case 9t,'we 
have to draw two sides, and in Case $d, three sides, for analogous reascns. aoe 
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tothe unknownangles. Then 
the polygon G’F’E’D’ can be 
applied in the ordinary way 
to GFED, f’ being placed in 
J, etc. Bo also G’A’B’C’ can 
be applied to GABC, begin- 
ning with g’ in ita equal g. 
Hence, angle F’G’D’ = FGD, 
A’/G’C’ =AGC; and, adding, 
Fie. 216. F’'G/D’ + WGC) = FGD + 
AGC. Subtracting these 
equals from G’ = G, we have C’G'D’/= CGD. Whence the triangles C’G’D’ and 
CGD have two sides and their included angle equal in each, and are equal; 
therefore the polygons are equal in all their parts. 





306. ScH.—When the unknown 
angles are both separated from the 
unknown side, the polygons may or 
may not be equal—the case is am- 
biguous. Thus, if C and E are the 
unknown angles and AH the un- 
known side, the polygons ABCDEFG, 
and A’B/C’D’EFG fulfill the condi- 
tions, but are not equal. By draw- 
ing CE, CA, and EH, the case is re- 

H duced to that of two quadrilaterals 
Fro. 217. | having all the parts equal, each to 
each, except two angles and their 

non-adjacent side ; in which case the quadrilaterals are not necessarily equal. 
So, also, when one of the unknown angles is adjacent to the unknown 
side and the other separated, the polygons may or may not be equal. Thus, let 








the unknown parts be D, ¢, G, and D’, ¢, G’. Fram the eaparsted sagie draw the 
‘Blagonala to the extremities of the unknown side, as GL, GO (or Gah), and G’C’, 
¥, “En the usual wey GA’B'C’ can be applied to GARG, and C'FE'D’ to 
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CFED. Whence G’C’ ote, G’0’ = COD, and angle G'C’D’ = GCD. Thus the 
case is reduced to that of two triangleaghaving two sides and an angle oppo- 
site one of them mutually equal, and \s, therefore, ambiguous. The polygon 
(a) may have the part corresponding to G’F’E’D’ situated as GFED, or as 
CF,E,D,, In the former case the polygons are equal, in the latter not. 


307. Cor.—Tivo quadrilaterals having three sides and the corre- 
sponding angles included by these sides equal, are equal. 


This falls under the 1st case. 


308. Scu.—If the three unknown or excepted parts are all sides, the poly- 
gons are not necessarily equal, as will appear by an inspection of the figure. The 





Fig. 219. 


unmarked sides being the excepted ones, the polygons may be those included by 
the continuous lines, or those included in part by the broken lines, all the parts 
being equal in each two, except the three unknown ones. 


PROPOSITION XVIIL ~~ . 


309. Theorem.—Two polygons of the same number of sides, 
having two adjacent sides and the diagonals dratwon from the ineluded 
angle, in the one, respectively equal to the corresponding parts in the 
other, and their corresponding included angles equal, are equal 
figures. 


Deu.—The demonstration is based upon (284). Let the student draw the 
figures, and make the applications. 


PROPOSITION XIX. 
310. Theoreme—Two polygons of the same number of | 
having all the parts (sides and angles) of the one respectively equal 
to the corresponding parts of the other, except two parts, are equal, wh- 
less the excepted parts are parallel sides. 
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Dgu.—The demonstration can be supplied by the pupil, as it is similar to the 
several preceding. The cases will 1st, When two angles are excepted, 
(a) they being consecutive, (6) they not Being consecutive ;—2d, An angle and a 
side, (a) consecutive, (6) not consecutive ;—8d, Two sides, (a) consecutive, (3) not 
consecutive. . 


EXERCISES. 


1. Prob.—Having two sides and their included angle given, ‘to 
construct a triangle. 


Swa’s.—The student should draw two lines on the blackboard, and a detached 
angle, as the given parts. Then, making an angle equal to the given angle 
(200), he should lay off the given sides from the vertex on the*sides of the 
angle, and join their extremities. The triangle thus formed is the one required, 
for any other triangle formed with these two sides and this angle will be just 
like this by (284). 


2. Prob.—Having two angles and their included side given, to 
construct a triangle. 


3. Prob.—Huving the three sides of a triangle given, to construct 
the triangle. 


SoLution.—Let a, }, and ¢, be the given 

A sides. Jraw an indefinite line CX, and on 

ittake CB =a, From C asa centre with 

3 r,) 6 as a radius, describe an arc as near as can 

oa e be discerned where the angle A will fall. 

From 8, with a radius ¢, describe an arc 

Ca. Bx intersecting the former. Then is ABC the 

triangle required, since any other triangle 

having the same sides would be equal to 
ABC (292). 


4. Prob.—To inscribe a circle in a given triangle —, 


SoLuTion.—For the method of doing it see Parr I. (79). To prove the 
method correct, we obeerve that the triangles 
ODB and OBE have OB common, and are © 
mutually equiangular; hence they are equal, 
and OD = OE. In like manner triangle 
OEC = OFC, and OE = OF. [Triangle OFA 
=: ODA; but we do not need the fact in the 
demonstration.} Since OO = OE = OF, the 
circumference struck from O as a centre with 
a radius OD, passes through E and F. More- 
over, since each side of the triangle is per- 
pendicular to a radius at its siuealy. it is em to the circle (799%); and 
the circle is inscribed. 


Fia, 2202 
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ee two sides and an angle eppaeite one of U them. 
given, to construct the triangle. 





SoLution.—1st. When the given shai is right or obtuse, the side opposite 
must be greater than the side adjacent, as the greatest side Is opposite the 
greatest angle (22-4), and the greatest angle in suth a triangle is tue right or 
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obtuse angle. In this case let m and o be the civen sides, and O the angle oppo- 
site 0. Draw an Indefinite line O’X, construct QO’ equal to O, and take O’N’ 
equal tom. FromN'‘as a centre, with a radius equal to O, describe an are cut 
ting O’X, as at M’. Draw N‘M’. Then is N’M’O’ the triangle required, since 
all triangles having their corresponding parts equal to m’, 0’, and O’ are equal. 


2d. When the given angle @ acute, as A, there wil) bo no solution if the 
given side, a, opposite A, is less than the perpendicular; one aolution if a = p, 
or ifa > than both p and 4, and tio solutions if a > p, und Jess than b, This 
will appear from the construction, which is the same as in Case Lut. 


6. If a perpendicular be let fall from the 
right angle C of the triangle ACB upon the 
hypotenuse, ‘as CD, show from (222) that 
the three triangles in the figure are mutually A~ DF 
equiangular. Fig, 228. 


7. Given the sides of a triangle, as 15, 8, and 5, to construct the 
triangle. 


8. Given two sides of a triangle a = 20, 6 = 8, and the angle B 
opposite the side 4 equal 4 of a right angle,* to construct the triangle. 


9, Same as in the Sth, except ) = 12. Same, except that 6 = 25. 


10. Construct a triangle with angle A = 3 of a right angle, angle 
B = } of a right angle, and side a opposite angle A, 15. 


11. Construct a right angled triangle whose hypotenuse is 16, and 


> To. constract this angie, bleect an angle of an equilateral triangle. 
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one of the other sides 7 The same with one acute angle $ of a 
right angle, and a side about the right-angle 12. Will there be any 
difference in the shape of the triangles if one is constructed with the 
given angle adjacent to the given side, and the other with it oppo- 
site? Will there be any difference in the size? 


12, Construct a right angled triangle having its hypotenuse 20, 
and one acute angle } of-a right angle. 


18, Construct a quadrilateral three of whose sides are 20, 12, and 
15, and ‘the angle included between 20 and the unknown side 4 of 
right angle, and that between 15 and the unknown side 4 a right 
angle. | 


Sua’s.—Make A = } ofa right angle, and ) = 20. From D as a centre, with 
a radius 12, strike the arc on. At any 
point on side a, make an angle B’ = 
taright angle. Take B’m = 15, and 
draw Cm parallel to AB’. From the 
intersection C draw CB parallel to 
mB’. Draw CD. Then is ABCD the 
quadrilateral required. 

Queries.—If d + cis less than the 
perpendicular from D upon AB, then 
what? If equal to the perpendicular, 
then what? Is it necessary to consider angle B in answering the two pre- 
ceding queries ? 





ay as aT :) 
Fig, 228, 


14. Construct a parallelogram whose two adjacent sides are 6 and 
8, and whose included angle equals 14 right angles. 


18. Construct a heptagon whose sides in order are a = 4, b = 5, - 
e = 5,d = 6,¢ = 6, f = 3, g = 4; and the angle included between 
@ and 0,1} right angles; between, d and c, 1$; cand d, 14; d and 


Bve's.—See Fig. 187. Proceed in order, laying off the parts as given, from A 
to F. Draw AF. From F asacentre, with a radius f= 3, strike an arc, and also 
from A, with a radius g = 4. The intersection of these arcs will determine G. 


 Querics.—What is the limit of the sam of the possible values of the given 
angles? What the limit of the sum of the sides included between the unknown 
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SYNOPSIS. 


What? How shown? 
Prop. I. Of straight lines. 
Prop. II. Of circles, 


x Prop. IIT. Sides parallel. Direction same or opposite. 
o 4 Prop. IVY. ‘ " ‘one same, other opposite. 
4 | Puor.V. “perpendicular, | 
Pror. VI. Two sides and included angie. { Sk, All 


parts equal. 
Paor. VII. Two angles and Cor, Bide, one adjacent and one oppo- 
included side. ) o4 site angle equal. 








Exception. 

Prop. VIL. Two sides and angle j Sch. 1. When isosceles. 
si opposite eee ater s 2, When enpeeithen 
5 val angles opposite equal aides. 
4} Pror. 1X. Three sides. 1 A Seh, ee of aa nates fi of Fig. 
z Por. X. oo ii equal. included angles un- t Cor. Conversk 

f g Prop, es Hypotenuse and one side. 

os ¢ Prop. XII. Hypotenuse and ono acute angie. 

ae Prop. XIII. Side and one acute angle. 
, Pror. XIV. Three sides and non-included angles equal. 
4) Prop. XV. Two parallelograms having’ two | Cor, Rectangles of 
as sides and the included angles sane 
= al equal. , and altitude. 


Prop. XVI. Three angles excepted, { Cor. Quadrilaterais. 


. XVIL Two angles and ae ie Gini _ pons Cand, 


side excepted. Sch. 2. Three sides excepted. 
. XVIIT. Two sides and included diagonals. 
Prov. XIX. Any two parts excepted. 


POLYGOXS OF MORE 
THAN 4 SIDES 
2 ¢ 
a 5 


a In a triangle, given two init and included ang le. 


Prop . cs aes and angie opposite one 
Prob, _* is ** three sides, 
Prob. To ivacribe a circle in a triangle. 


: 
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SECTION IX. 


OF EQUIVALENCY AND AREA, 


311. Equivalent Figures sre such as are equal in magni- 
tude. 


PROPOSITION I. 


312. Theorem.—Farallelograms having ig equal buses and equal 
altitudes are equivalent. 


Dem.—Let ABCD and EFCH be two parallelograms having equal bases, BC 
and FG, and equal altitudes; then are they equivalent. . 
iz : BC; and, since the altitudes 
dre equal, the upper base EH 
will fall in AD or AD pro- 
duced, as E’H’. Now, the 
two triangles AE’B and DH’C 

Fila, 235.% , are equal, because the three 
sides of the onc are respectively equal to the three sides of the other. Thus AB 
z: DOC, being opposite sides of the same parallelogram. For a like reason, E'B 
-: W’C, Also, E'H’ = BC = AD. From AW’ taking E’H’, AE’ remains, and 
@iking AD, OH’ remains. Therefore AE’ = DH’. These triangles being equal, 
‘the quadrilateral ABCH’ — the triangle AE’B = ABCH’ — DH’C. But ABCH’ 
_ =~ AEB = E’BCH’ = EFCH; and ABCH’ — DH’C = ABCD. Hence, ABCD = 
EFGH. Q. 5. D. 


~ 





313. Cor—Any parallelogram ts equivalent to a aa al having 
the same base and altitude. : 


PROPOSITION Hi. 


Theorem.—A triangle ts equivalent to one-half’ af any 
parallelogram having an equal base and an equal altitude with the 
triangle. 
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Demu.—Let ABC be a triangle. Through C draw CD parallel to AB; and 
through A draw AD parallel to BC. Then is 
ABCD a parallelogram, of which ABC is one- ale tee 
half (243). Now, as any other parallelogram ? 
having an equal base and altitude with ABCD F 
is equivalent to ABCD (322), ABC is equiva- oe 
lent to one-half of any parallelogram having ie 


an equal base and altitude with ABC. a. p 
E. D. 


315. Cor. 1.-—A triangle is equivalent to one-half of a rectangle 
having an equal base and an equal altitude with the triangle. 
6 





Fira, 224. 


316. Cor. 2.—Triangles of equal bases and equal altitudes are 
equivalent, for they are halves of equivalent purallelograms. 


PROPOSITION HI. 


317. Theorem.—The square described on a line isequivalent to 
four times the square described on hulf the line, nine times the square 
descriled on one-third the line, sicteen limes the square on one-fourth 
the line, cte. 


Dem.—Let AB be any Jine. Upon it describe the aquare ABCD. Bisect AB, 
asatd, und AD, as ata. Draw de parallel to AD, and ad parallel to AB. Now, 
the four quadrilaterals thus formed 
are parallclograms by construction, 
hence their opposite sides and angles 
are equal; and as A, B, C, and OD are 
right angles, and Aa = Ad = dB = 
6B = ctc., the four figures 1, 2, 3, 4, 
are equal squares, Hence Adoa = 4 
ABCD. In like manner it can be 
shown that the nine figures into which 
the square on A’B’ fa divided by draw- 
ing through the pointe of trisection of the sides, lines paralle] to the othor sides, 
are equal squares. Hence A’o’, the square on § of A’B’, is 4 of the square 
A‘B‘C’D’, The same process of reasoning can be extended at pleasure, show- 
ing that the square on 4 a line is yy the square of the whole, etc. 





PROPOSITION IV. 


318. Theorem.—A_ trapewid ia equivalent to two triangles 
having for their bases the upper and lower bases of the trapezoid, 
for their common altitude the altitude-of the trapezoid. 
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‘Deu.—By constructing any trapezoid, and drawing cither diagonal, the 
student can show the truth of this theorem. : 


PROPOSITION Y. 
319. Prob.—To reduce any polygon to an equivalent triangle 


So.ution.—Let ABCDEF be a polygon which it is proposed to reduce to an 


equivalent triangle. Produce any side, as BC, indefinitely. Draw the diagonal 
EC and DH parallel to it. 


Driw EH. Now, consider the 
triangle CDE as cut off from 
the polygon and replaced by 
CHE. The magnitude of the 
polygon will not be changed, 
since CDE and CHE have the 
same base CE, and the same 
altitude, as their vertices lie in 
DH parallel to EC. From the 
Fig. 226. polygon thus reduced we cut 
the triangle FHE, and replace 
it by its equivalent FHI, by drawing the diagonal FH, and the parallel El. In 
like manner, by drawing FB and the parallel AC, we can replace FBA by its 
equivalent FGB. Hence, CFI is equivalent to ABCDEF. It is evident that a 
similar process would reduce a polygon of any number of sides to an equiva: 
lent triangle. 





AREA. 


PROPOSITION VI. 


820. Theorem.— The area of a rectangle ta equal to the product 
of its base and altitude. 


Demw.—Let ABCD be a rectangle, then is ite area equal to the base AB multi- 
pied by the altitude AC. ; 
If the sides AB and AC are commensurable, take 
some unit of length, as E, which is contained a whole 
number of times in each, as five times in AC, and 
eight times in AS, and apply it to the lines, dividing 
them respectively into five and eight equal parts. 
gAalTI seer er ep From the several points of division draw lines through 
Fre. 297. the rectangle perpendicular ta its sides. The rect- 
angle will he divided into small paraliclograms, 

which are all equel squares, as the angles are all right angles, and the sides all 
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equal to each other. Each square is a unit of surface, and the area of the rect- 
angle is expressed by the number of these squares, which is evidently equal to 
the number in the row on AB, multiplied by the number of such rows, or the 
number of linear units in AB multiplied by the number in AD. 

If the two sides of the rectangle are not commensurable, take some very 
small unit of length which will divide one of the sides, as AC, and divide the 
rectangle into squares as before; the number of these squares will be the 
measure of the rectangle, except a small part along one side, not covered by the 
squares. By taking a still smaller unit, the part left unmeasured by the squares 
will be still less, and by diminishing the unit of length E, we can make the 
part unmeasured as small as we choose, It may, therefore, be made infinitely 
small by regarding the unit of measure as infinitesimal, and consequently is to 
be negiected.* Hence, in any case, the area of a rectangle is equal to the pro- 
duct of its buse into its altitude. Q E. D. 


321, Cor. 1.—The area of a square is equal to the second power 
of one of tte sides, ag in this case the base and altitude are equal. 


322, Corn, 2.—The area of any parallelogram ix equal to the pro- 
duct of its base into tts altitude; for any parallelogram is equivalent 
to a rectangle of the same base and altitude (3 7.2). 


323. Con. 3.—The area of a triangle is equal to one-half the pro- 
duct of its base and altitude ; for s triangle is one-half of a parallelo- 
gram of the sume base and altitude (3 7-4). 


324, Cor. 4.—Parallelograma or triangles} of equal bases are to 
each other as their altitudes ; of equal altitudes, as their bases ; and 
tn general they are to each other as the producta of their bases by 
their altitudes. 


PROPOSITION VIL 


325. Theorem.—The area of a trapezoid ts equal to the product 
of its altitude into one-half the sum of its parallel sides, or, what te 
the same thing, the product of its altitude and a line joining the 
middle points of ils inclined sides. 








* This principle may be thus stated: An infinitesimal ia a quantity conceived, and fo 
be treated, an oes than any assignatiec quantity; hence, as added to or subtracted from faite 


mw, {¢ bas no valine. Thas, suppose — = a, m,n, and a being Anite quantities, Lete 


an infinitesimal; then DES, oF 7M , oF EES, to be considered as till equst ta, 


@, for to consider it to differ from a by any amount we might name, would be to sasign | 
value to ¢. 
+ Dy this is meant the areas of the Agures. 
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Dem—In the trapezoid ABCD draw either diagonal, as AC. It is thus 
divided into two triangles, whose areas are to- 
gether equal to one-half the product of their 
common altitude (the altitude of the trapezoid), 
into their bases DC and AB, or this altitude into 
+ (AB + DC). 
Secondly, if ab be drawn bisecting AD and 
Fro. 228. CB, then is ab = 3 (AB + CD). For, through 
a and 5 draw the perpendiculars om and pa, 
meeting DC produced when necessary. Now, the triangles aoD and Aam are 
equal, since Aa = aD, angle o = m, both being right, and angle oaD = Aam 
being opposite. Whence Am = 0D. In like manner we may show that Cp = 
nB. Hence, ab = 3(op + mn) = $(AB + DC); and area ABCD, which equals 
altitude into 4(AB + DC), = altitude into ad. Q. BE. D. 





PROPOSITION VII. 


326. Theorem.— The area of a regular polygon is equal to one- 
half the product of its apothem into its perimeter. 


Deau.—Lct ABCDEFC be a regular polygon whose apothem is Ov; then is 
its aren cqual to 4 Oa (AB + BC + CD + DE + EF 
+ FG + GA). 

Drawing the inscribed circle, the radii Oa, O84, 
etc., to the points of tangency, and the radii of the 
circumscribed circle OA, OB, etc. (264, 265), the 
polygon is divided into as many equal triangles as 
it has sides. Now, the apothem (or radius of the 
inscribed circle) is the common altitude of these tri- 
angles, and their bases make up the perimeter of the 
polygon. Hence, the area = 40a (AB + BC + CD 
+ DE + EF + FG + GA. gazn. 


827. Cor—The area of any polygon in which a circle can be 
inscribed te egual to one-half the product ad the radius of the in- 
soribed circle into the perimeter. 


The student should draw a figure and observe the fact. It is especially 
‘worthy of note in the case ofa triangle. See Fig. 60. 





PROPOSITION IX. 


Theorem.—The area of a circle is equal to one-half the 
product of tts radius into its circumference. 
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Dem.-—-Let Oa be the radi ‘ea circle. Circam- 
scribe any regular polygon. pete area of this 
polygon is one-half the product of" apothem and 
perimeter. Conceive the number c}-gides of the 
polygon, indefinitely increased, the Be still 
continuing to be circumscribed. The apofgem con- 
tinues to be the radius of the circle, and Ge perim- 
eter approaches the circumference. Whe there- 
fore, the number of sides of the polygon becomes in- 
finite, it is to be considered as coinciding with thegir- 
cle, and its perimeter w ith the circumference. Hoye 
the areca of the circle is equal to one-half the .to- Fra. 290. 
duct of its radins into its circumference. Q. B.1\ 





329. Der.—aA Sector isa part of a circke included between two 
radii and their intercepted arc. Soaitlar See tom, are sectors in differ. 
ent circles, which have equal cites at the centre. 


330. Cor. 1.—The area of a sector is equal to one-Aet}f the product 
of the radius into the arc of the sector. 


332. Cor. 2.—The area of a sector is to the area of the etrcle as 


the are of the sector is to the circumference, or as the angle of the 
sector ts to four right angles. 


EXERCISES. 


1. What is the area in acres of a triangle whose basco is 75 rods 
and altitude 110 rods? 


2. What ia the area of aright angled triangle whose sides about 
the right angle are 126 feet and 72 feet? 


3. If 2 lines be drawn from the vertex of a triangle to the 
dividing the base into parts which are to cach other as 2, 3, and B, 
how is the triangle divided ? How does a line drawn from an angle 
to the middle of the opposite side divide a triangle? 


4. Review the exercises on pages 49 and 50, giving the reasons, in 
each cage. 


a 
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SYNOPSIg. 


Definition. 4 
Prop. J. Of er Cor. Paral. and rectangle. 


4 Cor. 1, Triangle and rectangle. 
Prop. II. Of Danan) % Cor. 2. Of equal bases and equal altitudes. 


Prop. IT. Square on 4, 4, t a line, etc. 
Prop. IV. Trape c. 


Prog V. To regace a polygon to a triangle. 
} 


a Cor. 1. Of square. 
- | Cor, 2. Any parallelogram. 
Pror. VI. re rectangle. ae : Of triangle. 


Relation” of parallelograms and 
of triangles. 


” 


q 
Prop. VIL. Of trapezoid. 


EQUIVALENCY AND AREA. 


Cor. Of any circumscribed 


| Prop. VIII. Of regular polygons. polygon. 


Of sector. 


Pr IX. Of a circl | rh 1. Area of sector 
P, : , i 
” roe Cor. 2. Relation of sector to circle. 


EXERCIgES. 


SECTION X. 
OF SIMILARITY. 


832. .The primary notion of similarity is kenese of form. Two 
figures are said to be similar which have the same shape, although 
they may differ in magnitude.* A more scientific definition 1 is as 
follows: 


333. Similar Figures are such as have their angles respec- 
tively equal, and their homologous sides proportional.’ 


834, Homologous Sides of similar figures are. fom = 
are included between equal angles in the respective es 






| © ‘Tee student should be careful, PELE ERE GRIPE sianblority tnmaivee 
we ings, sanasaee OF ANGLES and YeoromromalsTy oF ernie. “It wilt appeat that, in the 
if one.of these tacty axiots, the other = er eee ae 





kegs, ao i Diuatrated in Pane I. 
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In Srurnar TRIANGLES, THE JTLOMOLOGOTS SIDES ARE THOSE 
OPPOSITE THE EQUAL ANGLES, , 


PROPOSITION 1. 


335. TMeorem.— Triangles which are mutually equiangular 
are simular. 


Dew.— Let ABC and DEF be two mu- 
tually equiangular triangles, in’ which 
A-D, B-E, and C-F; then are the 
sides opposite these equal angles propor- 
tional, and the triangles possess both 
requisites of similar figures; ¢ ¢., they 
are mutually equiangular and have their 
homologous sides proportional, and are 
consequently similar. 

To prove that the sides opposite the 
equal angles are proportional, place the 
triangle DEF upon ABC, so that F shall 
coincide with its equal C, CE’=FE, and 
CO'-=FD. Draw AE’, and O'B. Since angle CE'D’CBA, OE is parnilel to 
AB, andasthe triangles O'E'A and O’E’B have a common base D’E’ and the 
same altitude, their vertices lying in a line parallel to their nse, they are 
equivalent (316), Now, the triangles CO’E’ and O’E’A, having a common altt 
tude, are to each other as their bases (32¢). Hence, 


CD’E’: D’E’A :: CD’: D’A. 

For like reason CO’E’: O'E’B :: CE’ : E'B. 
Then, since D’E’A and D’E’B are equivalent, the two proportions have a com- 
mon ratio, and we may write CD’: 0’A:: CE’: E’B. 

By composition CO’. CO0'+D’A:: CE’ : CE’ + €’'B, 

or CO’: CA:: CE’: CB, or FO: CA:: FE: CB. 

In a similar manner, by applying angle E to B, we ean show that 
FE:C®::ED:BA. Therefore, FO:CA::FE:CB::ED:BA Qk. D. 

336. Cor. 1.—If two triangles have tivo angles of the one | 
tively equal to two angles of the other, the third anylea being equal 

), the triangles are similar. 





Pree, 244. 


337. Cor. &—A line drawn through a triangle parallel to any 
side divides the other sides proportionally. 
Thus OE’ being parallel to AB, it i» shown in the proposition that: 
CD’: OYA :: CE’ : E'B. 
10 
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338, Cor. 3—Jf any two lines cut a series of parallels, they are 





Fie, 22. 


Oa: ac ::06: bd (1), 
Taking the first by composition, it becomes 
7: Ob + bd 


Oa + ac: ace 


: bd, or Oc 


divided proportionally. 


Drm.—If the two secant 
lines are parallel, as OA and 
O’B) the intercepted parts 
are equal, 7. ¢., ac = bd, ce 
=U, = fh, etc. are 
Hence, ac : bd : 
eg : fh. ecole if the 
secant lines are not parallel, 
let them mect in some point, 
as O. Then, by the propo. 
sition, we have 


and also Oc: ce :: Od : df (2). 


:ae:: Od: bd (8). 


Now, as the antecedents in (2) and (3) are the same, we have 


ac: bd :: 


ce: Uf, orac : ce 


In like manner, we may show that 


ce: df: 


eg : Sh, or ce 


2: bd: df. 


:e9 :: Of : fh. 
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the triangles ABC and DEF are mutually cquiangular, and consequently almilar. 
Q. E. D. 


340. Scu.—As we now know that if two triangles are niutually equiangular, 
they are similar; or, if they have their sides proportional, they are similar, it will 
be sufficient hereafter, in any given case, to prove either one of these facts, in order 
to establish the similarity of two (dangles. For, cither fact being proved, the 
other follows as a consequence. See Section VL, Part [, for familiar iustra- 
tions of this most important subject. 


PROPOSITION HI. 


341, Theorem .— Two triangles which have the sides of the one 
respectively parallel or perpendicular to the sides of the other, are 
etmtular, 


Dem.—Let ABC and A’B'C’ be two triangles whose sides are respectively 
parallel or perpendicalar to each other, 
then are the triangles similar. 

For, any angle in one triangle is 
either equal or supplementary to the 
angle jin the other which is included 
between the sides which are parallel or 
perpendicular to its own sides. Thus A 
either equals A’, or A + A’ = 2 right 
angles (281, 282, 283). Now, if the 
corresponding angles are all supplemen- 
tury, tiatis, if A + A’= 2 RAB + B’ 
=2KRA. and CO + C’=2RA., the sum 
of the angles of the two triangles ts 6 
right angles, which lsimpossible. Again, 
if one angle in one triangle equals the 
corresponding angle in the other, as A 
= A‘, and the other angles are supple- 
mentary, the sum is 4 right angles plus 
twice the equal angle, which is impossible. Hence, two of the angles of one 
triangle must be equal respectively tu two angles of the other; and, if two are 
equal, the third angle in ove is equal to the third In the other (222). Hence, 
the triangles are mutually equiangular, and therefore sjmilur (335). @ &. D. 


Be’ AS 
7 





Fru. 2. 


wo 


we 


"Ss  —-- PROPOSITION IV. 


342. Theorem.—Two triangies, which have an angle in 
equal, and the sides about the equal angles proportional, are stmila 
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Dem.—In the triangles ABC and DEF 
let C = F, and AC: DF :: CB: FE; 
F then are the triangles similar. 
For, place F on its equal C, and let D 
fall at D’. Draw D’E’ parallel to AB. 
Then AC: D’C (= DF) :: BC: CE’ (887). 
But by hypothesis AC: DF :: BC : FE 
E .. CE’ = FE, and the triangles D’CE’ and 
DFE are equal (284). Therefore, D’CE’ 
being equiangular with ACB, is similar 
to it (835); and as DFE is equal to D'CE’, 
DFE is similar to ACB. Q. B.D. 





Fra. 235, 





PROPOSITION Y. 


343. Theorem.—In any right angled triangle, tf a line be 
drawn from the right angle perpendicular to the hypotenuse, tt 
divides the triangle into two triangles, which are similar to the given 
ériangle, and consequently similar to each other. 

Drem.—Let ACB be a triangle right-angled at C, and CD a4 perpendicular 
upon the hypotenuse AB; then are ACD and COB 
similar to ACB, and consequently to each other. 

For, the triangles ACO and ACB have the angic A 
common, and a right angle in each; hence they are 
mutually cquiangular, and consequently similar(.3.36). 
For a like reason CDB and ACB gre similar. Finally, 

Fia. 238. as ACD and CDB are both similar to ACB, they are 
similar to each other. Q. E. D. 


344. Cor. 1.—Lither side about the right angle is a mean propor- 
fional between the whole hypotenuse and the adjacent segment. 
Dem.—This is a direct consequence of the similarity of the partial triangles 


with the whole triangle. Thus, comparing the homologeus sides of ACD 
and ACS, we have AD : AC :: AC : AB;* ee cos ond ACB, we have 


OB : : CB: :: CB: AB. 
“Babe. Con. 2.—The perpendicular is a mean proportional between 
‘the sayments of the hypotenuse. 


Dum.—This is a consequence of the smnasirsef — ea coe. Thus, 
AD: CD;: CD: DB. 


® Neblos that AD of the triatigie ACD is opposite aor ASG wea ne a eon 
vat'the trtangie ACB, and opponite the angle 8, which equals aro ACD. t stadent musi 


ee. 








eae ee eee eee ee Seen ee 
re 
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jet. To which triangle dues the frat CD belong? To which the second ? 
Why is CO made the uent of AD? Why, in the second ratio, are CO and 
DB to be compared ? 


346. Cor. 3.—The square described on the hypotenuse of a right 
angled triangle ts equivalent fo the sum of the squares described on 
the other two sides, 


Dreu.—From Cor. 1, AC’ == ABx AD 
and also ce’ = AB « DB. 
Therefore, adding, Ac’ + C8’ -: AB (AD +08) = AB’. 


B47, Corn. 4.—Tf a perpendicular be let fall from any point ina 
circumference upon a diameter, this perpendte- 
ular is a mean proportional between the seq- 
ments of the diameter. 


Dew.—Thus, AD: CD ::CD: OB, or CD” =: AD x OB. 

For, drawing AC and CB, ACB is a right angio, 
and the case falls under Cor. 2 

The chords AC and CB are mean proportionals between the whole diameter 
and their adjacent segments by (or. 1. 





Fig, 937. 


348, Sca.—This proposition, with its corollaries, is perhaps the moat fruit- 
ful in direct practical results of any in Geomotry. Cor. 3 will be recognized 
aus a demonstration of the Pythagorean proposition (209%), Pant TL There are 
many other demonstrations of exceeding beauty, some of which will be given 
in Part II. The one here given is the simplest, and shows best the way in 
which this truth grows out of the more general fact of similarity. 





PROPOSITION VI. 


349. Theorem.— Regular polygons of the same number of siden 
are simular figures. 


Deu.—Let P and P’ be two regular polygons of the same number of sides,*® 

a, 6, ¢, d, etc., being the sides of the former, and a’, d’,c’, d’, vtc., the sides of 

the latter. Now, by the definition of regular polygons, the sides a, 0, ¢, @, 

etc., are equal each to each, and also a’, 4’, ¢’, d’, etc. Hence, we have 

a'::6:8:3:6:¢::4@:d@,etce. Again, the angles gre equal, since a being 

the number of sides of each polygon, cach angle is 

s x 2 right sneles — 4 right angles (256). 

Hence the polygons are mutually carton and have their sides Li lar ; 
that is, they ave similar. @. ED. a 











* The stadent may constenct two regular hexagons, if thonght desirable. 
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350. Cor. 1—The corresponding diagonals of regular polygons 
of the same number of sides are in the same ratio as the sides of the 


polygons. 
Let the student draw a figure and demonstrate the fact. 


851. Con. 2.—The radii of the inscribed, and also of the circum- 
scribed circles, of regular polygons of the 
same number of sides, are tn the same ratio 
as the sides of the polygons. 


A DO Drm.—Since the angles F and f are equal, and 
bisected by FO, the right angled triangles OSF, 
Osf are equiangular, and hence similar. There- 
fore FS : fs :: SO: sO or FO: fO. Whence, 
C doubiing both terms of the first couplet, 
Fig. 238. FA: fa: : SO : 80 or FO: 0, 


F E 


PROPOSITION VIL 


352. Theorem.—Circles are similar figures. 


Dum.—Let Oa and OA be the radii of any 
two circles. Place the circles so that they shall 
be concentric, as in the figure. Inscribe the regu- 
lar hexagons, as abcdef, ABCDEF. Conceive the 
arcs AB, BC, etc., of the outer circumference, bi- 
sected, and the regular dodecegon inscribed, and 
also the corresponding regular dodecagon in the 
inner circumference. These are similar figures 
by (349). Now, as the process of bisecting the 
arcs of the exterior circumference can be con- 
celved as indefinitely repeated, and the corresponding regular polygons as in- 
soribed in each circle, the circles may be considered as regular polygons of the 
game number of sides, and hence similar. Q. E. D. 


353, Cor—dArcs of similar sectors are to each other as the radii 
of their circles; #. 6, arc fe: arc FE:: Of: OF. 

Scu.—The circle is said to be the Limit of the inscribed polygon, and 
the circumference the Umit of the perimeter. By this is meant that as the 
number of the sides of the inscribed polygon is increased it approaches nearer 
and nearer to equality with the circle. The apothem approaches equality with 
the radius, and hence has the radius for its limit. It is an axiom of great 
importance in mathematics that, Whatever can de shown to be true of | 
tude ae t approaches tis limit indefinitely, te true of that limit, 





OF SIMILARITY. 161 


EXERCISES, 


1. Prob.—To divide a given line into paris 
tohich shall be proportional to several given 
lines. 


So_ction.—Let it be required to divide OP into 
parts proportional to the lincs A, 8,C, and 0. Draw 
ON making any convenient angle with OP, and on it 
lay off A,B, C, and O, in succession, terminating at 
M. Join M with the extremity P, and draw parallels to 
MP through the other points of division. Then by 
reason of the parallels we shall have 

A:B:C:0:: a:6:¢:d, (338). 





Fra, 940. 
2. Pvrob.—To find a fourth proportional to three given 


For the solution see (89). Repeat the process, and give the reasons. 
3. Prob.—To find a third propor- 
fional tu two given lines. 


SoLeTion.—This may be solved as the two 
preceding, Thus, take any two lines, as A and 
B, fur the given lines. We are to find a third 
line zg, such that A:B::;B: 2. The figure 
will suggest the details. 

The following is a solution based on (347). 
Draw an indefinite line AM. Take AD = A, : : 
and erect BD = B. Join AB, and bisect it by aN 
the perpendicular ON. Then with O as a cen- ( rag 
tre, and OA as a radius, describe a wemi-cireum- sf ae 
ference. This will pags through 8B. (Whyy) MC 
Also AO: BO :: B80 : CD (= 2). (Why?) Fu. “4?. 


4, Draw any straight line on the blackboard, and divide it into 
equal parts, upon the principle used in the preceding solutions, 
5. Review the exercises under (89, 9), and pive the reasons, 





6. Prob.—To find a mean proportional between two given lines. 


For the solution see (720). Repeat the proccess, and give D 
the reasons for the method. 





7. DE being parallel to BC, prove that the triangles 
OOE and 80C are similar, and hence that OD: OC:: 
O0£:0B. Are the following proportions true? 


OD :0C:: OE : OB, OD: DE:: OC: BC, a 
OD : OE ::0C : OB, O8 : BC:: OE : OE. 
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8, Show that if ABCDEF is a regular polygon, Adcde/ is also regular 

E D bc, cd, etc., being parallel to BC, CD, etc 
Show that any two similar polygons may be 
placed in similar relative positions, and 
hence show that the corresponding diagonals 
are in the sime ratio as the homologous 


sides. 


A ¢ B 9, The sides of one triangle are 7, 9, and 
Fia. 248. 11. The side of a second similar triangle, 
homologous with side 9, is 44. What are the other sides of the 


latter ? 


10. The diameter of a circle is 20. What is the perpendicular 
distance.to the circumference from a point in the diameter 15 from 
one extremity? What are the distances from the point where this 
perpendicular mects the circumference to the extremities of the 


diameter ? 


SYNOPSIS. 


Primary notion of similarity. 
Definition of similarity. 
Homogencity of sides. In general. In triangles. 
mh Two angles equal. 
Prop. I. Mutually equiangular. \! ror. 2. A dev to a side. 






Cor. i Lines cutting parallels. 
Pror. II. Sides proportional. { Sch, Either of two facts sufficient. 


Prop. IU. Sides parallel or perpendicular. 
Pror. IV. An angle equal in each, and sides proportional. 


Cor. 1, Side about right angle. 


Prop. V. Perpendicular from yt - yee ener sities 
| right angle upony q,, 4 Perpendicular on diameter. 





Or SrwiLakrry. 
TRIAKGLES, 


hypotenuse. Sch. amportane of of this Prop. ane 


ConNDITIONS Or Spars 


Cor, 1. Corresponding diagonals. 
Prop. VI. Regular polygons similar. { Oor. 3. Radii of inscribed and cir- 
cumscribed circles. 
Prop. VII. Circles similar. { Gch. Circle mit of polygon. . ‘ 


ae a3 divide arti line into p oer parts. 
re oO find a fourth propo 
EXERCISES. | py, To find a third proportional. 

Prob. To find a mean proportional. 


APPLIOATIONS OF THE DOCTRINE OF SIMILARITY. 188. 


SECTION XI. 


APPLICATIONS OF THE DOCTRINE OF SIMILARITY TO THE 
DEVELOPMENT OF GEOMETRICAL PROPERTIES OF FIGURES. 


354, The doctrine of similarity, as presented in the preceeding 
section, is the chief reliance for the development of the geometrical 
properties of figures. ‘This section will be devoted to the investiga- 
tion of a few of the more elementary propertics of plane figures, 
which we are able to discover by means of this doctrine. 


OF THE RELATIONS OF THE SEGMENTS OF TWO LINES INTERSECT. 
ING EACH OTHER, AND INTERSECTED BY A CIRCUMPERENCE, 


PROPOSITION I. 


-If two chords intersect each other in a 
their segments are rectprocally proportional; whence the produgg of 
the segments of one chord equals the product of the segments OF the 
other. 


Dem.—Let the chords AC and BD intersect at O; then iy AO: BO :: OO : 
CO, whence AO x CO = BO x DO. 

For, draw AD and BC. The two triangles AOD and BOC 
are equiangular, and hence similar; since the angles at O 
are vertical, and consequently equal (7.34), und D = C, 
beca1-¢ bth are measured by 4 arc AB (210). (A = B 
because both are measured by 4 arc DC; bat it is only 
necessary to show that feo angles are equal in order to 
show that the triangles are equiangulur, and hence simi- 
lar.) Now, comparing the homologous sides (those aoppo- 
site the equal angles), we have AO : BO :: DO: CO; 
whence, AO x CO = BO x DO. @ £ D. ‘ 

Quextme—Why is AO compared with BOf Why DO with CO? Would 
AO :CO :: BO: DO betrue? Would AO : 00 ::80:CO? What is the 
force of the word “ reciprocally,” as used in the proposition ? 





PROPOSITION IL. - 


386. Theorem.—If from a point without a circle, two secanis 
be drawn terminating in the concave are, the whole secanis are recip- 
rocally proportional to their external segments ; whence the product 
of one secant into its external segment equals the product of the other 
into its external segment. 


Drem.—OA and OB being secants, OA : OB :: 
OC : OD, and consequently OA x OD = OB x OC. 
For, drawing AC and DB, the two triangles ACO 
and BDO have angle O common, and A = B, since 
both are measured by 4 DC; hence the triangles are 
similar, and we have OA: O08 :: OC: OD, and 
consequently OA x OD =: OB x OC. QaEp. 

Same queries as under the preceding demonstra- 
tion. 








PROPOSITION IIL. 


B5Y. Theorem.—If from a point without a circle a tangent be 
drawn, anid « secant terminating in the concave are, the tangent ts a 
mean proportional between the whole secant and its external seg- 
ment; whence the square of the tangent equals 
the product of the secant into its external seg- 
ment. 


Dem.— OA being a tangent and OB a secant, OB : 
OA :: OA: OC, whence OA* = OB x OC. For, 
drawing AB and AC, the triangles OAB and ACO have 
angle O common, and OAC = B, since each is measured 
by } are AC; hence the triangles are similar, and OB : 


Fie. 946. OA :: OA: OC, whence OA” = OB x OC. qx D. 





OF THE BISECTOR OF AN ANGLE OF A TRIANGLE, 





PROPOSITION ‘TV. 


358, Theorem.—A line which bisects any eg a s triangle 
oo the opposite acid tate. & wn 7 te 





BISECTOR OF AN ARGLE.O¥ A TRIAMGLE. 


Dxmu.—Let CD bisect the angle ACB; then 
AO : OB :: AC : CB. . 
For, draw BE paralie) to CD, and produce it 
tll it meets AC produced, as at & Now, by 
reason of the parallels CO and EB, angle ACD 
= AEB, and angle OCB = CBE (152). Whence, 
as ACD = DCB by hypothesis, E = CBE, and 
CE = CB (227). Also, since CD is parallel to 
ES, AD : OB :: AC: CE (337). Substituting 
for CE its equal CB, we have AO : DB :: AC: CB. Q@ EB D. 





‘ PROPOSITION V. 


359. Theorem.—If a line be drawn from any vertex of a 
triangle bisecting the exterior angle and intersecting the opposite 
side produced, the distances from the other vertices to this intersection 
are proportional to the adjacent sides. 


Dem.—Through the vertex C let CD 
be drawn, bisecting the exterior angle es 
FCB, and intersecting AB produced in cS 
DO; then AD : BD :: AC: CB. | 

For, draw BE parallel to CD. By rea- 
son of these parallels, angle FCB = CEB, 3 <“-———-—————— RO 
and BCE = CBE (£652). Hence CEB = Pio. 248. 
CBE,and CB = CE. Also, by reason of 
the parallels, AD : BD :: AC: CE, or its equal CB (335). 9. & vb, 





PROPOSITION VI. : e 


360. Theorem.—If a line be drawn bisecting any angle of a 
triangle and intersecting the opposite side, the rectangle of the sides 
about the bisected angle equals the rectangle of the segments of the 
third side, plus the square of the bisector. 

Demu.—Let CD bisect the angle ACB; then AC x CB 
= AD x 08 + GD’. 

For, circumscribe the circle about the triangle, pro- 
duce the bisector till it meets the circumference at E, 
and draw EB. ‘The triangles ADC and CBE are simi- 
lar, since asagie ACD = ECS, by hypothesis, and A = E, 
because cath is measured by 4 arc CB. Therefore, 
AC : CE :: GD: CB, whence AC x CB = CE x CD 
= (DE + CD) CD == DE x CO + CD’. For DE x 
CD, substituting its ‘equivalent AD x DB (355), we 
have AG: C8 = AD x 0B + CO’. qa mn. 





, _ WLSMENTARY PLAME GROMNERT, | 


PROPOSITION VI. 


361. Theorem.—The biseciors of the angles of a triangle ail 
pass through the sume point, which ts the centre of the inscribed 
ctrele. 


Dem.—Draw two lines bisecting two of the angles, and from their inter- 
section draw a line to the other angle. Then show that the latter angle is 
bisected. By (Ex. 4, page 134) this point is shown to be the centre of the in- 
scribed circle. [The student should fill out the demonstration.] 


AREAS OF SIMILAR FIGURES. 





PROPOSITION VIL 


862. Theorem.—The areas of similar triangles are to each 
other as the squares described on their homologous sides. 


Dem.—Let ABC and DEF be any two similar triangles; then is 
aret ABC : area DEF:: CB’: FE’ :: AC’: DF’:: AB’: DE 
For, place the largest angle of the triangle 
DEF, as D, on its equal angle A, of the triangle 


ABC*; let E fall at E’, F at F’, and draw 
E’F’; then is triangle AE’F’ = DEF (284), and 
E’F’ is parallel to BC. Let fall a perpendicular 


from A to CB. Then Al is the altitude of AE’F’, 
E and AH of ABC. Now, by similar triangles we 

have CB: F’E’:: AH: Al. 

But 4AH: fAl:: AH: Al; and, multiplying 
sesmuie terms, }AH x CB: }Alx F’E’:: AH: Al. Whence, since 

ZAH x CB = area ABC, and jAl x F’E’ = area AE'F’= arca DEF, and 

\H Al:: CB: FE::AC: DF:: AB: DE, or AH’: Al’ :: CB : FE’:: AC’: OF* 
: AB’:: DE’: we have 

area ABC : area DEF :: CB’: FE*:: AC’: BF*:: AB’: DE’. ann. 





baat aati eee 


PROPOSITION IX. 


363. Theorem.—The areas of similar polygons ore ‘bo each 
ee ee ee 





© The only object in taking the hargest: an nate ‘te 
— Any two equal ee petiad, 






Den.—Let abcdef and ABCDEF 
be two similar polygons. Desig- 
nate the former by p, and the lat- 
ter by P. Then p: P :: ad':; AB" 
or as the squares of any other two 
homologous sides. 

For, from the equal angles a 
and A drawing the diagonals, the 
corresponding partial angles into 
which a and A are divided are Fig. 23. 
equal, [Let the student show why by .342.] Now take Al'=abd, and draw 
bc’, making angle Abe == b. Then b'c’ = be, and Ac’ = ac, since the triangles 
abe and Alec’ have two angles and the included side of one equal to two angles 
and the included side of the other. In like manner draw ¢d making angle 
b'c'd’ = bed, ¢'d'= ed, and Ad'= ad. Bo, also, making angle c‘d’e’ .- cde, and angle 
def’ = def, de = de, éf' = ef, and f'A= fa. Hence the polygon Al‘e'd'cf' = p, 
and ita sides are respectively parallel to the corresponding sides of P. Now, let 
m,n, o, and ¢ represent the triangles in which they stand, and M, N, 0, and $ 
the corresponding triangles of P, as AFE, ete, Triangles m and M being slmilas, 
and also n and N, we have 

miM:: Ae”: AE anda: N 2: Ac": AE, 
Whence m:Mi::n:N. 
In like manner we cau show that n:N::0: 0, and thata:0::4;S. 
Whence m:M::n:N;:;0:0::4:S. 
By composition, (m+ n+0+) (orp): (M+N4 048) (or Py sca: S, 
But 8: S:: Ab" (or ad’): AB’, Therefore p: Ps: ay’: AB’, or as the aquares of 
any two homologous sides. Q. E. D. 

364, Cor. 1.—NSimilar polygons* are to each other as the aquares 
of their corresponding diagonals. 

In the demonstration we haves:S::Ac'(orac): AC’. Whenco p:P::a0:AC’, 
The same may be shown of any other corresponding diagonals, 

365. Cor. 2.—Regular polygons* of the same number of sides 
are to each other as the squares of their homologous sides ; since they 
are similar figures (349). 


366. Cor. 3—Regular polygons* of the same number of sides 
are to each other as the squares of their apothems. 


For their apothems are to each other as their sides. Hence the squares of 
their apothems are to each other as the squares of their sides. 





367. Con. 4-—Circles are to each other as the squares of sheir 
radii (382), and as the squares of their diameters. 


© This 1s 8 openinen elliptical Sem for “ The areas of, etc." 


Ree 
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OF PERIMETEHS AND THE RECTIFICATION OF THE 
CIRCUMFERENCE. 


868. The Rectification of a curve isthe process of finding 
ita length. 

The term rectification signifies making straight, and is applied as above, 
under the conception that the process consists in finding a straight line equal 
in length to the curve. 


. PROPOSITION X. 


369. Theorem.—The perimeters of similar polygons are to 
each other as their homologous sides, and as their corresponding 
diagonals, 

Dem.—Let a, 8, ¢, d, etc., and A, B,C, D, ete., be the homologous sides 
of two similar polygons whose perimeters are p and P; then p: P:: a 
A::6: B:: e:; C, ete; and 7 and R being corresponding diagonals, p: 
P::r: 22 Since the polygons are similar, @:A::8: Bo::¢:C::d:D, 
ete. By composition, (¢+5+¢+d+ etc.) (or p):(A+B4+C+0+ etc.) (orP)::a:A, 
or as any other homologous sides. Also, as the homologous sides are to each 
other as the corresponding diagonals (350), p:P::r:R. Q. B.D. 


). Corn. 1—The perimeters of regular polygons of the same 
number of sidea are to each other as the apothems of the polygons. 


For the apothems are to each other as the sides of the polygons (35 2). 


871. Cor. 2.—The circumferences of circles are to each other as 
their radii, and as their diameters ; since they may be considered as 
‘yegular polygons of the same number of sides (882). 


PROPOSITION XL 


872. Theorem.—The circumference of a circle whose radius is 
» 89.2, the numerical value of « being approximately 3.1416. 


Dem.— We will approximate the circumference of a 
circle whose radius is 1, by obtaining, Ist; the perim- 
eter of the regular inacribed hexagon; 24, the perim- 
eter of the regular inscribed dodegagon; 8d, the 
perimeter of the regular inscribed polygon of 2% sides; 
then of 48, etc.. 

In order to do this, let us find ti relation between 





RECTIMMOATION OF CIRCUMFERENCE, 189 


AB, (7, and the chord of half the arc, as CB,« Now, BDO Is right angled at 
D, whence BO” = BD* + 56" (84M), or DO = 4/ 60°—BH". But in the present 
case 8O = 1; hence 00 = V1-Fe". Taking 00 from CO, we have CO = | — 
Y1—{C* From the right angted triangle BOC we have CB (or ¢) = 
vBQ’ + CO’, or substituting } (* for BD, and 1 — “1 — {¢* for CD, this re- 


duces to ex a/g_ y4— (*, or, [2—a—cry!]! 
By the use of this formula, we make the following computations : 
No sides. Form of Compatation. Length of fide. Perimeter, 
Bose (2Q7N 2. 2. we 1,00000000 6.00000000 
12. ¢ = 4/g_ ¥4—]t = V/g— 43, or (2-3!) -- BITER8ON 6.21165708 
4. ¢= {2—[4—(2—a)) tpl: [2—(e2+at]t | = go1osess 6.26ne5729 
a c= Q-f4—-[3-+ at] 
= {9—[24(2+3!)]itt — 13080026 6.97870041 
m= (2—fo+fas(aestjitit =, = LonndaI7 6.28206R06 
192. ¢= [2—(2+{a+[ae(azareytii pl. - OF972846 6.28290810 
B84. ¢ = {2—[24(2+ {24 [2+(94si)] Pat]! te 01686228 0 28911544 


768. ¢ = (2— {2+ [2+ (2+ f2+[2+(24 at) [ht TI)! . oomini27 6 enateDd! 


It now appears that the first four decimal figures do not change an the num- 
ber of sides is increased, but will remain tho same hom far soerer we procecd. 
Wo may therefore consider 6.28317, aa apprerimately the ctreumfurence of a 
circle whose radius is 1, i. ¢., 27 6.24317, nearly, and 7 = 9.1416, nearfy. 


373. Scu.—The symbol # is much used in mathematics, and signifies, 
primarily, (he semi-cirenmference of a circle whose rauliua ia 1. 40 ba therefore 
a symbol for a quadrant, 00°, or a right angle. 4 is equivalent to 4%’, ete, 
the radius being always supposed 1, unless statement is made to the contrary, 
The numerical value of x has been sought in a great variety of ways, all of 
which agree in the conclusion that it cannot be exactly expressed In declmal 
numbers, but is approximately as given in the proposition. From the time of 
Archimedes (287 Bc.) to the present, much ingenious Inbor has been bestowed 
upon this problem. The most expeditious and clegant methods of approxt 
mation are furnished by the Caleulus, The following Is the vulue of x extended 
to fifteen places of decimals: 8.141502658580798. 





PROPOSITION XIL 


374. Theorem.—The circumference of any circle is 2zr, ¢ 
being the radius. | 
Dans.—The circumiorengan of circles being to each other as their radii, and 
‘sR Z 
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$e being the circumference of a circle whose radius is 1, we have 
9x : ctref.:: 1:7, whence ciref, = 2ar. 


375. Con—The circumference of a circle is xD, D being the 
diameter, since 2ar = m2r = 7D. 


AREA OF THE CIRCLE. 





PROPOSITION XIII. 
376. Theorent.— The area of a circle whose radius is 1, is 2. 


Dew.—The area of a circle i893 or x efreumference (328). When r = 1, etr- 
cumference =: 2n (3772); hence 
arca of circle whose radinata1 = 4x22 = wm. QED. 





PROPOSITION XIV. 


377. Theorem,— The area of any circle ts ar, r being the 
radius. 
Dam.—The areas of circles being to each other as the squares of their radii, 
sad # being the arca of a circle Whose radius is 1, we have 
# : area of any otrele 2: 1°: #*, 
whence aret of any circle -~ wr. Q. BD. 


878. Con— The area of any antor ts such a part of the area of 
She cirole as the angle of the sector ts of four right angles. 

879. Scn.—As the valuc of « cannot be exactly expressed in numbers, it 
Soliows that the arca cannot. Finding the area of a circle bas long been 
. enown as the problem of Aguaring the Circle, «4, finding a square equal in area 
‘wa circle of given radius. Doubtless many hare-brained visionaries or igno- 
remusce will atill continue the chase after the phantom, although it hes long 
ago been demonstrated that the diameter of a circle and its circumference are 
inoommensurable. It is, however, an easy matter to conceive a square of the 
game aren aa any given circle. Thus, let there be & rectangle whose base is 
equal to the circumference of the circle, and whose altitude ishalf the radius ; 

‘ite aren is exactly equal to the area of the circle. Now, bet there: be « square 
epee aide is a mean proportional between the altitode aud base-of- this rect- 
: <n ; the area of the acne exactly eee the circle, 
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EXERCISES. 


1. Show that if a chord of a circle is conceived to revolya, varying 
in length as it revolves, so as to keep its extremitics in the cireum- 
ference while it constantly passes through a fixed point, the rect- 
angle of its segments remains constant. 


2. The two segments of a chord intersected by another chord are 
6 and 4, and one segment of the other chord is 3. What is the other 
segment of the latter chord ? 


3. Show how Pror’s [, IL, and TL. may be considered as differ. 
ent cases of one and the same proposition. 


8vae’s.—By stating Propositions I. and IL. thus, The distances from the tnter- 
section of the lines to their intersections with the circumference, what follows? Ia 
Fig. 245, if the secant AO becomes a tangent, what docs OO become ? 


4. Iu a triangle whose sides are 48, 86, and 50, where do the biseo- 
tors of the anglea intersect the sides ? 


5. In the last example find the lengths of the bisectors, 


6. Review the examples under (1/4, 11%, 11.3, 11-4), and 
give the reasons, 


7. Ina circle whose radius is 20, what is the length of the are of 
a ecctor whose angle is 30°? What is the arca of this sector ? 


8. Ifa circle whose radiua ia 24 ia divided into & equal parta by 
concentric circumferences, what are the diameters of the several cir- 
cles? If the radius is r, and number of parts 1? 


9% Prob.—To divide a line in extreme and mean ratio; that is, 
so that the whole line shall be to the grealer segment, as the greater 
segment is to the leas, 


So.ution.—Let it be proposed to divide the line AS in cxtreme and mean 
ratio. At one extremity of the line, as 8, erect 
a perpendicular equal to half the line, that is, 
make BO = {AB. With O asa centre, describe 
a circumference passing through 8. Draw AO, 
and take AC equal to AD. Then is AB divided 
in extreme and mean ratio at C, so that AB: 
AG :: AC: CB. ‘To prove it, produce AO to E. 
Now, AE : AB :: AB : AD (857), or by inver- 
sion, AB: AE :: AD: AB. By division, AB: 
AE AB (=: AE. — DE) (o# AD) (= AC): : AD (a: AC): AB — AD (=: AB — Ae), 
(or CB). That is, AB: AC :; AC: CS, 

il 
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10. Prob.—To inscribe a regular deoagon in a circle, and hence a, 
regular pentagon, and regular polygons of 20, 40, 80, efc., sides. 


SoL.vTIoN.—Divide the radius in extreme and mean ratio, as at (@). Then is 
the greater segment ac the chord of 
a regular inscribed decagon, as 
ABCD, ctc. To prove this, draw OA 
and OB, and taking OM = ac = AB, 
a side of the polygon, draw BM. 
Now, OA: OM :: OM: MA by con- 
struction. As OM = AB, we have 
OA :AB::AB : MA. Hence, con- 

ote sidering the antecedents as belong- 
Fro. SH. ing to the triangle QAB, and the 
consequents to the triangle BAM 
we observe that the two sides about the angle A, which is common to both tri- 
angles, are proportional, hence the triangics are similar (342). Therefore, ABM 
ls isosceles, alnce OAB is, and angle BMA =: A = OBA, and MB = BA = OM 
Thia makes OMB also isosceles, and the angle O = OBM. Again the exterior 
angic BMA == O + OBM = 20; hence A, which equals BMA = 20. Hence also 
OBA, which oquals A, = 20. Wherefore 0 is | the sum of the angles of the 
triangle OAB, or 4 of 2 right angles, = ,4 of 4 right angles. The arc AB is, 
therefore the measure of fy of 4 right angles, and is consequently 14 of the 





To construct the pentagon, join the alternate angles of the decagon. ‘To 
‘oonstruct the regular polygon of 90 sides, bisect the arcs subtended by the sides 
of the decagon, etc. 


11. The projection of one line upon another in the same plane 
is the distance between the feet of two perpendiculars Ict fall from 
the extremities of the former upon the latter. Show that this pro- 
jection is equal to the equare roct of the difference between the 
equare of the line and the squure of the difference of the perpen- 
dioulars. 


1% In the triangle age, p being a perpendicular upon BA, prove that 
eh © m+n(=e)i:atb::a—b:m— nxn. 
s 2 State the fact as a proposition. Give the neces- 
i sary modification when the pepeeices falls 
4 without the triangle. 
Bue. a? — wf = # — nv’, whence a? — # = m* — n’, etc. 
18. The three sides bf triangle being 4, 5, and 6, find the seg- 


ments of the lest side, made by a perpendicalar from the opposite 
angle. 82g Ans. 3.75, and ~ ~~ 


SYWOPsis. 163 


14, Same as above when the sides are 10,4, and 7, and the perpen- 
dicular is let fall from the angle included by the sides 10 and 4. 
Draw the figure. Why is one of the segments negative ? 


15. What is the area of a reguiar octagon inscribed in a circle 
whose radius is 1? What is ita perimeter? What if the radius 
is 10? 

16. What is the side of an equilateral triangle inecribed in a circle 
whose radius is 1? 





Pror. XII. Circumference of any circle t Cor. Also xD. 


Prop. XITL. Whose radius is 1. 
Cor. Of sector. 
Puor. XIV. Of any circle. on Squaring the circle. 


AREA OF PRRIMETERS AXD 


CIRCLE. RECTIFICATION. 


prema naneinn, — gdonomirsntmmtsomnsnestant meet RAE, 


a 


SYNOPSIS, 
Importance of this doctrine. 
Ba [ Pnor. 1. Of chords 
= E . a Pror. II. Of secants. 
: 3 S 3 Prov. II. Of sccants and tangents. 
ps 2. » i Prop. IV. How divide sides. 
< - z P| Sj Puor. V. Of exterior angles. 
mm | * 3 3 Pror. VL Length of in relation to other parts. 
ap | Re | Prop. VIL All intersect at one puiot 
fe 
ax ms Prop. VIIL Of triangles. — 
a = ° <8 lll “ Reg epatek diagonals. 
Om rod or, 2. vlar polygons. 
= 2 : x3 | Prop. 1X Of polygons.) Cory Ay sare of apothems, 
ie L Do fa | Cor.4, Of circles. 
as Definition of rectification. 
ik Prop. X. Perimeters of ) gy 
= % ; . 1. Regular polygons. 
= = | maa poly { Cor. 2. Circumferences as radii. 
of . 
Sw 
Prop. XI. Rectification of circuin- 
23 ference whose radiaa 5 Signet te 
aa | is 1. : 
= 
a 
ce) 
a 
: 
z 
S 


Prob. To divide a line in extreme and mean ratio. 
EXRACins. { Prob. To inecribe o regular decagon, etc. 
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CHAPTER II. 
SOLID GEOMETRY. 


SECTION I. 
OF STRAIGHT LINES AND PLANES. 


PERPENDICULAR AND OBLIQUE LINES. 


380. Solid Geometry is that department of geometry in 
which the forma (or figures) treated are not limited to a single 
plane. 


381. A Plane (ors Plane Surface) is a surface such that a 
straight line joining two points in it lies wholly in the surface. 


 Yute—The surface of the blackboard is designed to be a plane. To ascertain 
‘m@bother it is truly so, take a ruler with a straight edge, and apply this edge in 
all directions upon it. If it always coincides, & ¢., touches throughout its 
‘whole length, tho surface isa plane. Is the surface of the stove-pipe a plane? 
Will a straight line colncide with it in any direction? Will it in 
direotion 7 


PROPOSITION I. 


382. Theorem.—Three points not in the same straighé line 
determine the position of a plane. 

Dux.—Let A, 8, and C be three points not in the same straight line; then 
one plane can be passed through them, and only one; t. ¢, they determine the 
position of a plane. 





Cennstry of pare” ia prokentle te thie term; bet, 
end bs thie hes the advantage of aimplielty snd loug use 
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For, pase a straight line through any two of these 
points, as A and B. Now, conceive any plane con- °C 
taining these two points; then will the line passing 
through them lie whoily in the plane (387). Con- ~ 
ceive this plane to revolve on the line as an axis until AK 


the point C falls in the plane. Thus we have one a 
plane passed through the three pointe. That there a 
can be only one is cvident, since when C falls in the 

plane, if it be revolved either way, C will not be in it Pia. $85, 


The same may be shown by first passing a plane through Band C, or A and C. 
There is, therefore, only one position of the plane in which it will contain the 
third point. @. gb. 


383, Cor. 1.—Through one line, or bio points, an infinite num- 
ber of planes can be passed. 


384. Con. 2.— Two intersecting lines determine the pusttion of a 
plane. 


Dem.—For, the point of intersection may be taken as one of the three polnts 
requisite to determine the position of a plane, and any other two points, ons In 
each of the lines, as the other two requisite points, Now, the plano passing 
through these points contains the lines, for it contains two potats in each line. 


385. Cor. 3.—Two parallel lines determina the position of a 
plane. 


Dem.—For, pass a plane through one of the parallels, and coneeive it 
revolved until it contains some point of the second parallel ; then as the plane’: 
cannot be revolved either way from this position without leaving this point 
without it, it is the only plane containing the firet parallel and this polnt la the 
second. But parallels lic in the same plane (66), whence the plane of the par 
allels must contain the first line, and the apecified point in the second. There 
fore, the plane containing the first linc and a point in the second ts the plane of 
the paralicis, and is fixed in position. 


386. Cor. 4.—The intersection of two planes is a straight line 


For two planes cannot have even three points, not tn the same straight lina, 
common, much leas an indefinite number, which would be required if we con- 
ceived the intersection (that is, the common points) to be avy other than a 
straight line. 


387. A Perpendteular to a Plane isa line which is 
perpendicalar to all lines of the plane passing through its si 
Conversely, the plane is perpendicular to the line. 


el) ‘ mo 8 2 ee z es bis on er 
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PROPOSITION IL, 


388. Theorem.—A line which is perpendicular to two lines of 
@ plane, at their intersection, is perpendicular to the plane. 


Dan.—Let PO be perpendicular to AB and CF at D; then is it perpendicular 
“TOMN, the plane of the lines AB and CF. 

Let OG be any other line of the plane MN, passing 

Py through D. Draw FB intersecting the three lines AB, 

CF, and O@. Produce PD to P’, making P’D = PD, 

and draw PF, PE, PB, P’F, P’E, and P’B. Then is 

om . PF = PF, and PB = P’B, since FD and BD aro per- 

¢ pendicular to PP’, and PD = P’D (284). Hence, the 

triangles PFB and P’FB are equal (292); and, if PFB 

A be revolved upon FB till P falls at P’, PE will fall in 

P’E. Therefore O@ has E equally distant from P and 

p’, and as D ia also equidistant from the same points, 

O@ is perpendicular to PD at D (130). Now, as 0@ 

is any linc, PD is perpendicular to any line of the 

Fio. 296. plane passing through its foot, and consequently per- 

pendicular to the plane (387). y. B.D. 


389. Con.—/f one of two perpendiculars revolves about the other 
as an azis, tls path ix a plane perpendicular to the axis, 
Thus, if AB revolves about PP’as an axis, it describes the plane MN. 


PROPOSITION IL 


300. Theorem.—Al any point in a plane one perpendicular 
wn be erected (0 the plane, and only one. 


Dew.—Let it be required to abow that one perpen- 
dicular, and only one, cam be erected to the plane 
WN at O. Through D draw two. lines of the plane, 
as AB and CE, at right angles to each other, CE 
belng perpendicular to AB, let a line be conceived as 
starting from the position ED to revolve about AB as 
au exis. J¢ will remain perpendicular to AB (389). 
Conceive it to have passed to P’D. Now, as it cvn- 

iu. &. tinues to revolve, P’DC diminishes continuously, and 

at the same rate as PDE grows greater; hence, in 

of the revolving line, and in only one,es PO, POE will equal 

POC, and PD will be perpendicular to CE. Therefore, PD is perpendicular to 
two tines of the plane, at-their intermection, and ie the only line that canbe 





, Shas perpendicular, ee 
| @aly perpendicular. gq. 2 dD. 
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a 


PROPOSITION Iv. 

301. Theorem.—If from any point in a perpendicular to a 
plane, oblique lines be drawn to the plane, those which pierce the 
plane at equal distances from the foot of the perpendicular are equal; 
and of those which picree the plane at unequal distances from the 
foot of the perpendicular, those which pierce at the greater distances 
are the greater. 


Das —Let PD be a perpendicular to the plane 
MN, and PE, PE’, PE‘, and PE’’, be oblique lines 
piercing the plane at equal distances EO, E 0, E’ D, K 
and EO, from the foot of the perpendicular, then 


PE = PE = PE’ = PEe’’. For cach of the tri- M een \ 

angles PDE, POE’, etc., has two sidca and the lo- y ie y ce” 

cluded angle equal to the corresponding part in 7 ,/, BC 

the other. vA roe e’ 
Again, let FO be longer than E'D. Then ja ‘--- ~ Sue re 

PF > PE’. For, take EO .- E'D; then PE PE’, Fy. 258. 


by the preceding part of the demonatration., But 
PF > PE by (2:39). Hence, PF > PE’. qa. k bp 


392. The Inclination of a line toa plane ia measured by 
the angle which the line makes with ao line of the plane passing 
through the point in which the line pierces the plane and the foot 
of a perpendicular to the plane from any point in the line. 

Thus PFO is the inclination of PF to the plane MN. 


BOF. Con. L—The angles which oblique lines drawn from a com- 
mon point ina perpendicular toa plane, and piercing the plane at 
equal distances from the foot of the perpendicular, make totth the 
perpendicular, are equal; and the inclinations of auch linens to the 
plane are equal. 


Thus the equality of the triangles, aa shown in the demonstration, sows that 
EPD = E'PD = E’'PD = E''PD, and PED - PE'D -: PE”’D . PE’ ’D. 


394. Con 2-—Conversely, Lf the angles which oblique lines 
drawn froma point ina perpendicular toa plane, make with the 
perpendicular, are equal, the lines are equal, and pierce the plane at 
equal distances from the foot of the perpendicular. 

Dex.—Thus, in the figure, let OPE’ = OPE’; then PE’ = PE” and DE’ = 
DE". For, revwotve DE’P about PD; DE’ will continue in the plane MN, and 
whee angle OPE’ coincides with its equal OPE”, PE’ colncides with PE", and 
OE’ with DE". 
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395. Con. 3—Also, conversely, Hqual oblique lines from the 
same point tn the perpendicular, pierce the plane at equal distances 
from the foot of the perpendicular. 


Dew.—Let PE’ = PE”; then is DE’ = DE’. For, let POE’ revolve upon PD 
wntil E'O falls in ED: then, if DE’ were Jess than DE”, PE’ would be less than 
PE” ; and, if DE’ were greater than DE", PE’ would be greater than PE”, But 
both of these conclusions are contrary to the hypothesis. Hence, as DE’ can 
neither be Jess nor greater than DE”, it must equal it. This corollary follows 
also from | 


Cor, 4.—The perpendicular is the shortest line that can be 
drawn toa plane from a point without,and measures the distance of 
the point from the plane. | 


PROPOSITION Y, 


397. Theorem.— From a point without a plane one perpendic- 
wlar can be drawn to the plane, and only one, 


Dem.—Let it be required to show that one perpen- 
dicular can be drawn from P to the plane MN, and 
only one. Take AB; any line of the plane, and con- 
, ceive PO’ perpendicular to it Through p’ draw EF, 
a line of the plane, perpendicular to AB. Now, if 


perpendicular to two lines of the plane passing through 
ita foot, and hence perpendicular to the plane (388). 
If, however, PO’E does not equal PO‘F, in the first in. 
stance, but PO'F < PD'E, conceive the line AB to 
move along the plane, continuing parallel to its 
primitive position, so as to cause O’ to move towards F, thus diminishing PO'E 
and increasing PO'F. At the same time observe that, if necessary in order to 
keep PO'A = PO’B*, EF can move along the plane parallel to its first position. 
Now, as*PO F increasca, pasaing through all anecessive values, and PD’E dimin- 
jahen in the same way, there will be some position of PO’, as PD, in which 
POF = PDE, and as by hypothesis POA’ remains = PDB’, PD becomes perpea- 
ae to two lines passing through its foot, and hence perpendicular to the 
6, 

That there can be only one perpeadioular le evident, slooe, if there were two, 

aa PD’ and POD, there would be two right angles in the triangle PD'D. 





Pia. 280. 








Sad 


* According to the conception here se 
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398. Corn—Throngh a given point ina line one plane can be 
passed perpendicular to the line, and only one. 


Dem.—Let D be the point in the line PD. Pass two lines through D, as EF, | 
and A’B, cach perpendicular to PD; the plane of these lines ia perpendicular to 
PD. Morcover, the mquired plane must contain both theee lines, for if it passed 
through D and did net contain OF, there would be one line of the plane, at 
least, which would pase through 0 and not be perpendicular to PD, which ta 
impossible. Hence, there can be no other plane than the plane of the two per 
pendiculars EF and AB’ which aball be perpendicular w PD, through DO. 


PATIOS 


PROPOSITION V1. 


399. Theorem .—lf from the foot of a perpendicular toa plane 
a line be drawn at right anglea to any line of the plane, and this 
intersection be juined with any point in the 
perpendicular, the last line is perpendicular to 
the line of the plane. 


Dem.—From the foot of the perpendicular PD let 
DE be drawn perpendicular to AB, any line of the 
plane MN, and E joined with O, any point of the per. 
pendicular; then is OE perpendicular to AB. 

Take EF ~ EC, and draw CO, FD, CO, and FO. 
Now, CO = OF (5)*, whence CO = FO (?), aud OE hia 
O equally distant from F and C, and alto E. There. 
fore, OE is perpendicular to AB(!). @ &. p. 


400. Corn.— The line OF measures the shortest distance betwam 
PO and AB. 


For, if from any other point in AB, as C, a linc be drawn to O, it in longer 
than OE (%; and if drawn from C to a, any other point in PO than D, Ca is 
longer than CO (1), and consequently longer than DE (?). 





eearnairanseontiion 


PARALLEL LINES AND PLANES. 





401. A Line ta Parattel toa plane when the two will 
not meet, how far soever they be produced. The plane is aleo said 
to be parallel to the line. ) 





6 ieeeaiinn the reason will be often ieft ont, sad the mark (!) will be used to indicate that 
the student ts to supply it. 
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PROPOSITION VIL 


402. Theorem.—One of two parallel lines is parallel to every 
plane containing the other. 


Dem.—AB being parallel to CD is parallel to 
any plane MN containing CD. 

Since AB and CO are in the same plane (?), 
and as the intersection of their plane with MN is 
CD (1), if AS meets the plane MN, it must meet 
Fio. 961. it in CO, or CD produced. But this is impossi- 
ble (7). Whence AB is parallel to MN. Q. E. D. 


403. Cor. 1. Through any given line a plane may be passed 
parallel to any other given line not in the plane of the first. 


For, through any point of the Hne through which the plane is to pass, con- 
ceive a line parallel to the second given line, The planv of the two intersecting 
linea is parallel to the second given line (?). 


404, Con. 2.—Through any point in space a plane may be passed 
parallel to any two lines in space. 


For, through the given point, conceive two lines parallel to the given lines ; 
then is the planc of those intersecting lines parallel to the two given lines (f). 


. aa 





ED 


PROPOSITION VIIL 


OB. Theorem.—If ons of two parallels ts perpendicular to a 
plane, the other is perpendicular also. 


Dem.—Let AB bo parallel to CD, and perpendicular to the plane MN ; then 
CD perpendicular w MN. 

For drawing BD in the plane MN, it bs perpendicular 
to AB(), and consequently, to CO (1), Through O draw 
EF in the plane and perpendicular to BO, and join D 
with any point in AB, as A; then is EF perpendicular 
to AD(?), Now, EF being perpendicular to two lines, AD 
and BD of the plane ABOC, is perpendicular to the plane, 
and hence to any line of the plane passing through D, 

; as CO. Therefhre CO is perpendicular to BD aad EF, 
* Fre 08. and consequently to the plane MN(?). q. &. D. 
406. Con. 1—Two lines which are perpendicular to the same 
plane are parailel. 
Thos, AB AOD wee aorbeaadak oe sles MN, If AB ie not, peraliel 


to CD, draw aline through B which shall be. By the progeettt | ie Hae be 
perpendicular to MN, and hence must colnciiie with AB ‘eo? 
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407. Cor. 2.—Zwo lines parallel to a third 
not in their own plane are parallel to each other. 

Danu.—If AB and CO are parallel to EF, they are par- 
allel to each other. Let MN be a plano passing through 
EF at F’, and to which EF is perpendicular; then are AB 
and CO respectively perpendicular to MN (?), and heace 
parallel (7). @Q. x. D. 





Fra. 863. 





408. Parallel Planea are such as dv not meet when indefi- 
nitely produced. 


SPORE RATE ROTAE, 


PROPOSITION IX. 


409. Theorem.— Two planes perpen dicular to the same line are 
parallel to each other. 


Denu.— For, if they could meet in some point, as O, concelve two lincs drawa 
from O, one in each plane, to the points where the perpondicular pierces the 
planes, We should then have two lines from the same point, perpendicular to 
the same line (’), which is impossible. Hence, as the planes cannot meot, they 
are parallel. Q. &. D. 


, csmenaaamesantinnamel 


PROPOSITION X. 


410. Theorem.—I// a plane intersect two 
parallel planes, the lines of intersection are 
parallel. 


Dex.—Let AO intersect the parallel planca MN and 
P@ in AB and CD; then is AB paralleltoCD. For, if 
AB and CD could mect, the planes MN and P@ would 
meet, as every point in AB is in MN, and every point 
in CO in P@. Hence, AB and CO lie In the same 
plane, and do not meet how far soever they be pro- Fro, 904, 
duced ; they are therefore parallel. Q. £. D. 

411, Con—Parallel lines intercepted between parallel planes are 

ual. 

“Trpm AC = BD if they are paralicl. For, the intersections AB and CO, of 
the plane of these parallels, are parallel (?), and the figure ABOC is a paral- 
lelogram ; whence AC = BD (1). 





PROPOSITION XI. 


412, Theorem.—A line which is perpendicular to one of twe 
parallel planes, is perpendicular to the other also. 
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Deu.—Let AB be perpendicniar to MN; then is it perpendicular to PQ, paral- 
lel to MN. = For, pass two planes through AB, and let 
CA, DB, and EA, FB, be their intersections with the 
plancs MN and PQ. Now (A and EA are perpendicu- 
lar tu AB (?); hence OB and FB being parallel to CA 
snd EA (?) are perpendicular to AB (%). Therefore AB 
ia perpendicular to two lines of the plane PQ, and 
consequently to the plane (7). Q. E. D 





me £13. Cor. 1.—Through any point out of a 
ny plane, one plane can be passed parallel to the 
Fie, 908. given plane, and only one. 





Deu.—To pass o plane through B parallel to MN, draw the perpendicular 
BA from B upon MN. Draw any two lines in the plane MN, through A, as CA 
and EA. Through B draw O8 and FB parallel to CA and EA; then is PQ, the 
plane of these lines, perpendtcular to AB, and hence paralic] to MN. As the 
plane parnilel to MN must contain FB and OB, and as but one plane can be 
passed throuvh these lines, there can be only one plane through B parallel to MN, 


414. The Distance between two parallel planes at any point 
ta measured by the perpendicular, 


£15. Con. 2—Purallel planes are every- 


+) cea ie where equally distant from each other. 
EN / oN Deu.—Let A and B be any two points in the plane 
| MN, and AC and 80 the perpendiculars from these 
P t—}— points, Jot fall on the parallel plane PQ@; then are they 
| / Ge / perpendicular to MN by the proposition, and since the 
aero! QQ figure ABCD is a parallelogram (}) [a rectangle, tlao (*)}, 
Pra, 2066. AC =: BD. 





PROPOSITION XH 


— £16. Theorem.—Two angles lying in different planes, but hav- 
tng their sides parallel and extending in the same 
direction, ave equal, and their planes are parallel 


Deu.—Let A and A’ lie in the different plancs MN and 
PQ, and have AB parallel to A’B’, and AC to A‘C’; then 
A = A’, and MN and P@ are parallel. 

For, take AD =: A’D’, and AE = A‘E’, and draw AA’, 
DO’, EE’, ED, and E’D’. Now, AD being equal and par- 
allel w A'D’, AA’ = DD’ (?), For like reason AA’ = Et’, 
therefore EE’ =: OO’. Again, sings Ee’ and BO’ are 
», Reapectively pareliel to AA’, they ate paralidl to each 
baw | pele 4%), whence’ EDD'E’ is a pareliclogram {), and 

BS ae ED, “Tosco the tcneghe ADE ent KOC’ ove 
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mutually equilateral, and A, opposite ED, is equal to A’, opposite E'D’ equal 
to EO. 

Again, the plane of the angle BAC, MN, is parallel to PQ, the plane of B’A'C’, 
For, let a plane be passed through AC and revolved until it le parallel to P@ 
Tt mast cnt OO’, which is parallel to AA’, and EE’, 90 that DD’ shall cual AA’ 
and EE£’ (7); hence it must pass throngh D. 


417. Con. 1—TJf lice intersecting planes be cut by parallel planes, 
the angles formed by the intersections are equal. 


Thus, AB and AE’ being cut by the parallel planes MN and PQ, AD is parallel to 
A'D’ (7), and lies in the Kame direction, and AE to AE Henee BAC =: BAC’ (1), 


418. Con. 2—ZJf the corresponding extremities af three equal 
parallel lince not in the same plane, be joined, the triangles farmed 
are equal, and their planes parallel. 


Thas, if AA’ . 00’ = EE’, the sides of the triangle AEO are equal to the 
Rides Of A’E'D’, since the figures AO’, DE’, and EA’ are paraliclagrams (!), and 
the corullury comes under the proposition (%). 


earner ede 


PROPOSITION XIIL 


41719. Theorem.—The corresponding —xeg- 
ments of lines cut by parallel planes are propor- 
tional. 


Duw.—l«t AB, CO and EF be cut by the parallel planes 
MAN, PQ, RS, and TU; then Aa: Ce:: ab: ef :: 6B : JD, 
and Aa: Ed:: 0b: ik :: OB AF, and Ce: Ed :: ef : th 
SO : kF. 

For, juin the extremities A and 0, and € and OD, and 
conceive the intersections of the plane of AB and AO 
with the parallel planes to be viet = is ac. These 
lines are parallc} (71), and Aa: Ac : 1: 6B: dD (%. 
For a similar reason, Ce: Ac : es ms :fD: dD (%). 
Whence, the consequents of the proportions being the 
same, the antecedents give Aq: Ce:: ab: of :: OB: JD. 
In like manner we can show that Ce: Es:: 6f : tk: JD: 
kF. [Let the student give the details.) From these 
proportions we have Aa : Ei ::ad : sk :: 68: F (%). 
Q@ &. D. 








EXERCISES, 


1. Designate any three points in the room, as one corner of the 
desk, s point on the stove, and some point in ae show 
how you can conceive the plane of these points. 
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2. Show the position of two lines which will not meet, and yet are 
not parallel. 


3. Conceive two lines, one line in the ceiling and one in the floor, 
_ which shall not be parallel to each other. What is the shortest dis- 
tance between these lines? 


4. The ceiling of my room is 10 feet above the floor. +I have a 12 
foot pole, by the aid of which I wish to determine a point in the floor 
directly under a certain point in the ceiling. How can I do it? 


8vo.—Consult Prop. IV. 


*” § Upon what principle in this section is it that a stoo) with three 
legs always stands firm on a level floor, when one with four may 
not ? 


6. By the use of two carpenter's squares you can determine a per- 
pendicular to a plane. How is it done ? 


7. If you wish to test the perpendicularity of a stud to a level floor, 
on how many sides of it is it necessary to measure the angle which it 
makes with the floor? By applying the right angle of the carpen- 
ter’s square on any two sides of the atud, to test the angle which it 
mukes with the floor, can you determine whether it is perpendicular 
or not ? 


.. B. We see in straight lines. If a line* be placed between our eye 
and a eurfuce, it covers a certain space on the surface; this figure or 
space is said to be the projection of the line on that surface. Upon 
what principles in this section is it that the projections of straight 
lines are straight? Why is it that the projections of parallels which 
are parallel to the plune upon which we see them projected, are 
‘parallel, while parallel lines which are inclined to thie plane are pro- 
| jeoted in oblique lines? 

9. If a line is drawn at an inclination of 23° to a plane, what is 
the greatest angle which any line of the plane, drawn through the 
point where the inclined line pierces the plane, makes with the line ? 
Oan you conceive a line of the plane which makes an angie of 50° 
with the inclined line? Of 80°? Of15°? Of 170°? 


Hereafter, the student should make the synopeecs. 


* The term jiue te here used In its colloquial cease, and veders tea 
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SECTION I. 


OF SOLID ANGLES. 


£20. A Solid Angle is the opening between two or more 
planes, each of which intersects all the othera. The lines of inter- 
section are called Edges, and the planes, or the portion of the planes 
between the edges, where there are more thin two, are called Faces. 


421. A Diedral Angle, or simply a Diedral, ia the opening 
hetween fico intersecting planes. 


422. A Polyedrat Angle, called also simply a Polyedral, is 
the opening between fhree or wore planes which intersect ao aa to 
have one common point, and only one. In the case of three inter- 
secting planes the angle is called a Triedral. The point common to 
all the planes is called the Vertes, The plane angles enclosing # 
polvedral are the Facial angles. 


42.3. A Diedral (Angle) ix measured by the plane angle included 
by lines drawn in its faces from any point in the edge, and perpen- 
dicular thereto. A dicdral angle is called right, acute, or obtuse, 
according as its measure is right, acute, or obtuse, Of course the 
magnitude of a solid angle ia independent of the distances to which 
the edges may chance to be produced. 


Iuu’'a.—The opening between the two planes CABF and DABE is a Diedral 
(angle), AB is the 
F-dge, and CABF 
and OABE are the 
Fueea, Let MO 
lie in the plane 
AF, perpendicular 
to the edge; and 
NO in AE, and also 





plane angle MON Fre. 990. 
the diedral. ‘A diedral may be read by the letters on the edge, when there 
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; would be no ambiguity, or otherwise by these letters as otie in exh. aad : 
‘thus, the diedral in (a) may be designated as AB, or as C- ABD. 

In (6) we have a Tricdral (angles. The edges are SA, SB, and SC. the faces 
ASB, BSC, and ASC: the facial angles wre ASB, ASC, and BSC; and S is the 
vertex. Sach an angle, and any polyedral (angle), may be read by naming the 
angie at the vertex, when there would be no ambiguity, or otherwise by naming 
the letter at the vertex, and then one in each edge; thus S-ABCDE designates 
the polyedral (¢). The opening between the planes is the angle, in each case. 





OF DIEDRALS, 


424. A Diedral may be considered as generated by the revolution 
ofa esi ubout a line of the plane, and hence we may see the pro- 
Sai priety of measuring it by the angle included by 
SX r two lines in its faces perpendicular to its edge, as 

aa stated in the preecding article. 

Int.—DLet AB be a line of the plane CB. Conceive g8 
perpendicular to AB. Now, fet the plane revolve upon AB 
asan axis, whence gB describes a circle (?); and at any posi 
tion of the revolving plane, as f/BAF, since fBg measures the 
amount of revolution, it may be taken as the measure of the 
diedral f-BA-g. When gB has made } of a revolution, the 
plane will have made 4 of a revolution, and the diedral will 
be right, 





42.5, Con.— Opposite diedrals are equal. 


Thus, if C-AB-D is messured by MON, cAB-d is measured 
by the equal angi: nOm. 





PROPOSITION I. 


£26. Theorem.—Any line tn one face of a right diedral, per- 
pendteular to tls edge, ts perpendicular to the other 
face. 

Dew.—In the face CB of the right diedral C-AB-D, let MO 
be perpendicular to the edge AB; then is it perpendicular to 
the face OB. For, draw ON in the face DB, and perpendicn- 
lar to AS. Now, since the diedral a ight, and MOM meee 
ures its angle, MON is a right angle; whetce MO ey perpes 
dicular to two lines of the plane DB, and ee a pee 
pendicular to the plane. @. & D. oe ae 
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427. Corn—Conversely, Jf one plane contain a line which is 
perpendicular to another plane, the diedral is right. 

Thus, if MO is perpendicular to the plane OB, C-AB-D is a right diedral, 
For MO is perpendicular to every line of DB passing through ite foot (?); and 
hence ia perpendicular to ON, drawn at right angles to AB. Whence C-AB-D is 
a right dicdral, for it is measured by a right plane angle, 





PROPOSITION HI, 


428. Theorem.—1f tive planes are perpendicular lo a third, 
their intersection is perpendicular to the third plane, 


Dem.—If CO and EF are perpendicular to the plane CA og 
MN, then is AB perpendicular to MN. For, EF being ‘2 | 
perpendicular to MN, D-FG-E is a right diedral, and a Mo, feP 
line in EF ant! perpendicular to FG at Bois perpendicular Vee a. | 
to MN; also a line in the plane CD, and perpendicular to = rm By alg 
OH at B, is perpendicular to MN (%). Henee, as there er 


can be one and only one perpendicular to MN at B, and 
as this perpendicular is in both planes, CO and EF, it is their intersection. 
QED 


Tainan iphhenianenehantaniale 


PROPOSITION HL. 


£29. Thearem.— If froin any point perpendiculars be drawn 
to the fauers of a diedral angle, their tuchuded angle will be the supple 
ment of the angle which measures the diedral, or equal to it, 


Dew.—Let BO and AO be any two planes including the 
diedral A-SD-B, then will two linea drawn from any point, 
perpendicular to these planes, include an angle which is the 
supplement of the measure of the diedral, or equal to It. 

If the point from which the lines are drawn js not in 
the edge SD, we may conceive two lines drawn through 
any point, as S, in this edge, which shall te parallel to the 
two proposed, and hence include an equal angle, and 
have their plane parallel to the plane of the proposed 
angle (476). Let the latter lincs be SO and SP) We are 
toshow that OSP is supplemental to the menanre of A-SO-B. 
A plane passed through S, perpendicular to the edge SD, 
will contain the Hnes SO and SP (4858); and its intersec- 
tions with the faces, as $B and SA, will form an angie 





(ASB) which is the measure of the dicdral (#23). Now, iM 
PSA = aright angle (%), and OSB = aright angle (?). Hence, Pia and: 


PSO and ASB are cither equal or supplemental (243). 
nD 
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OF TRIEDRALS. 


430, Triedrals are Rectangular, Birectangular, or Trirectan- 
gular, according as they have one, two, or three, 


right diedral angles. 


Invs—The corner of a cube is a Trirectangular 
triedral, as S-ADC. Conceive the: upper portion of 
the cube removed by the plane ASEF; then the angle 
at S, ¢. «, S-AEC is a Birectangular triedral, A-SC-E 
and A-SE-C being right diedrals. 
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431, An Isosceles Triedral is one that has two of its facial 
angles equal. An Hquilateral Triedrat is one that has all 
three of its facial angles equal. 


432, Two Symmetrical Triedrals are such as have the 
facial angles of the one equal to the facial angles of the other, each 
to cach; but in which the equal facial angles are not similarly 

situated, and hence the triedrals are not necessarily 
) capable of superposition. 


In18.—Let the edges of the triedral S-ABC, be pro- 
duced beyond the vertex, forming a second triedral S-abe ; 
then are the two triedrals symmetrical, ¢. ¢., the faces 
are equal plane anglea, but disposed in a different order. 
Thus, ASB = aSb, ASC = aSe, and BSC = USc; but the 
tricdrals cannot be made to coincide. To show this 
fuct, conceive the upper triedral detached, and the face 
aSe placed in its equal face ASC, Sa in SA, and Se in SC. 
Now, the elge $8, instead of falling in SB will fall on the 
left of the plane ASC. 

Symmetrical solids are of frequent occurrence: the two 
hands form an illustration; for, though the parts may be 
exactly alike, the hands cannot be placed so that their 
Fu oN. like parts will be similarly situated; in short, the left 
glove will not fit the right band. 


433. Two tricdrals are Supplementary when the edges of 
sone are perpendicular to the faces of the other. (See £38a.) 








PROPOSITION IV. 


434. Theorem.—The sum of any two facial angles of a trie 
dral is greater than the third. 
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Dem.—T.1’s proposition needs demonstration only in 
ease of the sum of the two smaller facial angles as com. 
pared with the greatest (?)} Let ASB and BSC each be less 
than ASC; then is ASB + BSC > ASC. Fur, make the an- 
gle ASA’ = ASB, and Sd = Sd, and passa plane through d 
and b’, cutting SA and SC in a anda The two triangles aSb 
and aSs’ are equal (%), whence a4’ =: ad, Now, ad + be > ae 
(?), and enbtracting ab from tho first member, and its equal 
ad’ from the seonond, we have be > b'¢. Whence the two tri- 
angles bSe and 5’Se have two sides equal, but the third side 
be > than the third side 3’c, and consequently angle dSe > 
b’Se. Adding ASB to the former, and its cqual ASO to the 
latter, we have ASB + BSC > ASC. g. gv. 





£35, Con—The difference between any two facial anglea of a 
triedral is less than the third facial angle (?). 


PROPOSITION Y. 


£36. Theorem.—The sum af the facial anglea of a triedrat 
may be anything belween 0 and four right angler, 


Deu.—Let ASB, BSC, and ASC be the facial angles 
enclosing a triedral; then, as cach must have some value, “dD 
the sum is greater than 0, and we have only to show that 8 
ASB + ASC + BSC < 4 right angles, Pretuce either 
edye, as AS, to D. Now, in the tricdral § BCD, BSC 
< BSO + CSD. To each member of this inequality add 


ASB + ASC, and we havo ‘ % 
ASB + ASC + BSC < ASB + ASC + BSO + CSD. \e 

But, ASB + BSD = 2 right angles (%), and ASC + CSD = 8 

2 right angle; whence ASB + ASC + BSD + CSO = Sia ete 


4 right angles; and consequently, ASB + ASC + BSC < 
4 right angle, @ &. D. 


PROPOSITION VL 


a 


437. Theoreme—Two triedrals having the facial angles of the 
one equal to the facial angles of the other, each to cach, and similarly 
crranaed. are exual. 
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«.—In the tricdrals S and s, let ASB = as, BSC = dsc, and CSA = esa; 
and let these ficial angles occur in the same 
order, then is S-ABC = s-abe. 

Take C, any point in SC, and make sc=SC, 
and draw AC and BC perpendicular to SC, 
and ac and bc perpendicular to sc ; then ACB 
measuses the diedral A‘SC-B, and acd the die- 
x dral a-s¢c-b. Now the triangles SCB and ach 

are mutually equiangular (?) and have SC = 

ac; hence SB = a, and CB = cd. Fora like 

nese reason AC = ac, and SA = sa. Hence AB = 

a (%), and the triangles ACB and ach are equal (%). Now, since angle ACB, 

the dicdral A-SC-B, equals angle ach, measuring the diedral «-xc-, 

diedrala are equal, and can be applied to each other. Applying these 

dledrals, since angle ASC =: asc, und BSC = ber, the edges AS and as coincide, 

as also do BS and 4s, whence the triedrals coincide thronghout, and are conse- 
quently equal. Q. &. Dv. 





PROPOSITION VIL. 


438. Theorem. --Of lwo supplementary triedrals, the facial 
agles of the one are the supplements of the diedrals of the other. 


~Let SABC be any triedral; if a second triedral be formed with its 

cilyes perpendicular to the faces of 

28 S-ABC, one to each face respect- 

- = ively, then are the facial angles of 

the one, supplements of the dic- 
drals of the other. 

If the vertex of the second trie- 
dral is not at the vertex of the first, 
we may conceive a triedral formed 
by drawing three lines through the 
vertex S, as SE, SD, and SF, paral- 
lel to the edges of the given trie- 
dral; then will these edges be per- 
pendicular to the same planes as 

Fie. 980. the edges to which they are paral- 
lel (405), and hence the angle 
thus formed (S-EDF) will be a triedral supplemental to SABC (4.33), and 
the facial angles of the two having their edges parallel will be equal (¢2G), and 
consequently the tricdrals equal (437). Now, SE being perpendicalar to ASB, 
_ SF to ae angle ESF oa teapraay tay diedral B-GA-C (439.) In 
manner, SC being perpendicular to is oe * as 

and OSF to A-SC-B. 

Thus we have shown that the facial angles of | 
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of the diedrals of SABC. We are now to show that the facial angies of 
SABC are supplements of the dicdrala of S-EDF . fo ¢, that ASB is the sup 
plement of D-SE-F, BSC of E-SO-F, and ASC of OSF-E. Since SE ly by hy- 
pothesis perpendicalar to ASB, it is perpendicular to AS (387); aud since SF 
is perpendicular to ASC, itis perpendicular to AS (387). Hence AS bs per- 
pendicular to the face FSE (4. In hke manner we may show that $8 Is per- 
pendicular to DSE, and SC to OSF , whence it follaws from the preceding part 
of the demonstration, or directly from (#29), that angle ASB is the supple- 
ment of D-SE-F, BSC of E-SO-F, aml ASC of O-SF-E, 


4.38. Scn.—If any edge of S-EDF, aa DS, is produced beyond S, another 
triedral is formed which haa its edges perpendicular to the facen of SABC. 
Thus in all 4 triedrals can be formed with thelr edges perpendicular to the faces 
of SABC; but the proposition holds only for S.EDF. 


reas Sy. ae 


PROPOSITION VU. 


439. Theorem .—The sim of the diedrals of a (riedral may be 
anything between two and sir right angles, 


Drew. —Each diedral being the supplement of a plane angle of the supple. 
mentary triedral, the sum oof the three diedrals is Sf times 2 right angles, or 
Gright anges ~ the eum of the angles of the atpplementary triedrat. But this latter 
guin may be anything between 0 and 4 right angles (%). Hence the sum of the 
dicdrals may be anything between 2 and 6 right angles. @. BD. 





PROPOSITION IX. 


440. Theorem.—An tsusceles triedral and tla aym- 
metrical triedral are equal. 


Dew.—Let SABC be an isosceles triedral with the facind angle 
ASS = BSC; then is it equal to ita symmetrical triedral S-ahe. 

For, revolve Gade about S until Sd falls in SB, and bring the 
plane Sa into the plane SOC ; then, since the dicdrals CSB A and 
aSbh-c are opposite, they are equal (42.5), aud the plane Sie will 
fallin SBA. Moreover, $a wil) fall jo SC, since angle BSC - ASB a. 
(by hypothesis) = Se (vertical to ASB) In like manner Se will / me 
fall in SA, and the triedrals will coincide, and are therefore equal. 3 
Q. &. D. Kon. M1. 


441. Scu.—If angie ASB is not equal to BSC, it is easy to see that the ap 














* thould the pupll have @i@ealty in perceiving this, let him notice that CSB and cGd er 
perte of one and the anme plane ; and ASB and aSb are perts of another. Now 68 fe the inten 
section of thene planes, and the diedrale mentioned are on opposiiv sides of this Hue of inten 
section 
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plication will fail, notwithstanding the diedrals are equal, and the triedrals 
asymmetrical. 


442, Cor. 1.—The diedrals opposite the equal facial angles of an 
ssosceles tricdral are equal. 


The diedral -Sa-c = B-SA-C being opposite, and 0-Sa-c = B-SC-A as shown 
in the demonstration; hence B-SA-C = B-SC-A. 


44,3. Cor. 2.—Conversely, If two diedrals of a triedral are equal, 
the triedral is isosceles. 


Dem.—If B-SA-C = B-SC-A, S-ABC is isosceles. For, revolving S-ale as be- 
fore ull the facial angle aSe falls in its equal (?) ASC, since the diedral B-SC-A 
=: B-SA-C (by hypothesis) and the latter equals its opposite 0-Sa-c, the plane bSa 
will fall in the plane BSC ; and, for like reasons, the plane bSe will fall in BSA. 
Now, as these planes coincide, their intersections $b and SB coincide, and the 
triedrals are equal: and the facial angle BSC = bSa. But USa = ASB (?); hence 
ASB = BSC; i. ¢.,, the tricdral S-ABC is isosceles. 


PROPOSITION X. 
444. Theorem.—Two symmetrical triedrals are equivalent. 


Dxem.—S-ABC is equivalent to its symmetrical 
J triedral Seah, 

For, let dD be so drawn that the dngles DSA, 
DSC, and OSB shall be equal, and consequently dSa 
z= USe =: dd, and the Jatter respectively equal to the 
former, Then the isosceles symmetrical tricedral 
S-DCB = Sind, S-DCA = Sedca, and S-ADB = Squib. 
Whence the polyedral SABCD = Seabed. Now, 
from the former sabtracting S-ADB, and from the 
latter S-adh, there remalos SABC = Sate. Q. EZ. D. 


445. Scu.—lf @ fell within the gives triedrals, 
they would be made up of the three equal 
tricdrals, and hence equivalent. 





446. Theorem.—Two triedrala which have two facial angles 
and the included diedral equal, each to each, are equal, 6 


Duu.—If the equal faces are on the agme aides of the diadral in the two 
triedrals, the one figure can be applied to the other; and if they are on different 
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aides, the edges of one triedral may be produced, forming the symmetrical tri. 
edral, to which the other given triedral may be applied. [Let the student con- 
struct figures, and go through with the application | 





PROPOSITION XIL. 
447. Theorem.—Two triedrals which hare two diedrals and 
the tacluded facial angle equal, are equal, or symmetrical and cqtiva- 
lent. 


Dem — [Same asin the preceding. Let the student draw flgurea Uke thoag 
for the preceding, and go through with the details of the application] 

AAS. Con—Jt will be observed that in equal or in’ swmmetrical 
triedrals, the eyual fucial angles are oppusite the equal diedrals, 





PROPOSITION XII 


£419. Theorem.— Teo trodrals which have tea facial angles 
af the one equal to fice facial angles of the other, cach ta each, and the 
ducted dtedrals unequal, have the third facial angles unequal, and 
the greater facial angle belangs ta the triedral having the greater tne 
c/nded divdral. 


Diem.—Laet ASC - ase, and ASB | ash, 


while the diedral C-SA-B l- esa-4: then CSB S a 

~ eat, ;’ : 
For, make the diedral C-SAeg -~: ecard: and i} \ / “ 

taking AS» =: ash, bisect the diedral o SA-B with j, | a . 

the planc ISA. Draw ef and oC, and conceive i yO 


the planes cSt and oSC. Now, the triedral A! c si 
S-Ac€ = anbe, since they have two facial angles i Ba} we b 
ant the included diedral equal (446). For a oo 
like reason SeAlo = S-AIB, and the facial sige 
oS! = ISB. Again, In the triedral Sh, oS! 4 
ISC > OSC (434), and substituting (SB for oSI, we have ISB + ISC (ur BSC) > 
oSC, or ite equal bec. Q. &. D. 


450. Corn—Converacly, If the two facial angles are equal, each lo 
each, in the two triedrals, and the third facial anglea unequal, the 
diedral opposite the greater facial angle is the greater. 

That js, if ASB = as, and ASC = ax, while BSC > Jr, the diedral B-AS-C 
> base. For, if BeAS-C = buse, BSC = bee ($44), and if B-AS-C < base, 
BSC < be, by the proposition. Therefore, as B-AS-C cannot be cqual to nor 
jess than d-as-¢, it must be greater. 


Fig, 23. 
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PROPOSITION XIV. 


481. Theorem.—Two triedrals which have the three facial 
angles of the one equal to the three facial angles of the other, each to 
Meach, are equal, or symmetrical and equivalent. 


Deu.—Let A, 8, and C represent the facial angles of one, and a, d, and ¢ the 
corresponding facial angles of the other. If A = 
a,B = b,andC =e, the triedrals are equal. For A 
being equal to a, and B to 8, if, of their included die- 
drals, SM were greater than am, C wonld be greater 
than ¢c; and if diedral SM were less than diedral 
am, © would be less than ¢, by the last corollary. 
Hence, as dicdral SM can neither be greater nor 
less than diedral a, it must be equal to it. For like 
reasons, diedral SN =: diedral «a, and diedral SO 
=: diedral so, Therefore, the triedrals are equal, 
or symmetrical, according to the arrangement of the fees. Thus, if SN and an 
are both considered as lying on the same side of the planes MSO and iso, the 
triedrals are equal; but, if one lies on one side and the other on the opposite 
side of those plancs (SN in front, and aa behiod, for example), the dicdrals are 
syminctrical, and hence equivalent. 





Fra, 2&4, 


PROPOSITION XY. 


2. Theorem.—Two triedrals which have the three diedrals 
of the one equal to the three dicdrals of the other, each to each, are 
equal, or symmetrical and equivalent, 


Dex.—In tho two tricdrals supplementary to the given triedrals, tho facial 
angles of the one will be equal to the facial angles of the other, each to each, 
since they are supplements of equal diedrals (4.35). Hence, the supplementary 
triedrals are equal or equivalent, by the last proposition. Now, the facial angles 
of the first triedrals are supplementa of the diedrals of the supplementary ; 
whenee the corresponding facial angles, being the supplements of equal diedrals, 
are equal, Therefore, the proposed triedrals have their facial angles equal, each 
to each, and are consequently equal, or aymmetrical and equivalent Q. EB. D. 


453. Cor.—All trirectangular triedrals are equal. 


454. Sciu.—The proof that two forms are equal, includes the fact that cor- 
responding parts are equal. 
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OF POLYEDRAIS. 


455. A Convex Polyedral i 4 pelyedral in which none of 
the faces, when produced, can enter the solid angle. A> seetion of 
such a polyedral made by a plane cutting all its edges is a convex 
polygon. [See Fig. 230.) 


PROPOSITION XVI. 


456. Theorem,—The sum of the facial anqies of any conver 
polyedral x lexs than four right angles, 


Dim - Lit S be the vertex of any convex polvedral, Let the edges of thts 
polyedral be cut by any phine, as ABCOE, which section 
Will be gq conven polygou, since the polyedral is conve \. S 
Frou any pomt within this polywon, as O, draw dines to A 
its vertices, us OA, OB, OC. ete, There will thus be formed i A 
two sets of triangles, one with their vertices at S, and | 7 \ 
the other with their vertices st O; and there will be an ee \ 
equal nomber in each set, for the sides of the polygon yh 4 
form the bases of both sets, Now, the sum of the angles 40 
of one act of these triangles is equal to the sum of the . 
angles of the other set, But the sum of the angles at the 
bases of the trlangles having their vertices at § in greater 
than the suin of the angles at the bases of the triangles hia BS. 
having their vertices at O, since SBA + SBC - ABC, 
SCB + SCD. BCD, ete. (4.34). Therefore the sum of the angles at $ bs lens 
than the sum of the angles at QO, ¢. ¢., less than 4 right angles. qf. op. 





EXERCISES. 


1. [have an iron block whose corners 
are all square (edges right dicdrals, and 
the vertices trirectungular, or right, trie- | 
drals), If T bend a wire square around Ae | 
one of itx edges, as cS'd, at what angle do A / 
I bend the wire? If To obend a wire ob- M3 





liquely around the edge, as ash, at whut oe | , 
angle can I bend it? If I bend it ob- ' 
liquely, as eS“/, at what angle dan T bend Cs 


it? Via. 2%. 
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+} 2, Fig. 286 represents the appearance of a rectangular parallelopi- 
ped, as scen from acertain position. Now, all the angles of such a 
solid are right angles: why is it that they nearly all appear oblique? 
Can you see a right parallelopiped from such a position that all the 
angles seen shall appear as right angles? 


8. The diedral angles of crystals are measured with great care, in 
order tu determine the substance of which the crystals consist. How 
must the measure be taken? If we measure obliquely around the 
edge, shull we get the true value of the angle ? 


4, Cut ont any tricdral from a block of wood (or a potato), and 
atick three ping into it, as near the vertex as you can, one in each 
face, und perpendicular to that face. What figure do the three pins 
form? What relation docs the angle included between any two ad- 
jacent pins sustain to one of the diedrals of the block? Which ones 
are they that eustain this relation ? 


6. Can three planes intersect cach other and yet not form a trie- 
dral angle?) In how many ways? Can they all three have a common 
point, and yet not form a triedral ? 


G. From a piece of pasteboard cut two figures 


us of the same size, like ABCDS and adeds. Then 

“os drawing SB and SC so as to make 1 the Jargest 
4 : | ‘ angle and 3 the smallest, cut the pusteboard 
AN / | aulmost through in these lines, so that it will 
B~¢> Po yeadily bend in them. Now fold the cdges AS 

4 and OS togeter, and a triedral will be formed. 

oa From the piece écads form a triedral in like 

L ra manner, only let the lines se and sa be drawn 
a _- iy sas to make the angles 1, 2, and 3 of the same 

a size ag before, while they occur in the order 

© Pra. 2%. given in dcads. Now, sce if you can slip one 


triedral into the other, so that they will fit. What is the diffi- 
culty ? 


%. In the last case, if 1 equals § of a right angle, 2 = 4 of a right 
angle, and 3 = } ofa right angle, can you form the triedrul? Why ? 
If you keep increasing the size of 1, 2, and 3, until the sum becomes 
equal to 4 right angles, will it always be poasible to form a triedral ? 
How is it when the sum equals 4 right angles ? 
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SECTION LT. 
OF PRISMS AND CYLINDERS. 


457. A Prisi is a solid, two of whose faces are equal, parallol 
wlygons, while the other faces are parallelograms. ‘The equal par- 
Ulel polygons are the Bases, and the parallelograms make up the 
Lateral or Conver Surface. Prisms are triangular, quadrangular, 
pentagonal, ete, according to the number of sides of the polygon 
lurming a base. 


458. A Right Prism isa prism whose lateral edges are per- 
pendicular to its bases. 49a Oblique prism is a prisin whose late. 
ral edges are oblique to its bases. 


459. A Regular Prisgina is a right: prism Whose buses are 
regular polygons; whence its faces are equal) rectangles, 


460. The Altitude of aprism is the perpendicular distance 
between its bases: the altitude of a right priam: is equal to any one 
of its lateral edges. 


461. A Truncated Priane isa portion of a prism ent off by 
a plane not parallel to its base. A section of a prism made by « plane 


perpendicular to its lateral 
; ree , 
edges is called a Bight Section. f f ae 


Tii's.—In the figure, (@) (1) Me 
and (6) are both prisms: : 
(a) is oblique and (B) right. ae = ae 
PO represents the altitude yee ; 
of (a); and any edge of FL A . 
(b), as 1B, is ita altitude. arr | 
ABCDEF, anid abedrf, are i | | 


c 
MIN, < 
we 
~~ 
be 9 
Paes nee 


¥ “tt 
pop ae 


fe) 
ae 


lower and upper bases, my pe? 
respectively. Either por- Yi 
tion of (&) cut off by an 

oblique plane, as abede’, 

is a truncated prism. 


462. A Parallelopiped is prism whose bases are parallel- 
ograms: its faces, inclusive of the bases, arc consequently all parallel- 





Pia. SM. 
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ograms. If its faces are all rectangular, it is a rectangular parallel- 


opiped. 


463, A Cube isa rectangular parallelopiped whose faces are all 


equal aquarcs. 


Fra. ey. 





PROPOSITION I. 


464.-Theorem.—Parallel plane sections 
of any prism are equal polygons. 


Demw.—Let ABCDE and atede be paralle] sections of 
the prism MN; then are they equal polygons. 

For, the intersections with the lateral faces, as ad 
nnd AB, ete., are parallel, since they are intersections 
of parallel planes by a third plane (470). Moreover, 
these intersections are equal, that is, a2 = AB, be = BC, 
ed =. CO, ete. since they are parallels included between 
parallels (24%). Again, the corresponding angles of 
these polygons are equal, that is, a =: A, = B,e = C, 
ete., Kince their sides are parallel and lie in the same 
direction (476). Therefore the polygons ABCDE, and 
abede, are mutually equilateral and equiaugular; that 
ix, they are equal, Q. kD. 


4635, Con—aAny plane section of a prism, parallel tu tts base, ts 
egual tu the base; and all right sections are equal 


PROPOSITION HL. 


466. Theorem —If three faces including a triedral of one prism 
are equal respectively to three faces ineluding a triedral of the other, 
and atmilarly placed, the prisms are equal. 





Dem.—In the prisms Add, and A’d, 
let ABCOE equal A’B'C'D'E’, ABdu -: 
A’B'b'a’, and BCcd = B'C’c’d’; then are 
the prisms equal. 

For, since the facial angles of the 
triedrals B and B’ are equal, the tric- 
drals are equal (457), and being ap- 
plied they will coincide. Now, con- 
ceiving A’d’ aa applied to Ad, with B’ 
in 8, since the bases are equal poly- 
gona, they will coincide throughout ; 
and the faces o8 and a’B’ will also 
colneide. Whence, as o’b' falle in ab, 
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ad d’c’ in bc, the upper bases, which are equal because equal to the equal lower 
ases, Will coincide. Therefore the remaining edges will have two points com- 
ion in each, and will consequently coincide, 


AGT. Cor. 1.—Two right prisms having equal bases and equal 
ltitudes are equal. 


If the faces are not similarly arranged, one prism can be inverted. 


AG8. Con. 2.—The above proposition applies also to truncated 
MPISMS. 


PROPOSITION Oi. 


469. Theorem. —Any oblique prism is 7 
equivalent to aright prism, whose bases are right f, Cae 
sections of the oblique prism, and whose edge ts oe 
equal to the edge of the oblique prisin. | 


Dem. —Let LB be an obliqne prism, of which abede and | 
Sghil wre right sections, and gd = GB; then is 7) equiva: . ‘J 
ent to LB. For the truncated prising /G@ and ¢B have the | 
faces including any triedral, as G and B, equal and aimi + 5; - ; 
larly placed (7), whence these prisms are cqual (466), a 
Now, from the whole figure, take away prism (CG, and Bee i 
there remains the oblique prism LB; also, from the whole eee 
tike away the prism ¢B, and there remaing the right - : | 
prism /. Therefore, the right prism (5 is equivalent to , ( ' 

pos ‘D 


the oblique prism LB. Q &. D. A 


| enenpiemnnemmmememmemmtel Pig, 7), 


PROPOSITION fY. 

470. Theorem.—The opposite faces of a parallelupiped are 
equal and parallel. 

Dem.—Let Ac be a paralielopiped, AC and ae ning Piste 


its equal bases (462); then are its opyesite faces equal yf Ps 
and parallel. 
Pa 6 





Since the bases are parallelogrums, AB is equal and 
parallel to OC; and. since the faces are paorallelograms, 
@A is equal and parallel to dD. Hence angle aAB <= 
dOC, and their planes are parallel, since Vicir sides are 
parallel and extend in the same directions. Therefore 
aB and dC are equal (302)and parallel parallelograms. A B 
In like manner it may be shown that aD is equal and Fou. 208, 


parallel to iC. 





ty tow hy 
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PROPOSITION VY. 


471. Theorem.—The diagonals of a parallelopiped bisect each 


other. 


Benen eo ol Dem.—Pass a plane through two opposite edges, 

2 | as 6B and dD. Since the bases are parallel, dd and 

] Se en TON BD will be parallel (470), and 48Od will be a paral- 

ge + Ae) Nelogram. Hence, 0 and dB are bisected at o (?). 

| | For alike reason, passing a plane through de and AB, 

| we may show that dB and cA bisect each other, and 

A | hence that cA passes through the common centre of 

\ ‘ | dB and 40. So also aC is bisected by. 0D, as appears 

J from passing a plane through ad and DC. Hence, all 
C the diagonals are bisected at 0. Q. E. D. 


Pia, oe. 


£72. Con— The diagonals of a rectangular parallelopiped are equal. 





PROPOSITION VI. 


473. Theorem.—A parallelopiped is divided into two equiva- 
‘lent triangular prisms by a plane passing through its diagonally 
opposite edges. 


Dem.—Let H-ABCO be a parallelopiped, divided 

pe . through its diagonally opposite edges FA and HC; 

"2" 4 then are the triangular prisms H-ABC, and L-ADC 
equivalent. 

For this parallelopiped is cquivalent to a right 
paralielopiped having a right section Abed for its base, 
and AF for its alge (469), ¢. ¢, H-ABCO is equiva- 
lent to h-Abed. For the same reason the oblique 
triangular prism H-ABC is equivalent to the right 
triangular prism A-Abe; and L-ADC is equivalent 
to LAde. But A-Abe is equal to A-Ade, as they 
are right prisms with cqual bases (467) and a com- 
mon altitude, Hence, HeABC is equivalent to L-ADC, 
ua they are equivalent to two equal prisms. Q. B. D. 








: PROPOSITION VIL. 


474. Theorem.— Any parallelopiped is equivalent to a rectan- 
gular parallelopiped having an equivalent base and the same aléttude 
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Dew.—Let H-ABCD bo any parallelopiped 

with all its faces oblique. Ist. By making the 
right section adHe, and completing the paral- 
lelopiped adHeir Gs, we have an equivalent right 
parallelopiped (469). 2a. Through the edge 
of of this right parallelopiped make the right 
section ea4f and complete the parallelopiped 
erh fds Gand we have a rectangular paral 
lelopiped equivalent to the one previously 
furmed (469), and hence equivalent te the Ao g 
given one. Now, the base of this rectangular Fra 988. 
parailelopiped, @oe, a Ved’, is equal to aleed (4, 
Which in turn is) equivalent to ABCD (“)) Moreover, the altiiude of the 
rectangular parallclopiped ta the same as thatof the given one, alnee their 
bases lie in the aame paralicl planes Ae) and EG. Therefore, the paratleloptped 
H-ABCO is equivalent to the rectangular parallelopiped Heaved, which 
has an cquivalent base and the same altitude. qQ. kD. 





PROPOSITION VET. 


475. Theorem —The area of the lateral aurface of a right 
prism is equal do the praduct of tte altitude into the perimeter of 
its bese. 

Dew.—The lateral faces are all rectangles, having for their common altl 
tude the altitude of the prism (460\0 Whence the arra of any face in the 
product of the altitude into the side of the hase which 
forms its base; and the sum of the areas of the fhees 


is the common altitude into the sum of the basen of aa | ae 
the faces, that is, into the perimeter of the base of Tee ; 
wbe prism. Q. &. D. at” i. / It 

/ 


£76. A Cylindrical Surface isaim . ..! 
curved surface traced by a straight linc moving fe 
so as to remain constantly parallel to ita first ! i we 


position, while any point in it traces some j it 
curve. The moving line is called the Gener- 4° 

atriz, and the curve traced by a point of the ace 
line is the Directriz. 


It.—Sappose a line to start from the position AB, and move towards N in 
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such a manner as to remain all the time parallel to its first position AB, 
while A traces the curve A123456----M. The surface thus traced is a Cylin 
Grical Surface ; AB is the Generatriz, and the curve ANM the Directriz, 


477. A Clreular Cylinder, called also a Cylinder of Rerolu- 
tion, isa solid generated by the revolution of a rectangle around one 
of its sides us au uXxis. 


B”. g’ Iut.—Ret COAB be a rectangle, and conceive it re- 

fj - volved about COQ ag an axis, taking successively the 

BY i: / 8B positions COA’B’, COA”B”, etc. ; the solid gencrated is a 

i i a a Cirenlar Cylinder, or a cylinder of revolution. The re- 

| volving side AB is the generatrix. of the surface, and 

| | the circumference OA (or CB) is the directrix. This is 

the only cylinder treated in’ Elementary Geometry, and 

| be oil is usually meant when the word Cydader is used without 
| : specifying the kind of cylinder. 


K : A 478. The Axis of the eviinder is the fixed 
x . "A side of the rectangle. ‘The side of the rectangle 


opposite the axis generates the Cowrer Surface ; 
while the other sides of the rectangle. as OA and 
CB. generate the Bases, which in the cvlinder of 
revolution are circles. Any line of the surface corresponding to 
some position of the generatrix is called an Blement of the surface. 


Fie Si. 


£79. A Right Cylinder is one whose elements are perpen- 
dicular te its base. In sucha evlinder any clement is equal to the 
axis, 4 C'ylinder of Revolution (477) is right. 


#80, A prism is said to he inseribed in a eyvlinder, when the bases 
of the prism are inscribed in the bases of the cylinder, and the edges 
of the prism coincide with elements of the cylinder. 


PROPOSITION IX. 


481. Theorem.— The area of the convex surface of a cylinder 
of revolution is equal lo the product of its axis tnto the cireumfer- 
ence of its base, i.e. 27RU, H being the axis and R the radius of 
the base. 


OF PRISMS AND CYLINDERS. 198 


Dew.—Det aright prism, with any regular polygon for 
Ite base, be inscribed in the cylinder, as d-adedef, in’ the 
cylinder whose axis is HO. The area of the lateral surface 
of the prism is HO (= 22) into the perimeter of its base, 
8.4, HO ~ tah + be oe cd + de + fa fay Now, bisect the 
ares a, be, ote and inscribe a regular polygen of twice the 
number of sides of the preceding, and on this polygon as 
a base constract the right inscribed prism with double the 
nomber of fraces that the frst had. The area of the lateral 
surface of thts prism is HO = the perimeter of ita base Vn 
like manner conceive the operation of inacribing right 
prisina with regular polygonal bases continually repeat ad: 
it will adinaye be troe that the area of the lateral surface 
sequal to HO s the perimeter of the base | But the ere: 
ference of the base of the cylinder is the limit toward 
which the perimeters of the inscribed polygons forming the bases of the priama 
constantly approach, snd the convex eurface of the cylinder is the Timit of the 
lateral surface of the inscribed prigin, Therefore, the area of the convex eur. 
face of the cylinder is HO into Ghe circumference of the buge. Finally, if 2 is 
the rmidius of the base, 27k ia its circumferences. This multiplied by TH the 
altitude, :¢, Ho. 22h, or 29h, is the area of the convex surface of the 
cylinder. 





PROPOSITION X. 


482. Theorem.—The volume of a rectangular parallelapiped 
te equal to the product of the three edyra of one of its triedrals. 


Dem. —Let H-CBFE be a rectangular paral- 
lelopiped. lst. Suppose the edges commen- 
surable, and let BC be § units in length, BA 
4,and BF 7 Now conceive a cube, as dfbBg 
whose edge is one of these linear units. This 
cube may be used aa the unit of volume. Con- 
ceive the parallclopiped 0-caB4, whose length 
is 7, and whose edges of and @ are 1 (the 
linear unit of measure assumed). Thft paral- 
lelopiped will contain as many of the units 
of volume a4 there ere linear units in BF: Fro. 999. 
we suppose 7. Again, conceive the paral- 
lelopiped whose base is ECBF and altitude PE, one of the linear units. This 
parallelopiped will contain as many of the former as there are linear units in 
BC: we suppose 5. Hence this last volume io 5 x 7 = 85. Finally, there will 

13 
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be as many times this number of units of volume in the whole parallelopiped 
@a AB contains lincar units, or 4 x 85 = 140. Hence, when the edges are 
commensurable, the volume is the product of the three edges including a 
triedral. 

2nd. When the edges are not commensurable, we reach the same conclusion 
by taking successively a smaller and smaller linear unit. Thus, for a first 
approximation take some aliquot part of one edge, a8 ys of FB, Now, by hypo- 
thesis this is not contained an exact number of times in BC, nor in BA. But 
conceive it as applied to BC as many times as it can be; the remainder will be 
less than 4; FB, In like manner conceive it applied to AB. The volume of the 
parallelopiped included by these edges will be measured by the product of the 
edges. Now conceive the linear unit smaller. The unmeasured portion will 
be less. Thus, by supposing the near unit to diminish indefinitely, we see that 
if will alunaya remain true that the measure is the product of the three edges 
forming a triedral. 


483, Con. 1.—The volume of a cube is the third power of its 
edye. 


484, 8cn.—Thia fact gives rise to the term cude, as used in arithmetic and 
algebra, for * third power.” 


485, Cor. 2.—The volume of a rectangular parallelopiped is 
equal fa the product of its altitude into the area of its base, the linear 
tintt being the same for the measure of all the edges. 


486, Con. 3.— The volume of any parallelopiped is equal to the 
product of tts altitude and the area of its base. 


For any parallelopiped ts equivalent tos rectangular parallelopiped having 
an oquivalent base and the same altitude (474). 


484. Cor. 4.—Parallelopipeds of the same or equivalent bases are 
.to each other as their altitudes, and those of the same aliitudes are to 
‘@ach other as their bases. And, in general, parallelopipeds are to 
each other as the products of their bases and altitudes. 


® 





PROPOSITION XI. 


488. Theorem.— The volume of any priem is ree! to the pro 
Guct of tts altitude into tts base. 


Dux.—lst. Let E-ABD be a triangular priem. Com- 
plete the parallelopiped E-ABCD, Theu is E-ABD = 
2 £-ABCO (47.3). But the volume of E-ABCD is 
equal to its altitude into its base; hence the volume 
of E-ABD is equal to its altitude into 4 ABCO, or 
ABO. 

2d. Any prism may be divided Into partial, ti- 
angular prisms, by passing planca through one edge 
and all the other non-adjacent cuges, as ia the figure, 
Let H be the altitude of the whule prism, then Is it 
also the common altitude of the partial priams, Now, 
the volume of cach triangular prism is Hi into its 
base: henee, the sum of the volumes is H into the 
stm of the bases, £¢., Hointo the base of the whole 
prisn. 


$89, Con. 1.— The volume of a right prism 
is eyual to the product of tts edge into tts 
bitxe. 


£90. Cor. 2—Prisms of the same altitude 
are to cach other as their bases; and prisma 
of the same or equivalent buses are to each 
other as their altitudes; and, tn general, 
prisms are to each other as the products af 
their bases and altitudes. 


EDIE Come apt me 


PROPOSITION XII. 





491. Theorent.— The volume af a cylinder of revolution ts 
equal to the product of tta base and altitude, icc, WIUTE, H being the 


altitude and R the radius of the base. 


Dew. —Inscribe any regular right priss in the cylinder, 
as in (4827). The volume of this prism fa equal to the 
product of its base and altitude; and this continues to be 
the fact as the number of sides of the polygon forming the 
base is successively doubled, and the prism approaches 
equality with the cylinder. Hence, as the volume of the 
priam is always equal to the product of itu base and alti- 
tude, and as the altitude of the prism remains equa) to the 
altitude of the cylinder, this fact is true when the number 
of the sides of the base of the priem is infinitely multiplied ; 
whence the volume of the cylinder is eqaal to the product 
of its base and altitude. Now, It being the radius of the 
base, the area of the bese is <R* (7): hence, the volume of 
the cylinder is equal to <R'H. 
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492, Con—The volume of any cylinder is equal to the product 
v tts base into its altitude. 

"Whig can be demonstrated in a manner altogether analogous to the case 
given in the proposition. 





493. Similar Solids are such as have their corresponding 
solid angles equal and their homologous edges proportional. 


494. Simtlar Cylinders of revolution are such as have their 
altitudes in the same ratio as the radii of their bases. 


495. Homologous Edges of similar solids are such as are 
included between equal plane angles in corresponding faces. 


Inu’s.—The idea of similarity In the case of solids is the same as in the 
case of plane figures, viz., that of ltkeness of form. Thus, one would not think 
auch a cylinder as one joint of stovepipe, similar to another composed of 8 
bundred joints of the aame pipe. One would be long and tery slim in propor. 
tion to Its length, while the other would not be thought of as slim. But, if we 
have two cylinders the radii of whose bases are 2 and 4, and whose lengths are 
respectively 6 and 12, we readily recognize them as of the same shape: they 
are similar. 


PROPOSITION XIII. 


496. Theorem.—The lateral surfaces of similar right prisms 
are to each other as the squares of their edges (or altitudes) and as 
the aquares of any two homologous aides of their bases, i.e, as the 
aguares of any two homologous lines. 


Demw.~-Let A, B,C, D, and EZ, be the sides of the base of one right prism 
whose edge (equal to its altitude) is H, and a, 4, ¢,d, and ¢, the homologous 
eides of a similar prism whose edge is A. Letting 4 + B+04+ D+ B= P 
anda +b +0+ d+ ¢= p, we have 


P:p::A4:0::B3:8:: C:e6, ete. 
But by hypothesis, 2H :4::A:a::B:}, ete. 
Hence, Pip:: H:4.%) 
Now, H:hkh:: Hk, 
Whence, Px H: pxh:: iPM 
And as M2: A sass PB, ete, 
we have Px H:ipxh: : A; a: : BP: , ote. 
But P x H is the area of the lateral surface of one prism amd p x A of the 


other, whence the truth of the theorem appears, | 
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PROPOSITION XIV. 


497. Theorem.—The volumes of similar Hh asi are fo saci 


other as the cubes of their homologous edges, and as the cubes of 
their alittudes. 


Dem.—Let H-ABCOE and A-adeds be 
two similar prisms, of which Aand a are 
corresponding tiedrals. Placing a 90 that 
it will colacide with A, all the faces and 
edges of one will be parallel to or coinci- 
dent with the correaponding parta of the 
other, by definition (49.3) Let fall the 
perpendicular FP upon the common bare, 
or its plane produced, ao that FP shall 
eqiuil the alditude of H-ABCOE, and OP, 
intereented hetween the planes of the upper 
and Jower bases of A-abede, shall be its alti- 
tude. Call the former altitude H, and the 
lauer A. Since FP and AF are cut by 
parallel planca, we have 

AF -af:: 1: A; and AB: ad:: 1A, 
since by definition AF : af :: AB: a, etc. 
Call the buse of H-ABCDE B, and of 
h-abede 6. Now, as tho bases are similar polygons, 

B:6:: AB. at) s: Hh! 
But H:A:: AB: ad: Hck 
Hence, ey iene erin 
Now, a8 B» Ho and 6 « A are the volumes of the respective prisms, and a 
AB’: at’ a8 the cubes of any other homologous edges qe to each other, the 
truth of the theorem is demonstrated. 








PROPOSITION XV. 
498. Theorem.—The convex surfacea of similar cylinders of 
revolution are to each other as the squares of their altitudes, and aa 
the squares of the radii of their bases. 


Deu.—Let H and A be the altitudes, and R and r the radii of the bases of 
two similar cylinders; the convex surfaces are IxRi and 22rh (482). Now, 
@eRil : Qerh :: RH: . {%) o 


H r 
By hypothesis, H:4::R: 7, or = Sand fat 


Multiplying the terms of the second couplet of (1) by theac equals, we have, 
SeRH : ark :: HH’: A‘, 
and SeRH : Sark: : BR’: gaa 


# 
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PROPOSITION XVL. 


-499. Theorem.—The volumes of similar cylinders of revolu- 
tion are to each other as the cubes of their altitudes, or as the cubes 


Of the radié of their bases. 


Dum.—Using the same notation as in the last demonstration, the student 
should be able to give the reasons for the following steps. 

R:¢::H : A (%), whence #R* : er:: H?: A* 4’). Multiplying the last 
proportion by H :4 :: H: A, we have #R°H : wr°h :: HY : 2’, oras RP: 2°, 
since H®?: #? :: R® : 2° (2%). Now, xR"H and zr*h are the volumes of the 
cylinders (?); hence the volumes are to each other as the cubes of the altitudes, 
or as the cubes of the radii of fhe bases, Q. E. D. 


Scu.—It is a general truth, that the surfitees of similar solids, of any form, are 
to each other as the squares of homologous lines; and their volumes are as the 
cubes of such lines. | \ 





EXERCISES, 


1, A farmer has two grain bins which are parallelopipeds. The 


. front of one bin is a rectangle 6 feet lung by 4 high, and the front 


of the other a rectangle 8 feet long by 4 high. They are built 
between parallel walls 5 feet apart. The bottom and ends of the: 
first, he saya, are “square” (he means, it is a rectangular parallelo- 
piped), while the bottom and ends of the other slope, i.e. are oblique 
to the front. What are the relative capacities of the bins ? 


2. How many sqnare feet of boards in the walls and bottom of the 
first bin mentioned in Ey, 1? 


8. An average sized honey bee's cell is a right hexagonal prism, 
8 of an inch long, with faces gy, of an inch wide. The width of the 
face is always the same, but the length of the cell varies according 
to the space the bee has to fill, Are honey bee's cells similar? Is a 
honey bee’s cell of the dimensions given above, similar to a wasp’s 
oell which is 1.6 inches long, and whose face is .3 of an inch wide? 
How much more honey will the wasp’s cell hold than the honey 
bee's ? | " 

4. How many square inches of sheet-iron does it take to make a 
joint of Y-inch stovepipe 2 feet 4 inches long, allowing an inch and 
a half for making the seam ? 


_ & A certain water-pipe is 3 inches in diameter. How much water 
is di through it in 24 hours, if the current flows 3 feet per 
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minute? How much through a pipe of twice as great diameter, at 
the same rate of flow ? 


6. What is the ratio of the length of a hogshead holding 125 gal- 
lons, to the length of a keg of the same shape, holding 8 gallons? 


7. What are the relative amounts of cloth required to clothe 3 
men of the same form (similar solids), one being 5 feet high, another 
5 feet 9 inches, and the other 6 feet, provided they dresa in the same 
atyle? If the second of theae men weighs 156 Ibs, what do the 
others weigh ? 

8. If a man 5} feet high weighs 160 Ibe., and a man 3 inches taller 
weighs 150 Iba, which is the stouter in proportion to his height ? 


9. I have a prismatic piece of timber from which [ent two blogks 
both 5 feet long measured along one edye of the atick; but ore 
block is made by cutting the stick square across (a right section), 
and the other by cutting both ends of it obliquely, making an angle 
of 45° with the same face of the timber. Which block is the greater ? 
Which has the greater lateral surface ? 


10. How many cubic feet in a log 12 fect long and 2 feet. 5 inches 
in diameter? How many square feet of inch boards can bo cut 
from such a log, allowing } for waste in 6labs and sawing ? 


Seen nn ne GRR 3 omer naman 


SECTION IV. 


OF PYRAMIDS AND CONES, 


500. A Pyramiéd is a solid having 9 polygon for its base, 
and triangles for its lateral faces. If the base is ulso a triangle, it is 
called a triangular pyramid, or a tetraedron (i.¢., a solid with four 
faces). The vertex of the polycdral angle formed by the faces is the 
ver(ex of the pyramid. 


501. The Altitude of 4 pyramid is the perpendicular dis- 
tance from its vertex to the plane of its base. 


502. A Right Pyramid is one whose base is a regular 
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polygon, and the perpendicular from whose vertex falls at the middle 
of the base. his perpendicular is called the azis. 


503. A Frustum of a pyramid is a portion of the pyramid 
intercepted between the base and a plane parallel to the base. If 
the cutting plane is not parallel to the base, the portion intercepted 
is called a Truncated pyramid. 

504, The Slant Height of a right pyramid is the altitude 
of one of the triangles which form its faces. The Slant Height of a 


Frustum of a right pyramid is the portion of the slant height of the 
pyramid intercepted between the bases of the frustum. 


AA 


Inu'8.—The student will be able to find illustrations of the definitions in the 
accompanying figures. 





1. 903, 


505. A Conical Surface isa surface traced by a line which 
pasres through a fixed point, while any other point traces a curve. 
The line is the Generacriz, and the curve the Directriz. The fixed 
point is the Verfer Any liu. of the surfuce corresponding to some 
position of the generatrix is called an Element of the surface. 


506. A Cone of Revolution is a solid generated by the 
revolution of a right angled triangle around one of its sides, called 
the Aaa. The hypotenuse describes the Conver Surface of the 
cone, and corresponds to the generatrix in the preceding definition. 
The other side of the triangle describes the Base. This cone is right, 
since the perpendicular (the axis) falls at the middle of the base. 
The Slant Height is the distance from the vertex to the circumfer- 
ence of the base, and is the same as the hypotenuse of the generating 
triangle. 


5O7. The terms Frustwn and Truncated are applied to the cone 
in the same manner as to the pyramid. 
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508, .\ pyramid is said to be Zaseribed in a cone when the buse 
of the pyramid is inscribed in the base of the cone, and the edges of 
the pyramid are elements of the surface of the cone. ‘The two solids 
have @ Common vertex and a common altitude. 


5O9. If the gencratrix be considered as an indetinite straight 
line passing through a fixed point, the portions of the line on oppo- 
site sides of the puint will cach deseribe a conical surface. These 
two surfaces, which in geveral diseussions are considered but one, are 
called Nappes, The two nappes of the same cone ure evidently 
alike. 

Inu’s.—In the figure, (@) represents a conical surface which has the carve 
ACB for its directrix, and SA for its generatrix. ‘The figures indicate the sue- 
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cessive positions of the point A, as it passes around the curve, while the point § 
remains fixed. (6) representa a Cone of [tevolution, or a right cone with a elr- 
cular base. It may be considered as generated in the general way, or by the 
right angled triangle SOA revolving about SO as an axis. SA describes the 
convex surface, and OA the base. The figure (c) represents the Frustum of a 
cone, the portion above the plane adc being supposed removed. Figure (cd) rep- 


resents the two nappes of an oblique cope. 


PROPOSITION I. 


510. Theorem.—Any section of a pyramid made by a plane 
parallel to its base is a polygon similar to the + 
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Deu. —The section abcde of the pyramid S-ABCDE, made by a plane parallel 
to ABCDE, is similar to ABCDE. 

Since AB and ad are intersections of two parallel 
planes by a third plane, they fre parallel (?). So 
also bc is parallel to BC, ed to CD, etc. Hence, 
angle 6 = B,c = C, etc. (?), and the polygons are 
mutually equiangular. Again, ad : AB :: Sd : SB, 
and be: BC :: Sb: SB (%). Hence, ad : be :: AB 
- BC (?). In like manner, we can show that be : 
cad :; BC : CD, etc. Therefore, abede and ABCDE 
are mutually equiangular, and have their corre- 
sponding sides proportional, and are conscquently 
similar. Q. E. D. 





Kia. 305. 


PROPOSITION I. 


Theovrem.—If two pyramids of the same altitude are cut 
by planes equally distant from and parallel to their bases, the sections 
are to each other as the bases. 


1.—et S-ABC and S’-A’B’C’D’E’ be 
two pyramids of the same altitude, cut by 
the planes aée and a’‘d'e'd'e’, parallel to und 
at equal distances from their bases; then is 
abe; abcde’ :: ABC : A’B‘C'D'E’. 

For, conceive the bases in the same 
plane. Let SP = S'‘P’ be the common alti- 
tude, and Sp = S’p' the distances of the 
cutting planes from the vertex. We have 


ABC : abe :: AB’: ad’ :: SP: Sp" (2. 
Also, A'BC'D'E’ : aticde :: WB" ab" :: SP : Fp” 0. 
Whenoee, as SP = S’P’, and Sp = S‘p’ (?), we have 
abe: abede :: ABC: ABCD'E’(). go BD. 


S12. .Con—ZJf the bases are equivalent, the sections are 


s’ 





PROPOSITION Iii. 


Theorem.—The area of the lateral surface of @ right 
pyramid ts equal to the perimeter of the base multiplied by one-half 


of such a pyramid are equal isasceles triangles {1}, whose 
altitude is the slant height of the pyramid (1%) Hence, tlie area of 
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these triangles is the product of one-half the slant height into the sum of their 
bases. But this is the lateral surface of the pyramid. (See the third cut in 


rt. ie Y 


514, Con—The area of the lateral surface of the 
frustum of a right pyramid is equal to the product 
of its slant height into half the sum of the perineters 
of its © 

The student will be able to give the proof. It is based 
upon (32S) and definitions. 





PROPOSITION IV. 


515. Theorem.—The area of the conver surface of a cane of 
revolution (a right cone with a ctreular base) is equal do the praduet 
of the circumference of tts base and one-half its slant height, ive, 
ARID’, R being the radius of the base, and W the slaut height. 


Demw.—In the circle which forms the base of the cone, conceive a regular 
polygom inscribed, ag adede. Joining the vertices of the 


angles of this polygon with the vertex of the cone, there 5 
will be constructed a right pyramid: inscribed in’ the cone, A 
Now, if the arce subtended by the sides of this polygon are ee 7 


bisected, and these again bisected, etc., and at every atep 
a fight pyramid conceived as inscribed, it will abrays e 
remain truc that the lateral surface of the pyramid is the ee ae 
perimeter of its base into half Jts slant height. But, 7 | 


5 


eae 
y 


‘ 
> 
I 


ax the number of faeces of the pyrawnid is Increased, Pa 
the perimeter of the base approaches the circumference ee j 
of the base of the cone, the slant height of the pyramid * B-a ? 


approaches the slant height of the cone, and the lateral 16, SOM. 
surface of the pyramid approaches the convex surface 

of the cone. Hence, aé the limit we still have the same exprewsion for the 
area of the convex surface, that is, the circumference of the base multiplied by 
half the slant height. Finally, if R is the radius of the base, its clreumference 
is 27 R, and H’ being the slant height, we bave for the arca of the convex sur 
face 2aR « 4H’, or : 


Cor. 1—The area of the conver surface of a cone ts 
equal to the product of the slant height into the circumference of the 
circle parallel to the base, and midway between the base and verlat, 

This follows directly from the fact that the radius of the circls midway 


between the base and vertex is one-half the radius of the bas, i.¢., }1t, whence 
ive ciroumference is BR, Now, sh x H' is the areca of the convex surface, by 
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Corn, 2.— The area of the convex surface of the frustum of a 
cone 14 equal to the product of its slant height into half the sum of 
the circumferences of its bases; i.e, 7 (R +r) H', R and r being 
the radii of its bases, and WX’ its slant height. 


From the corresponding property of the frustum of a pyramid, the student 
will be able to deduce the fact that 4(2¢R + 2rr) H’, or «(R + r) HH, is the 
area of this surface. 


518. Con. 3.—The area of the convex surface of the frustum of a 
cone ts equal lo the product of its slant height tnto the circumference 
of the circle midway between the bases. 


The radius of the circle midway between the bases is 4 (r + R), whence its 
ctreumference is m(r + Ry) Now, w(r + R) « H’ is the area of the convex 
surface of the frustum, by the preceding corollary. 


PROPOSITION V. 


519. Theorem.—Two pyramids having equivalent bases and 
the same altitudes are equivalent, ice, equal in volume. 


Dem.—Let S-ABCO and S’-A’B‘C’D’E’ be two pyramids having the same 
altitudes, and base ABCD cquivalent 
to base A’B'C’D’E’, #.¢., equal in area, 
then is pyramid S-ABCD equivalent 
to S’-A’B’C’D'E’, #. ¢., equal in volume, 

For, conceive the bugés to be in the 
same plane, and a plane to start from 
coincidence with the plane of the 
bases, and move toward the vertices, 
remaining all the time parallel to the 
bases. Alt every stage of its progress 
the sections are equivalent, and as the 
plane reaches both vertices at the 
same time, by reason of the common altitude, it is evident that the volumes are 
equal. 

Or, if desired, we may consider the two pyramids a8 divided into an equal 
number of infinitely thin deméne parallel to the bases. Each lamina in one has 
Ns corresponding equivalent lamina in the other; hence the sum of all the 
lamina in one equals the sum of all the iaming in the other; 1. ¢, the pyramids 
are equivalent, 
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PROPOSITION YI. 


520. Theorem.—The rolume of a triangular pyramid is equal 
fo one-third the product of its base and altitude. 


Dem.—Let S-ABC be a*triangular pyramid, 
whose altitude is H®; then is the volume equa) 
to LH x area ABC. ee ren aes 

For, through A and B draw Aa and Bb paral- a ee f 
lel to SC; and through S draw Sa and $+ is : : 
parallel to CA and CB, and join a and 4; then ia. ; 
Si}-ABC is a prism with its bases equal to the ae / ‘ 
base of the pyramid. Now, the solid added to a Gp es 
the given pyramid is a quadrangular pyramid As fo... YD 
with alBA ns its base, and its vertex at S, Divide \ } a 
this inte two triangular pyramids by draw- \ 
ing @aB and passing a plane through SB and 
aB. These triangular pyramids are equiva- ia. 810 
lent, since they have equal bases @AB and @4B 
and a common altitude, the vertices of both being at S. Again, S$ a/B may be 
considered as having adS (equal to ABC) as its base, and the altitude of the frat 
pyrainid feqnal to the altitude of the priam) for its altitude, and hence ag 
equivalent to the given: pyramid. Therefore S-ABC is one third of the prism 
Sab-ABC. But the volume of the prism is Hox area ABC, Therefore the 
volume of the pyrumid S-ABC is 4 H x area ABC. Q. B.D. 


§21. Corn. 1.—The valume of any pyramtd is equal to one-third 
the product of tts base and altitude. , 





Dem.—Since any pyramid can be divided Into trian- 
gular pyramids by passing planes throngh any one edge, 
as SE, and each of the other edges not adjacent, as SB and 
SC, the volume of the pyramid is equal to the sum of the 
volumes of several triangular pyramids having the same 
altitude as the given pyramid, and the sum of whose bases 
ia the base of the given pyramid. Hence the truth of the 


corollary. : 


Fra. 821. 


522. Cor. 2.—Pyramids having equivalent bases 
are to each other as their altitudes ; auch as have equal altitudes 
are to each other as their bases; and, in gencral, pyramids ate 
to each other as the products of their bases and altitudes. 











* Not drawn in the figure, lest {t might confuse. 
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PROPOSITION VIL 


523. Theorem.— The volume of the frustum of a triangular 
‘pyramid is equal to the volume of three pyramids of the same 
altitude as the frustum, and whose bases are the upper base, the lower 
base, and a mean proportional between the two bases of the frustum 


Dem.—Let abe-ABC he the frustum of a triangu- 
lar pyramid. Through ad andC passa plane cutting 
off the pyramid C-abe. This has for its base the 
upper base of the frustum, and for its altitude the 
altitude of the frustum. Again, draw Ad, and pass 
a plane through Ad and dC, cutting off the pyramid 
b-ABC, which has the same altitude as the frustum, 
and for its base the lower base of the frustum. 
There now remains a third pyramid, 5-ACa, to be ex- 
amined. Through 6 draw dD parallel to @A, and 
draw DC and aD. The pyramid D-ACa is equiva- 

Fiu. 312 lent to b-ACa, since it has the same base and the 

same altitude. But the former may be considered as 
having AOC for its bnse, and the altitude of the frustum for its altitude, ¢ ¢., 
as pyramid a-ADC. We are now to show that ADC is a mean proportional 
between ade and ABC. : 
ABC : ale :: AB’: ab :: AB’ : AD’ (?). 

Also, ABC : AOC :: AB : AO (?):; 
whence ABC’ : ADC’ :: AB’ : AD* (9). 
By equality of ratios, ABC : ade :: ABC’ ; ADC’; 
‘whence ADC’ = abe x ABC, i. ¢., AOC is a mean proportional between the 
upper and lower bases of the frustum. 


S24. Cor—The volume of the frustum of any pyramid is 
equal to the volume of three pyramids having the same altitude as 
the feustum, and for bases, the upper base, the lower base, and a 
wean proportional betiween the bases of the frustum. 


For, the frustum of any pyramid is equivalent to the corresponding frustum 
of a triangular pyramid of the same altitude and an equivalent base (!); and 
the bases of the frustum of the triangular pyramid being both equivalent to 
the corresponding bases of che given frustum, a mean proportional between 
the triangular bases is a mean proportional betwoen their equivalents. 








+ 


/ 
PROPOSITION VIIL . 

525. Theorem.—The volume of a cone of revolution is equal to 

one-third the product of tls base and altitude ; i. ¢., 4xR*"H, R being 

the radius of the baes and H. the altitude. 
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Dem.—This follows from the volume of a pyramid, by a course of reasoning 
precisely the same as in (515). The volume of a pyramid being equal to one- 
third the product of the base and altitude, and the cone being the limit of 
the pyramid, the volume of the cone is one-third the product of [ta base and 
altitude. Now, R being the radina of the base of a cone of revolution, the 
base (area of) is xR’, whence 4xR'H is the volume, H being the altitude. 

526, Cor. 1—The volume of any cone is equal to one-third the 
product of its base and altitude, 


527. Cor. 2.—The volume of the frustum of a cone is equal to 
the volume of three cones having the same altitude as the frustum, 
and for bases, the upper base, the lower base, and a mean propor 
dional between the two bases of the frustuin. 


The truth of thia appears from the fact that the fruatum of a cone te the 
limit of the frustum of a pyramid. 





PROPOSITION IX. 


528. Theorem.— The lateral surfaces ‘of similar right pyra- 
mids are to each other as the squares of their homoloqaus edges, their 
slant heights, and their altitudes ; i.e, aa the aquarer of any two 
homologous dimensions. 


Dew.—Let A and a be homologous sides of the bases of two similar right 
pyramids, H' and 2’ their slant heights, Wo and A their altitudes, and P apd p 
the perimeters of their bases; then— * 

(1) Pips: Aca, because the bases are similar polygons; es 
(2) A:a:: 1’: 7’, because the faces are similar triangles ; 
(3) H': 4s: HA). 
Whence, P:p::H’:&; 
and, as VE GAY A: 2’, 
multiplying, we have §P«x HW’: pp Aus WAM At ats: ED: AS But 
bP x H’ and } px A’ are the areas of the lateral surfaces. 





PROPOSITION X. 


529. Theorem.—The convex surfaces of similar cones of revor 
lution are to each other as the squares of their slant heights, the radtt 
of their bases, and their altitudes ; i.e. as the squares of any two ho- 
mologous dimensions. 

Deu.—Let H' and A’ be the slant heights of two similar cones of revolstion,’ 


R and ¢ the radii of their bases, and H and A their altitudes; thelr convex 
sarfaces are xRH’ and sri’. Now, since the cones are similar R: r:: HW: k., 
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Multiplying the terma of this proportion by the a terms of 2H’: 
wh’ =: Wh’, we have— 

WR : arh’ ss Hh". 
flence the convex surfaces are as irs des Wate of the slant heights, and since 
Riri WM:hil Neh (9), FR? : : HY: kh? :: H?: h?; and consequently 
WR s xr Wars Heh 





PROPOSITION XI. 


530. Theorem.—The volumes of similar pyramids are to each 
other as the cubes of their homologous dimensions. 


Demu.—Letting A und a be homologous sides of the bases of two similar 
pyramids, DB and 6 their bases, and H and 24 their altitudes, the student should 
be able to give the reasons for the following proportions : 

Bibs: At sa? ss He: 3. 
SU dhs: Asa: Hick. 
Whence 4B: 404::;A%: @ IP sh Qo p. 


| 





PROPOSITION XII. 


631. Theorem.—The volumes of similar cones are tocach other 
as the cubes of their altitudes, or as the cubes of the radii of thetr 
basen. 


Dem. Rand r being the radii of their bases, and H and A thelr altitudes, 
Res rss ® : A® (9), and R®:r* ss HP AP 
Also, SwH sAwA i TA. 
Multiplying, ke RH : lark >: B®: A’, oras R*: rr, Q. B.D. 





EXERCISES. 


1. What is the area of the lateral surface of a right hexagonal 
pyramid whose base is inscribed in a circle whose diameter is 20 feet, 
the altitude of the pyramid being 8 feet? What is the volume of 
this pyramid ? 

2. What is the area of the lateral surface of a right pentagonal 
pyramid whose base is inscribed in a circle whose radius is 6 yards, 
the slant height of the pyramid being 10 eal he is the vol- 
ume of this pyramid ? 


_ 8. How many quarts will a can contain, whose antiv height is 10 
‘#uchea, the body being a cylinder 6 inches in diameter and 6} inches 
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high, and the top a cone? How much tin does it take ta make auch 
a can, allowing nothing fur waste and the seams ? 


4. If very fine dry sand ia piled upon a smooth horizontal surfaces, 
without any lateral support, the angle of slope (hoe. the angle of 
inclination of the sloping side of the pile with the plane) is about 3b. 
Suppose two circles be drawn on the floor, one 4 fect in diameter and 
the other 3, and sand piles be made as large as possible on these cir- 
clea aa bases, no other support bang piven. What is the relative 
magnitude of the piles ? 


& In the case of sand piles. as given in the ast example, the mtio 
of the nalius of the base to the altitude of the pile is g. 0 How many 
enbie fect in each of the above piles ? 


~ 


6. The frastum of a right pyramid was 72 feet square at the lower 
base and 45 at the upper; and its altitude was 60 fect. What was 
the lateral surface ? What the volume ? 


THE STUDENT SHOULD FURNISH A SYNOPSIS OP EACH SECTION AT 
ITS CLOSE. 


orien 6 2s a © QR... 


SECTION FT. 


OF THE SPHERE ® 


532. A Sphere ian solid bounded by a surface every point in 
which is equally distant from a point within called the Ceot(re, The 
distance from the centre to the surface is the Radius, and a line 
passing through the centre and limited by the surface is a Liameter. 
The diameter is equal to twice the radius. 


TRAN A GURNEE LEENA Tn na we tates 1s. cenhte BBA air 8 walk onlin a TEeh ST 


© A epherical blackboard je almost fadispeasable tn teaching thie eection, as well ae in 
teaching Spherical Trigonometry. A sphere aboat 2 feet in diameter, mounted ons pedestal, 
and having ite surface sated or painted as a blackboard, is what te neeled. It can be ob 
tained of the mansicturers of schoul apparates. or made in any goud taruing-ehp. 
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CIRCLES OF THE SPHERE, 





PROPOSITION I. 


533. Theorem.—LHvery section of a sphere, made by a plane, ts 
a circle. 


Dem.—Let AFEBD be a section of a sphere 
whose centre is O, made by 4 plane; then is it a 
circle. 

For, let fall from the centre Oa perpendicular 
upon the plane AFEBD, as OC, and draw CA, CD, 
CE, CB, etc., lines of the plane, from the foot of the 
perpendicular to any points in which the plane 
cuts the surface of the sphere. Join these points 
with the centre, O, of the sphere. Now, OA, OD, 
OB, OE, etc., being radii, are equal; whence, CA, 

Fis, 313. CO, CB, CE, ctc., are equal; ¢e¢., every point in the 
line of intersection of a plane and surface of a 
sphere is equally distant from a point in this plune. Hence, the intersection is 


acircle. Q. KE. D. 


534. Der—A circle made by a plane not passing through the 
centre isa Small Circle; one made by a plane passing through the 


centre is a Great Circle. 





535. Cor. 1.—A perpendicular from the centre of a sphere, upon 
any small circle, pierces the circle at its centre; and, conversely, a 
perpendicular to a small circle at tts centre passes through the centre 
of the sphere. 

536, Der.—aA diameter perpendicular to any circle of a sphere 
is called the zis of that circle. The extremities of the axis are 
the /oles of the circle. 


537. Cor. 2.—The pole of a ctrele ts equally distant from every 
point’ in tis circumference. 
The etudent should be able to give the reason. 


538. Cor. 3—Fvery circle of a sphere has two poles, which, in 
case of a great circle, are equally distant from every point tn the cir- 
cumference of the circle; but, in case of a small circle, one pole ts 
nearer any point in the circumference than the other pole ts. 


DISTANCES ON THR SURFACE OF A SPHERE, M11 


539. COR. 4—A small circle ts less as ila distance from the cen- 
tre of the sphere is greater. 


For, its diameter, being a chord of a great circle, in lesa ns it is farther from 
the centre of the great circle, which is also the centre of the sphere, 


SLO, Con. .—11 great circles of the same aphere are equal, their 
radii being the radius of the sphere 





PROPOSITION IL 


541. Theorem.—Any great circle divides the aphere into two 
egual parts called Hemispheres. 


Dew. —Conceive a sphere as divided by a great circle, i ¢, by a plane passing 
Wirouch its centre, and Jet the great circle be considered as the base of each 
portion. These bases being equal, revere one of the portlons and conceive 
its buse placed in the base of the other, the convex surfaces being on the same 
side of the common hase. Since the bases are equal circles, they wall coincide, 
and since every pointin the convex surface of each portion in equally distant 
from the centre of the common base, the convex surfaces will comcide. Phere 
fore, the portions coincide throughout, and are consequently equal g. B.D. 





PROPOSITION Tf. 


542. Theorem.— The intersection of any treo great circles of a 
sphere ia. a diameter of the aphere. 

Dew.—The intersection of two planca iva stenight line; and in the case of 
the two great circles, as they both pass Girongh the centre of the sphere, thin ta 
one point of their intersection, Hence, the intersection of two great circles of 
a sphere is a straight line which passes Uirough Use centre. qQ Kv, 

543. Con—The intersections on the surface of a sphere of ttoo 
circumferences of great circles are a semt-circumfrrence, or 180°, 
aparl, since they are at oppusite extremities of a duaneter. 





DISTANCES ON THE SURFACE OP A SPHERE. 


S44. Distances on the surface of a sphere arc always to be undcr- 
stood as measured on the arc of a great circle, unless it is otherwise 
stated. 
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PROPOSITION IY. 


545. Theorem.—The distances, measured on the surface of a 
sphere, from a pole to all points in the circumference of a circle of 
which vt rs the pole, are equal. 


Dem.—Let P be a pole of the small circle AEB ; 
then are the arcs PA, PE, PB, etc., which measure 
the distances on the surface of the sphere, from P 
to any points in the circumference of circle AEB, 
equal. For, by (3.37), the straight lines AP, PE, 
PB, etc., are equal, and these equal chords subtend 
equal arcs, as arc PA, arc PE, arc PB, etc., the preat 
cireles of which these lines are chords and arcs 
belng equal (540). Thus, for like reasons, arc 
Fi. 314. P’QA = arc P’LE <: arc P'RB, etc. 





846. Con.—The distance from the pole of a great circle to any 
point in the circumference of the circle is a quadrant (a quarter of a 
circumference). 


Since the poles are 180° apart (being the extremities of a diameter), PAQP’ = 
PELP’ = asemicircumference. But, in case of a great circle, chord PL = chord 
PL (= chord P@ == chord P’Q), whence are PEL = arc P’*L = arc PAQ = are 
P’Q. Hence, each of these arcs is» quadrant. 

547. Scu.—By means of the facts demonstrated in 
this proposition and corollary, we are enabled to draw 
arcs of small and great circles, in the surface of a sphere, 
with nearly the same facility as we draw arcs and 
lines in a plane. Thus, to draw the small circle AEB, 
we take an arc equal to PE, and placing one end of it 
at P, canse a pencil held at the other end to trace the 
arc AEB, etc. To describe the circumference of a great 
circle, a quadrant must he used for the arc. By bend- 
ing a wire into an arc of the circle, and making a loop 
in each end, a wooden pin can be put through one loop and a crayon through 

the other, and an arc drawn as represented in the figure, 





Fre. 315. 





PROPOSITION Y. 


548. Problem.—To pass a circumference of @ great circle 
through any tio points on the surface of a sphere. 


DISTANCES ON THE SURFACE OF A SPHERE. 918 


BSoittion.—Let A and B be two points on the aur. 
face of a sphere, through which It is proposed to pass a 
circumference of a great circle. From B asa pole, with 
an are equal to a quadrant, strike an are va, as nearly 
where the pole of the circle passing through A and B 
lies, as may be determined by inspection. Then, from 
A, with the same are, strike an are af intersecting on at 
P. Now, P ts the pole of the great cirele passing through 
Aand 8B. Hence, from P aaa pole, with a quadrant are 
draw a circle; it will pass through A and B, and will Bia 16 
be a yreat circle, since ite pole is a quadrint’s distance 
from ita circumference. [The student should make the construction on tie 
spherical blackboard. } 





549, Con L—Throngh any twa points on the surface of a aphere, 
one great circle® can alicays be made to pasa and only one, ercepl 
when the tira points areal the ertremition of the same diameter, tn 
hich case an tnyinite number of yreat etretes can be passed throngh 
fhe fra porns. 


Since the ares on and af are ares of grent circles, the circumferences of which 
they form parts will intersect also on the opposite side of the sphere, ata dds. 
tance of a semicircumference from P) But these two polnta are poles of the 
anne vrest circle, Now, asthe two great cireles can intersect at soother podivts, 
there can be only one great cirele passed through A and Bo Dott the two 
given points were at the extremities af the same diameter, as nt O ant CO. the 
arce afund en would coincide, and aag point in this corcumfercnee being taken 
axon pele, great circles can be drawn Ciongh O and ©. [The student ahouled 
trace the work on the aepherical blackboard | 


S50, Scn.—The trath of the corollsry in alka evident from the fact that 
three points not in the same straight tine determine the poation of a plane, 
Thos A, B, and the centre of the sphere, fix the position of ane, aud only one, 
great circle passing through A and 8B. Moreover, if the two given points are at 
the extremitics of the same diameter, they are in the same atralght line 
with the centre of the sphere, whence an infinite number of planea can be 
passe! through them and the centre. The meridians on the earth's surfaes af 
ford an example, the poles (of the equator) being the given points, 


551. Cor. 2.—TIf tero points in the circumference of a great circle 
of a aphere, nut at the eztremilus of the same diameter, are ut a 
quadrant’s distance from a point on the surface, that point in the 
pole of the circle. 


AR OTR REE AUR. ES ApoE RAEN OIE ele DUE mE To Ee ik ot vo aN 


* The word circle may be andersined to refer either to the cieele proper, on to ita cle 
cumierence. The word is in constant use ip the higher mathematica, in the latter sense, 
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PROPOSITION V1. 


552. Theorem.—The shortest distance on the surface of a 
sphere, between any two points in that surface, 1s measured on the arc 
less than a semicircumference of the great circle which joins them. 


Deu.—Let A and B be any two points in the sur- 
face of a sphere, AB the arc of a great circle joining 
them, and AmCnB any other path in the surfuce he- 
tween A and B; then is arc AB Jess than AmC7B. 

Let C be any point in AsCnB, and pass the arcs of 
great circles through A and C, and B and C. Join A, 
B, and C with the centre of the sphere. The angles 
AOB, AOC, and COB form the facial angles of a trie- 
dral, of which angles the arcs AB, AC, and CB are the 

Fia. 317. measures, Now, angle AOB < AOC + COB (-4.3-4); 
whence arc AB < are AC + arc CB, and the path from 
A to Bislesa on are AB than on arcs AC, CB. In like maaner, joining any point 
fn AmC with A and C by arcs of great circles, their sum would be greater than 
AC. So, also, Joining any point in CvB with C and B, the sum of the arca 
would be greater than CB. As this process is indefinitely repeated, the path 
from A to B on the arcs of the great circles will continually increase, and also 
continually approximate the path AwC.B. Hence, arc AB is Jess than the 
path AmCnB. y. E. D. 


553, Con.— The least are of a circle of a sphere joining any 
fwo points tn the surface, is the are less than 
a semicircumference of the great circle pass- 
sug through the points ; and the greatest are 
ts the circumference minus this least arc. 
Deu.—Let AmBn be any small circle passing 
through A and 8, and ABDoCS the great circle. As 
shown above, ApB < AwB. Now, circumference 
ABOcC > circumference AmBa (S39). Subtracting 
Pia. 318. the former inequality from the latter, we have 
BDoCA > Brad. Q. BE D. 











PROPOSITION Vil. 


554. Theorem.— Tie shortest path on the surface of a hemt- 
sphere, from any point therein to the circumference of the great circle 
forming tts base, is the arc less than a quadrant of a great cirele per- 
pendicular to the base, and the longest path, on any arc of @ great 
circle, is the supplement of this shortest path. 


SPHERICAL ANGLES. q18 


Deu.—Let P be a point in the aurface of the bhemi- 
sphere whose base is ACBC’, and OPmD’ an are of a 
great circle passing through P and perpendicular to 
ADCBC’: then is PD the shortest path on the surface 
from P to circumference ADBC’, and PmD’ is the 
longest path from P to the circumference, measured 
oo the arc of a great circle. 

For, the shortest path from P to any poipt in cir- 
cumference ADBC’ is measured on the arc of a great 
circle (6.52). Now, let PC be any oblique are of a Fis. 339, 
greatcircle. We will show thatare PD < are PC. Pro- 
duce PD until OP’ - PO, and pass a great cirele through P and C. Draw the 
radii OP, OD, OC, and OF. The triedrals O-POC and O-P’OC have the factal angle 
POO = P’OD, they being measured by equal area, and the facial angle OOC com. 
moa. Hence, ag the included dicdrals are equal, both being right, the tricdrals are 
eqnal or symmetrical (446). In this case ticy are symmetrical, and the facial 
angle POC = P’OC; whence the are PC = are PC. Finally, since PC + P'C > 
PP’, PC, the half of PC 4 P’C, is greater than PO, the balf of PP’. 

Secondly, PmO’ is the supplement of PO, and we are to show that iC bs greater 
than any otber are of a great circle from P to the cireumterence ADBC’, Lat 
Pat’ be any arc ofa great circle oblique to ADCBC’ Produce CP to C. Now 
CPx’ in 2 semicircumference and consequently cqual to OP m0". But we have 
before shown that PD < PC, and subtracting these from the equals CPr’ aad 
OPmD’, we have Pad’ > PrC’. 


555. Con—From any point in the surface of a hemisphere there 
are lwo perpendiculars tu the circumference of the qreat circle which 
forms the base of the hemispheres one af which perpendientars 
PURE the least distance to that CIPCUMPETE NET, and the other the 
greatest. an the arc of any great circle of the xphere, 





Thas PD and PmD’ arc two perpendiculars from Po upon the clrceumference 
ADBC’. 


SPHERICAL ANGLES, 


556. The angle formed by two arcs of Cc’ 
circles of a aphere ia conceived as the same 
aa the angle included by the tangents to 
the arcs ut the common pvint. 


InL.—Let AB and AC be two arcs of circles of 
the sphere, meeting at A; then the angle BAC is 
conccived as the same as the angle B’AC’, B’A 
being tangent to the circle BADm, and C’A to the 
circle CAEs. Fic. 890. 
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557. A Spherical Angle is the 


angle included by twoarcs of great circles. 


I1.1.—BAC, Fig. 321, is u spherical angle, and is 
conceived as the same as the angic B’AC’, B’Aand 
C’A teing tangents to the great circles BADF and 
CAEF. [The student should not confound such an 
angle as BAC, Fig. 320, with a spherical angle.) 





Fis. 321. 





PROPOSITION VIU. 


558. Theorem.—aA spherical angle ix equal lo the measure of 
the diedral included by the great circles whose ares form the sides of 
the angle. 

Dem.—Let BAC be any spherical angle, and 
BADF and CAEF the great circles whose arcs BA 
and CA include the angle; then is BAC equal to 
the measure of the diedral C-AF-B. For, since two 
great circles intersect in a diameter (342), AF is 
a diameter, Now BA is a tangent to the circle 
BADF, that is, it lics in the same plane and is per- 
pendicular to AO at A. In like manner C’A lies 
in the plane CAEF and is perpendicular to AO. 
Hence BAC’ is the measure of the diedral C-AF-B 
(426). Therefore the spherical angle BAC, which is the same as the plane angle 
BAC’, is equal to the measure of the diedral C-AF-B. @ B. Db. 





Fig. $22. 


559. Con. 1.—/f one of two great circles passes through the pole 
of the other, their circumferences intersect at right angles. 


Demw.—Thua, P being the pole of the great circle 
CABm, PO is its axis, and any plane passing through 
PO is perpendicular to the plane CABm (427). 
Hence, the dicdral B-AO-P is right, and the spheri- 
cal angle PAB, which is equal to the measure of the 
diedral, is also right, 


560. Con. 2.—A spherical angle ts menas- 
ured by the are of a great circle intergepted 
waa between tts sides, and at a guadran#e dis- 
tance from tés vertex. 
Thus, the spherical angle CPA ts measured by CA, PC and PA being quad- 
rants. For, since PC is a quadrant, CO is perpendicular to PO, the edge of the 
diedral C-PO-A, and for a like reason AO le perpendicular to PO. Henoe, COA 


ia the measure of the diedral, and consequently CA, ite measure, is the measure 
of the spherical angle CPA. 
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561. Cor. 3.—The angle included by tiea ares of small circles is 
the same as the angle tneluded by two ares of yreal circles passing 
through the verter and having the same tangents. 


Thus BAC = B’AC”. For the angle BAC is, by 
definition, the same as B’AC', B’A and CA beng 
tangents to BA and CA. Now, passing planes 
through C’A, B’A, and the centre of the sphere, 
we have the arcs B’A, CA, and BVA, C’A tangents 
tothem. Hence, B’AC” is the same as B‘AC‘, ancl 
consequently the same as BAC. 





562, Scu.—To draw an are of a great etrele 
tohich shall be perpendienlur lo another» or, what Fie. st 
ts the same thing, to conatruet a right spherical angle Vet it We required to erect 
an arc ofa creat circle perpendicular to CAB at A, Fig. a3. Lay off from A, on 
the arc CAB, a quadrant’s distance, ag APY, and from Poa a pole, with a quad. 
runt describe an are passing through AL This will be the perpendicular required, 

In a similar manner we may Jet fall a perpendicular from any point ia the 
surface, upon any are of a great circle. To let fall a perpendicular from P! upon 
the arc CAB, from P’ as a pole, with a quadrant deseribe an are cutting CAB, 
as at P’. Then from P’ as a pole, with a quadrant describe an nee passing 
through P" and cutting CAB, and it will be perpendicular to CAB. [The ata. 
dent should have practice in making these constructions on the sphere | 


PROPOSITION IX. 


563. Problem.—To pass the circumference of a small circle 
through any three points on the surface of a sphere. 


Souurion.—Let A, B, and C be the three pointa in the surface of the sphere 
through which we propose to pasa the circumference of 
acircle. Pass area of great circles through the points, 
forming the spherical triangle ABC, Thus, to pass an 
arc of « yreat circle through B and C, from B asa pole, eats 4 
with a quadrant strike an arc as near as may be to the a ne Ace ers 
pole of the required circle; and from C aaa pole, with ; 
the quadrant strike an arc intersecting the former, aa at * 
P. then is P the pole of ao great circle passing through Be. 
B and C (%) Hence, from P asa polo, with a quadrant ee 
pass an are through B and C, and it will be the arc re- Fs. SS. 


ulred (682). In like manner pass arcs through A and 
C. A ae Now, bisect two of these arcs, as BC and AC, by arca of great 


is oe Phratinn,, 
y 
- 


Ye 


on 
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circles perpendicular to each. [The student will readily perceive how this is 
done.] The intersection of these perpendiculars, 0, will be the pole of the small 
circle required (’). Then from 9, as a pole, with an arc 0B draw the circum- 
ference of u sinall circle: it will pass through A, B, and C (9), and hence is the 
circumference required. 


OF TANGENT PLANES, 


G4. A Tangent Plane to a curved surface at a given point 
is the plane of two lines respectively tangent to two plane sections 
through the point. 


Inu.—Let P be a point in the curved 
surface at which we wish a tangent 
plane. Pass any two plancs through 
the surface and the point P, and Ict OPQ 
and MPN represent the intersections of 
these plancs with the curved surface. 
Draw UV and ST in the planes of the 
sections, and tangent to OPQ and MPN, 
at P.) Then is the plane of UV and ST 
the tanvent plane at P. 





PROPOSITION X. 


565. Theorem.—A tangent plane to a sphere is perpendicular 
fo the radius at the point of tangency. 


Deu.—Let P be any point in the surface 
of a sphere; pass two great circles, as PaA, 
etc.,, and PmAR, through P, and draw ST 
langent to the arc mP, and UV tangent to the 
arc aP; then is the plane SVTU a tangent 
plane at P, and perpendicular to the radius 
OP. For, a tangent (as ST) to the arc mP is 
perpendicular to the radius of the cirele, f. ¢., 
to OP, and also a tangent (as VU) to the arc aP 
is perpendicular to the radius of ths circle, 
g¢.,to OP. Hence, OP is perpendicular to 
two lines of the plane SVTU, and conse- 
quently to the plane of these lines (?). 
Q. BPD. 





Cor. 1.-—£very potat in a tangent plane to a 
the point of tangency, ts without the sphere. 
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For, OP, the perpendicular, is shorter than any line which can be drawn 
from O to any other point in the plane (°), hence avy other point in the plane 
than P lies farther from the centre of the sphere than the length of the radius, 
and is, therefore, without the sphere. 


567, Corn. 2—A langent through p to asy circle of the sphere 
passing through this point, lies in the tangent plane. 


Dem.—Thus MN, tangent to the small circle PARA through P, lies in the 
tangent plane. — For, conceive the plane of the small circle extended Gl it in- 
tersects the tangent plane, This intersection is tangent to the small circle, 
since it touches it at one point, but cannot cut it; otherwise the tangent plane 
would have another point than P commen with the surface of the sphere, But 
there can be only one tangent toa circle ata given point, Hence this intensee- 
tion is MN, which is consequeutly in the tangent plane. 





OF SPHERICAL TRIANGLES, 


568. A Spherical Triangle is a portion of the surface of a 
Bphere hounded by three ares of great circles. Tne the present treatise 
these ares will be considered as cach Jess than a sxemicireumfer. 
ence. 

The terms scalene, isosceles, equilateral, right angled, and oblique 
angled, are applied to spherical triangles in the suine manner os to 
plane triangles. 





PROPOSITION XI. 


569. Theorem.— The sion of any lwo sides of a aspherical tri- 
angle is greater than the third side, and their difference 18 less than 


the third side. 


Deu.— Let ABC be any spherical triang'c, then is 
BC < BA + AC, and BC — AC < BA; ani the same is 
true of the sides in any order. For, join the vertices A, 
B, and C, with the centre of the aphere, by drawing AO, 
BO, and CO. There is thus formed a tricdral a f= 
whose facial angles are measured by the sides o a. ee 
the triangle (209). Now, angle BOC < BOA+aA0Cc °° gl 
(434), whence BC < BA + AC: and subtracting AC - 8 
from both mimnbers, we bave BC — AC < BA. Fin. 28. 
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PROPOSITION XIL 


370. Theorem.—The sum of the sides of a spherical triangle 
may be anything between 0 and a tircumference. 

Den.—The sides of a spherical triangle are measures of the facial angles of a 
triedral whose vertex is at the centre of the sphere. Hence their sum may be 
anything between 0 and the measure of 4 right angles, as these are the limits 
of the sum of the facial angles of a tricdral (4.36). 

671. Scn.—As the aides of a apherical triangle are arcs, they can be meas- 
ured in degrees. Hence, we speak of the side of a spherical triangle as 30°, 
67 ,115° 10’, ete. In accordance with this, we say that the limit of the sum of 
tLe sides of « spherical triangle ts 360". 





PROPOSITION XIIL 


572. Theorem.— The sum of the angles of aspherical triangle 
may be anything between two and sie right angles. 

Dew.—The sum of the angles of aspherical triangle is the same as the sum 
of the measures of the diedrals of a triedral having its vertex at the centre of 
the aphere, as in (569) Now the fimits of the sum of the measures of these 
Wedrals are 2and 6 night angles (4.39) Hence the sum of the angles of any 
spherical triangle may be anything between 2 and 6 right angles. Q. &. b. 

578. Sou—It will be observed, that the sum of the angles of a spherical 
triangle is not constant, as is the sum of the angles of a plane triangle. Thus, 
the sum of the angles of a spherical triangle may be 200), 290", 350 , 500°, any- 
thing between ESO) and 540. 


S74. Der —Spherical Earceas is the amount by which the 
sun of the angles of a spherical triangle exceeds the sum of the 
angles of a plane triangle; © @, it is the sum of the spherical angles 
— 180", or w. 


Int.—It is not difficult to observe the occasion of this ercees in the case of the 
equilateral spherical triangle. Thus,let ABC be such a triangle. Conceive the planc 


triangle formed by the chords AB, AC, and CB. 
SO 
pit c 


The sum of the angles of this plane triangle is 
| 180°. But each angie of the spherical triangle 
cs 






- ids larger than the corresponding angle of the 
plane triangle. Thus, the spherical angle BAC ia 
| the same as the plane angle C’AB’, included be 
ye tween the tangents C'A and B°A, which are per- 
* pendicular to the edge of the diedral C-AO-B, aad 
Fic, 329. include its measuring angle. Now, GAand BA 
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yeing different liner from C’A and B’A are oblique to the edge AQ, and in- 
slude an angle less than its measure, and consequently less than CAB. For 
a like reason the plane angle ACB < the spherical angle ACB, and plane angle 
ABC < spherical angle ABC. Moreover, it is easy to ace that the inequality 
between any plane angle and the corresponding spherical anyle increases as the 
chords BA and CA deviate more from the tangenta, Whence we sev why the 
sum of the angles of the spherical triangle is not a fixed quantity. 


575. COR—A spherical triangle may have one, two, or even Uhree 
right angles; and, tn fact, it may hare one, two, or three obtuse 
angles ; since, in the latter case, the sum of the angles will nol neces 
sarily be yreater than 540°. 


576. Dev —A Trirectangular Spherical Triangle is 
a spherical triangle which has three right angles. 





PROPOSITION XIV. 


577. Theorem.—The trirectanqular triangle is one-vighth of 
the aurface of a sphere. 


Dem.—Pass three planes through the centre of # sphere, respectively per- 
pendicular to each other. They will divide the A 
surface into 8 trirectangular triangles, any one of ee. 
which may be applied to any other. Thus, Irt 
ABA’B’, ACA’C’, and CBC’B’ be the great circles 
formed by the three planes, mutually perpendicu- 
lar to each other. ‘The planes being perpendicular 





to each other the diedrals, as A-CO-B, C-BO. A, c—_— os 
C-AO-B, etc., are right, and hence the angles of fae 9 / 
the § triangles formed are all right. Also, as AOB ™ ae 


is a right angie, AB is a quadrant; ns BOC is a 
right angle, CB is a quadrant, etc. Hence, cach 
side of every triangle is a quadrant. Now any one triangle may be applied to 
any other. (Let the student make the application. | Henee the tirectangular 
triangle is one-eighth of the surface of asphere. Q. KD. 


578. Cor—The trirectangular triangle ts equilateral and tla 
sides are quadrants. 


Fig. 39). 





PROPOSITION XY. 
579. Theorem.—In an isoxceles spherical triangle the angles 
opposite the equal sides are equal ; and, conversely, If two angles of 
a spherical triangle are equal, the triangle ts isoxceles. 
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Demu.—Lcet ABC be an isosceles spherical triangle in which AB = AC; then 
angle ABC = ACB. For, draw the radii AO, CO, and 
BO, furming the edges of the tricdral O-ABC. Now, 
since AB = AC, the facial angles AOC and AOB are 
equal, and the triedral is isosceles. Hence tho dic- 
drals A-OB-C and A-OC-B are equal (442), and con- 
acquently the spherical angles ABC and ACB are 
equal (558). Again, if angle ABC = angle ACB, side 
AC = side AB. For in the triedral O-ABC, the die- 
drals A-OB-C and A-OC-B are equal, whence the facial 
angles AOB and AOC sre equal (£-4.3), and conse- 
quently the sides AB and AC which measure these angles. 





Fra. 331, 


580. Corn —An equilateral spherical triangle is also equiangular ; 
and, conversely, Jf the angles of a spherical triangle ure equal the 
triangle t# equilateral. 





PROPOSITION XVI 


581. Theorem,—On the same or on equal spheres tio tsosceles 
triangles having two sides and the included angle of the one equal to 
two sides and the included angle of the other, each to each, van be 
auperimposed, and are consequently equal. 


Dew.—In the triangles ABC and AB'C’, let AB = AC, AB’ = AC’: and let 
AB -. AB’, BC = BC’, and angle ABC = ABC’; then 
can the triangle AB’C’ be superimposed upen ABC. 
For, since the triangles are isosceles, we have angle ABC 
=: ACB, AB'C’ = AC’B’, and, as by hypothesis ABC = 
AB’C’, these four angles are equal cach to each. Fora 
like reason AB == AC = AB’ = AC’. Now, applying 
AC’ to its equal AB, the extremity A at A and C’ at B, 
with the angle B’ on the same side of AB as C, the con- 
vexities of the arcs AC’ and AB being the same, and in 
the same direction, the arcs will coincide. Then, as 
angle AC’B’ = ABC, C’B’ will take the direction BC, and since these arcs are 
equal by hypothesis, B’ will fall at C. Hence B’A will fall in CA, as only one 
arc of a great circle can pass between C and A, and the triangle AB‘C’ is super. 
imposed upon ABC; wherefore they are equal. [Let the student give the 
application when other parts are assumed equal. ] 





Fig. 333. 





582. Symmetrical Spherical Triangles are such as 
have the parts (sides and angles) of the one respectively equal to the 
parts of the other, but arranged in a different order, so that the tri- 
angles are not capable of superposition. 
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Inn—In Fig. 333, ABC and ABC’ represent symmetrical spherical tri- 
avvies. In these triangles A = A,B = B,C = C, 
AC = AC’, AB = AB’ and BC = BC’. neverthe- 
leas We cannot conceive one triangle superimposed 
upon the other. Thus, were we to make the at 
tempt by placing A’B’ in its cqual AB, A’ at A, and 
B’ at B, the angle C’ would fall on the opposite srle 
of AB from C. Now, we cannot revolve ACB oon 
AB wor its chord), and Unus make the two caincide, 
for this would bring their convexives together 
Norcan we make them coincide by reversing ABC, 
and placing B’ at A, und A’ at B. For, sltheush 
these two ares will thus coincide, as the angle Boo 
not equal to A, BC’ will not fall in AC, and, aysan, 
if it did, C’ would not fallat C, since BC’ umd AC are 
not equal, 

But, considering the triangles ABC and ABC’ in 
Fa 34, in which A= A’, B =~ B,C C,AC 
AC, AB ~ A’B’, and BC ~ BC). we can readily 
conceive the latter ag superimposed upon the former. 
[The student should make the application Now, 
the two triangles are equal in cach ease, ae will 
subsequently appearof the former. Such triangles ns 
those in Pig. 353 are called aymmetricadiy equal, white 
the latter are anid to be equal by anperpoattin, 

Fig. 335 represents the same triangles as Fig. 334, 
and exhibits a complete projectlon® of the semicir- 
cumferences of which the sides of the trlangles are 
arca. The student should become perfectly familiar 
with it, and be able to draw it readily. Thus, caAB4 
is the projection of the semicircumference of which Pra th 
AB is an arc, cACec of the semicircumference of which AC is at arc, ete, ete, 








PROPOSITION XVII. 


583. Theorem —Synmetrical spherical (riangls are equiva- 
lent, 


wate we 





oe a Aen Aare 1a POS 





* To andervtand what is meant by the projection of theen lines, conceiso a hemlephere 
with ite baee on the paper, and represented by the circle abc, aud all thearce miecd up from the 
psper as they woold be on the surface of such s hemisphere. Thus, considering the are aABs, 
the ende a en 6 wonld be in the paper Just where they are, bat the reat of the are would be 
off the paper, as thongh you coald take bold of B and raise it from the paper while @ and 6 
remain Gxed. The lines in the figure are repreeentations of lines on the eurlace of euch « 
hemisphere, a2 they would appear to an cye eitusted je the axis of the circie ate, and at an 
infinite dietance from it; that is, jnuet as if each putat in the lines Cropped perpendicularly 
down upon the paper. Arcs of great circles perpendicular to the base are projected in straight 
lines passing through the centre, and oblique arcs are projected in cilipsve. tee Spherical 
Trigonometry (97-709). 
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Deu.—Let ABC and A’B’C’ be two symmetrical spherical triangles, with AB 
= AB’, AC = AC’. BC = B’C’, A= A’, B = B’, and C =C’; then are they 
equivalent. 

For, pass circumferences of small circles through the 


an Rang 
ro 





cS vertices A, B, C and A’, B’, C’, as ate and w'h'c’, of which 

a, ae oe ound’ are the poles. [The student should execute this 
he wo on the spherical blackboard.] Now, by reason of the 
“O- mutual equality of the sides, the chord AC = chord A’'C’, 

r \a' chord AB = chord A’B’, and chord BC = chord BC’, and 

ce (7 us the small circles are circumscribed about the equal 

ae 24 plane triangles ABC and A’B’C’, these circles are equal. 
ic wae. Hence, oA = o'A’ = 0B = o’B’ = 0 = oC’. The tri- 


angle AvB is therefore equal to A’o’B’, BoC = B’o’C’, and 
AoC = AWC’. (The student should make the application of these equal tri- 
angles.] Henec, ABC is cquivalent to A‘B’C’, as the two are composed of equal 
parta, 
If the poles of the small circles fell without the given triangles, ABC would 
be equivalent to the sum of two of the partial triangles minus the third. 


PROPOSITION XVIIL 


584. Theorem.—On the same or equal spheres, two spherical 
friangles having two sides and the ineludrd angle 
of the one equal to two sides and the included 
angle of the other, each to vach, are equal, or sym: 
metrical and equivalent, 


Drem.—Let ABC and A’B’C’, Fig. 337, be two spherical 
triangles having AB = A’B’, AC = AC’, and A = A’ In 
this case,as the partsare similarly arranged, by placing AC 
in its equal A’C’, AB will fall in its equal AB’ (ax A := AY), 
and the two triangles will coincide. Hence, they are equal. 
Aguin, let the two triangles be ABC and A‘B’C’, Fig. 338, 
in which AB = A’B’, AC = A’C’, and A = A’, the parts 
not being similarly arranged, so that the triangles are 
incapable of superposition. Thus, if AB is placed in its 
equal A’B’, A at A’, and B at B’,C and C’ will fall on 
opposite sides of AB. We may, however, construct ABC, 
Fig. 337, symmetrical with A’B’C’ in this figure, and ap- 
ply ABC of Pig. 838 to it, and find that they coincide. 
Now, ABC, Fig. 887, and A’B’C’, Fig. $38, are equivalent 
(S83); hence ABC, Fig, 388, ls equivalent to A’B’C’, 
F¥ig. 388. 


585. Scn.—This proposition is virtually the same as (446) concerning trie 
drals. Thus, in /¥g. 837, drawing the radii AO, BO, CO, A’O, B’O, and C’O, two 





Fig. 37. 
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triedrals are formed, having the facial angle AOB = A‘OB, AOC .. a’oC’, 
the included diedrals equal, and the parte similarly disposed, whenee the trie 
drals are equal, In hike manner the tricdral O-ABC, Airy, SS, is syminetrical 
and equivalent to OABC, Fig. S38. Hence, in elther case, all the parts of 
one spherical (rangle are equal to all the parts of the uther, cach to each, 





PROPOSITION XOX. 


586. Theorem.—On the same, or on eque! spheres, tien sper’. 
cal triangles having leo angles and the included side of the one equal 
fo treo anales mul the included side of the other, cach ta cach, ave 
equal, or symmetrical and eqricatent, 

Dero -- Using the same triangles as in the preceeding proposition, the student 
should te able to make the application directly, when the parta are similarly 
disposed and when not similarly dispowd be shold be able to shew that 
ABC. of Fig. SUS, can be applied to ABC, Ai) 337, syanmetrieal with ABC’, 
Fig. 338. 

587. Sci This proposition is also virtually the same as (447) concerning 
triedrals. Let the student point out the identity. 





PROPOSITION XX. 


588. Theorem.—On the sane, or on equal apherea, if tio 
spherical trianglea have tivo sides of the one equal to two sides of 
the other, each ta each, and the included angles unequal, the third 
sides are unequal, and the greater third aide belongs to the triangle 
having the greater included angle. Conversely, If the tivo aiden are 
equal, earch ly cach, and the hird sides unequal, the anglea included 
by the equal sides are unequal, and the greater belongs to the triangle 
having the greater third side. _— 


Dem.—In the triangles ABC,and A’B‘C, Iet AB = A’B’, 
AC =A’C’ and A> A’; then is BC>. BC’. Por, Join the 
vertices with the centre, forming the two triedrals O-ABC 
and O-A’B'C’. In these triedrais AOB = A’OB’, AOC |; , 
= W’OC’, being measured by equal arcs; and C-A0-B (5 
> C’-A’O-8", having the same measures a A and A’ (558). 
Hence COB > C’O8’ (449). Therefore CB, the measure 
of COB, is greater than C’B’, the measure of C’OB". 

In like manner, the same sides of the triangles, and con- Fie 33. 
pequentiy the same facie! angles of the triedrals, being granted equal, and 
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BC > BC’, A> A’. For, BC being greater than B’C’, COB > C’OB’; whence 
B-AO-C > B’A'0-C’ (450), or A is greater than A’. 





PROPOSITION XXI. 


589. Theorem.—On the same, or on equal spheres, two spheri- 
eal triangles having the sides of the one respectively equal to the sides 
of the other, or the angles of the one respectively equal to the angles 
of the other, are equal, or symmetrical and equivalent. 


Dew.—The sides of the triangles being equal, the facial angles of the triedrals 
at the centre are equal, whence the triedrals are equal or symmetrical (46 2). 
Consequently the angles of the triangles are equal, and the triangles are equal, 
or symmetrical and equivalent. 

Again, the triangles being mutually equiangular, the triedrals have their 
diedrals mutually equal; whence the triedrals are equal or symmetrical (452). 
Therefore, the sides of the triangles are mutually equal, and the triangles are 
-egnal, or symmetrical and equivalent. (See Figs. 338, 334.) 





PROPOSITION XXIL 


590, Theorem.— On spheres of different radii, mutually equi- 
engular triangles are similar (not equal). 


Dem.—Let O be the common centre of two un- 
equal spheres ; and Jet ABC be a spherical triangle 
on the surface of the outer. Draw the radii AO, BO, 
and CO, constructing the triedral O-ABC. Now, 
the intersections of these faces with the surface of 
the inner sphere will constitute a triangle which is 
mutually equiangular with ABC. Thus, A = a, 
B = 6, and C = ¢, since in each case the correspon- 
ding diedrals are the same. From the similar sec- 
tors aQb, AOB, we have ab : AB :: aO : AO; and, 

Fra. 34). in like manner, ae: AC:: aO: AO. Whenee, ad: 
AB :: ae: AC. &o, also, ab : AB :: 30 : BO, and 
be: BC: : 10: BO; whence, ad : AB :: de: BC. Thus we see that ABC and 
ade, having their angles equal each to each, have aleo their sides proportional : 
.therefore they are similar. 








POLAR OR SUPPLEMENTAL TRIANGLES. 


59 1. One triangle is polar to another when the vertices of one 
re the poles of the sides of the other. Such triangles are also 
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+ 


called supplemental, since the angles of one are the supplements of 
the sides opposite in the other, as will appear hereafter. 


PROPOSITION XXUIU, 


592. Problem .—Hacing a spherical 
trianale given, to drate tts polar. ' 
ay 
Roietion — Let AB be the given triangle. © From / nee 
Aasapole, with a quadrant strike an arc, as CB. 
Fran Boas a pole, with a quadrant strike the are \ 
C’'A’; and from C, the arc A'B. Then is ABC’ 
polar to ABC, 
593. Con—If one triangle ta polar to he 
annther, conversely, the latter ia polar to the 
former 3 ie, the relation ta reciprocal, 





Pow. 341 


Thus, A’'B'C’ being polar to ABC, reciprocally, ABC ix polar to A’B’C’; that 
is, A’ is the pole of CB, Bo of AC, and C’ of AB. For every pot in AB In 
ata quadrant'’s distance from C, and every point in AC’ in at a quatrant’a abe 
tance from B. Hence, A’ is ata quadrant’« distance from the two polgste C and 
B of CB, and is therefore jis pole. [fn like manner the student should show 
shat B’ is the pole of AC, and C’ of AB. | 


594, Scu.—By producing each of the arcs 
atrock from the vertices of the given triangles 
sufficiently, four new triangles will be formed, viz., 
A‘B'C’, @C'B’, PC’A’, and RA‘'B'’. Only the frat 
of these ia called polar to the given triangle. 
It ia casy to observe the relation of any of the 
parts of any ope of the other three frisngles to 
the parts of the polar. Thus, @C’ = 140° — U, 
QB’ = 190° ~ ¢’, QC'R’ = 190° — B'C’A, OBC’ 
= 180° — CBA’, and @ = A’ = 180° — a, as will 
appear hereafter. 


women! 








ss cataieabemenel 





AA. Sh IRIE erg + hea nD HRN, 


* This should be execated on a sphere, Few sindeote get clear ideas of polar trisngles 
without it, Care shonld be taken to construct @ variety of triangles as the given trisogie, 
since the polar triangle does not always fie in the pusition indicated in the hynre here given, 
Let the given triangle have ome side considerably greater than 90", another somewhat lene, 
and the thint quite small. Also, let each of the sides of the given triangle be greater 
than 90". 
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PROPOSITION XXIV. 


595. Theorem.—Any ANGLE of a spherical triangle is tha 
supplement of the SIDE opposile in its polar triangle; and any SIDE 
18 the supplement of the ANGLE opposite in the polar triangle. 


Dex.—Let ABC and A’B’C’ be two spherical tri- 
angles polar to each other; and let the sides of 
each be designated as a, 5, ¢, a’, b', c', @ being 
opposite A, a’ opposite A’, 6 opposite B, etc. Then 
A= 180° — a’, B = 120° — 0’, C= 180° — ec’, a = 
180° — A’, b = 180° — B’, ande¢ = 180° —C’. 

For, join the vertices of the triangles with the 
centre of the sphere, thus forming the triedrals 
O-ABC, and O-A’B’C’. These triedrals are sup- 
plemental; for, A being the pole of C’B’, AO is the 
axis of the great circle of which C’B’ is an arc (?), 

Fio. 348. hence is perpendicular to the plane C’OB’, and 
consequently to OB’ and OC’ (?). In like manner, 

BO is perpendicular to the plane A’OC’, and hence to OA’ and OC’, So, also, 
CO is perpendicular to OA’ and OB’. Now, these triedrals being supplement- 
ary, the dicdral B-AO-C is the supplement of the facial angle C’/OB’ (438); or, 
since the diedral B-AO-C ig the aame as the spherical angle A, and the facial 
angle C’OB’ is measured by a’, A is the supplement of a’, f.6, A = 180° — a. 
For like reasons, B = 180° — 0’, and C = 180° —c’. [Let the student give them 
in full.} Again, the dicdral 8’-A’O-C’ js the supplement of the facial angle 
COB (438). whence A’ = 180’ — a. In like manner B’ = 180° — d, and C’ = 


160° — «, 





Szconp DemoxaTration.—Let ABC and A’B’C’ be two 
polar triangles. Let CB, CA, and AB be represented by a, 
b, and ¢ respectively, and C’B’, C’A’, and A’B’ hy a’, ¥, and ¢’. 
To show thatA = 180° — a’, produce d and ¢, if necessary, till 
they meet the side a’, of the triangle polar to ABC, in ¢ and 
d. Now A is measured by ed (560). But, since C’d = 90°, 
and B’e = 90°, C’d + B’e, or C’B’ + ed = 180° ; whence trans- 
posing, and putting a’ for C’B’, we have ed = A = 180° — a’. 
In like manner C’g + Af = C/A’ + fg = 180°; whence fy = B = 190° — C’A,, 
or 180° — 0’. Go, also, C = 180° —¢. To show that A’ = 180° — a, consider 
that A’ being the pole of CB, fi is the measure of A’. Now Bf = 90° (°), and 
Ci = 90°; whence Bf + Ci = 190°. But Of + Ci= fi + a, wherefore fi + a = 
190°, and transposing, and putting A’ for ff, we have A’ = 180° — a. In like man- 
ner we may show that 8’ = 180° — 3, and C’ = 180° —«. [The student should 
give the details. ] 
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QUADRATURE OF THE SURFACE OF THE SPHERE. 


596. The Quadrature® of w surface is the same as tinding ite 
area. The term is applied under the conception that the process 
consists in finding a square which is equivalent to the given surface, 





PROPOSITION XXY, 


597. Lemma.— The surtuce generated by the revolution of a 
reqular semi-polygen of an eren unaiber of sides, about the diameter 
of the cireumecribed circle as au eis, is equivalent to the cironme 
ference of the tnacribed ctrele nudtiplicd by the ais, 


Dmw.--Let ABCDE be one half of an regular octagan, AE 


being the diameter of the circumscribing circle. Uf the aeml- et, <n 
perimeter ABCOE be revolved about AE as an avin, Che surface a. ic 
generated will belar «© AE, r being the radius of the inscribed Z y x3 ei 
crele, as aO, or 00, / 

Thin surface is composed of the convex surfaces Gf cones : ,@ , 
and frustums of cones. Thus AB generates the surface of a \ 
cone, BC the fruatum of a cone, ete, Leta and 6 be the mid. ae 
Me points of AB and BC, and draw aia, Be, ba, and CO per- oer 
pendicular to the axis, and Bd parallel to it Also draw the e 
radil of the inacribed circle, a and 40. Endicate the eur- Kio. 343. 


faces generated by the sides, as Surf AB, Surf, BC, ete. 
The arcasof these surfaces are: 


Surf AB. Qn «am « ABIS IB), (1) 
Surf BC - 28 + bn « BC (BIS), ete. (2) 


Now, from the similar trianyles On and BA, 
We huve aOQ:AB;: am. Ac, or 2a - uO: AB-: 29 2 am: w&,; 
Whence 2” x am x AB =: Qar + Ar, putting r for uO. 
Also, from the similar triangles Orn and CBd, 
We have 60: 8C::4n: O8d(- ¢O), ord: » 10: B80::2n « bn: oO; 
Whence Qe x bn x BC = 2er « cO, putting r for dO. 
Substituting these yalues in (1) and (2), we obtain 
Burf. AB =: 2ar « Ac, 
Surf. BC = 2er « cO, 
And, in like manper, Surf. CO = 2ar « Op, 
And, Surf. DE = 2ar ~« pE. 








Surf. ABCDE =: 2xr (Ac + cO + Op + pE) = Quer x AE, 
Finally, since the same course of reasoning {s applicable to the scmi-polygons 
of 16, 82, 64, otc., sides, the truth of the proposition is established. 


A siauinas sort 





F aamenianmamennien emetapmeananiiensdihatand Laat tin citcineniatiae 


® Latin quadralus, squared. 








. eeniianemtetantn semnaioentiendeianenaneenatiiicn nln ak 


330 ELEMENTARY SOLID GEOMETRZ. 


598, 8cn.—This proposition is only a particular case of surfaces generated 
by any broken line revolving about an axis; and the general proposition can be 
established in a manner altogether similar to the method given above. But this 
case is all that we need for our present purpose. 


PROPOSITION XXVI. 


599. Theorem.— The surface of a sphere is equivalent to four 
great circles ; that 1x, to 478’, R being the radius of the sphere. 


Dem.—Let the semicircumference ABCDE revolve upon 
the diameter AE, and thus generate the surface of a sphere. 
Conceive the half of a regular octagon inscribed in the 
semicircle. Call the radins of the inscribed circle, as aQ, 7, 
and Jet AO = Ro The surface generated by the hroken line 
ABCDE is, by the last proposition, 2ar x 2R= dark. Now, 
conceive the arcs AB, BC, etc., bisected, and the chords drawn, 
and let 7’ be the radius of the circle inscribed in the reyular 
polygon thus formed. The surface generated by this semi. 
polygon will be 4e7R. By repeating the bisections, the 
broken line approximates to the semicircunference, the radius 
of the inscribed cirele to R, and the surface generated to the surface of the 
sphere, the three quantities reaching their limits at the same time. Hence ag 
the limit we have 
Surf. of sphere = 24R «x 2R = 4eR. QED 





Fig. 346. 


600. Con. 1.—The area of the surface of a sphere te equivalent to 
the circumference of a great circle multiplied by the diameter, that is, 
22K X 2K, as abore. 


*GO1. Corn. 2.—The surfaces of spheres are to each other as the 
aguares of their radii. 


Thus, if R and Rare the radii of two spheres, the surfaces are 47R" and 
4eR". Now, 4e#R : 4eR"* :: Re: R®. 





602. Der.—A Zone is the portion of the surface of s sphere 
included between the circumferences of two parallel circles of a 
sphere. The alfttude of a zone is the distance between the paralle! 
circles forming its bases. 

inu.—-The surface generated by aro OB, or any are of the circle ABCDE, 
Fig. 846, in its revolution, conforms to the definition, and la a some. Such a 
portion of the surface as is generated by AB is called a zone with one base, the 
circle whose circumference would form the upper bese having become tangent 
to the sphere. eo | 
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PROPOSITION XXVIL 


603. Theorem.— The arca of a rone ta to the area of the surface 
of the sphere as the altitude af the tone is to the diameter of the 
sphere ; which gives for the area of a zone 2rak, a being the altitude 
of the zone, and KR the radius of the sphere. 


Dem.—It is evident that in passing to the limit the surface generated by auch 
& portion of the broken line as would Vie between C and B, Ay. 346, would 
be measured by the circumference of the inscribed circle multiplied by «O 
Hence, at the limit, the zone generated by are BC is measured by Qt « ¢O, Uvat 
is, it is such a part of the surface of the here as cO inf AE, or 2R. Latting a 


represent the altitude cO, the fraction — represents the part of the surface of 


m 
the aphere constituting the area of the zone. Hence, 4h! « “f which equals 


2zakt, is the area of the zone. 


CO4. Cou—On the same or on equal spheres, cance ure lu each 
other as their altitudes. 





OF LUNES, 

605. A Lune isa portion of the surface of a rphere iuchided 

by two semicircumferences of great circles, 
The surface AmBa is u lune. 


G06. The Angle of the Lune ia the angle in- 
cluded by the arca which form its sides; or, what 
is the same thing, the meusure of the diedral in- 
cluded between the great circles. 





Thus, the spherical angle mAn, or the measure of the 
diedral m-AB-n, te tho angle of the lunc AmBn. Fig. 347. 





PROPOSITION XXVILI. 

607. Theorem.— The area of a lune is to the area of the surface 
of the sphere on which it is situated, as the angle of the lune is te 
four right angles. 

Dew.—Let ACEB be « iune whose angle is the spherical angle CAB, or what 
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is the same thing, the plane angle BOC measured 
by the arc CB, of which A is the pole; then is 


lune ACEB : surface of sphere :: CAB : 4 right angles. 


For, suppose the arc CB commensurable with the 
circumference BCmDn, and suppose that they are 
to cach other as 5 : 24. Dividing BC into 5 equal 
arcs, and the entire circumference BOmDn into 24 
arcs of the same length, and passing arcs of great 
circles through A and these points of division, the 

Fia. 346. lune will be divided into 5 equal Junes, and the 

entire surface into 24 equal lunes of the sume size. 
That these lunes are equal to each other is evident from the fact that they are 
composed of equal isosceles triangles. ence, 
lune ACEB : aurfuce of sphere +: 5 : 24. 

Now, angle BOC : 4 right anyles :: BO (= 5) : BCmOn (= 24). 
Therefore, lune ACEB : surface of sphere +: BOC (or CAB) : 4 right anglea, 
xince the circumference measures 4 right angles. 

If BC bas no finite common measure with the cireumference, we may divide 
it into any number of equal ares, biseet: these ares, then bisect the last formed, 
and continue the process of bisection (in conception) ta any required extent ; 
und as, When any one of the arcs thus obtained is applied to the circumference, 
if it is not an exact mensure, the remainder is less than the are, we cap continue 
the subdivision of BC (in conception) until this remainder is Jess than any 
assignable quantity, Hence, we may always consider the arc BC as com- 
mensurable with the circumference by making the measure infinitesimal. 





GO&. Con—The sum of several lunes on the same sphere is equal 
foa lune whose angle 1s the sum of the angles of the lunes; and the 
difference of two lunes is a lune whose angle ts the difference of their 
angles. 

GOO. Sen. 1—The case in which the arc measuring the angle of the hine 
is incommensurable with the cireumterence, may be treated as in (206), by the 
method of reasoning called the Reduetio ad absurdum, é.¢., by showing a thing 
to be true, since it would be absurd to suppose it untrue. 

Thus, there is some arc to which the circum- 
ference bears the same ratio as the surface of the 


sphere dues to the surface of the lune. If that arc 
be not BC let it be BL, an are less than BC, so thas 


surface of ephere : tune ACEB :: BCmDn : BL. (1) 


Conceive the circumference BCmDn divided into 
equal parts, each of which is less than CL, the as- 
sumed difference between BC and BL. Then con- 
ceive one of these equal parta applied to BC as a 
measure, beginning at B. Since the measure is leas 
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than LC, one point of division, at least, will fall between L and C. Let | be 
such a point, and pass the arc of a great circle through A and |. 


Now, surface of sphere : lune AEB :: BCmDn ; BI, QQ 
since the arc BI is commensurable with the circumference. In (1) and (9), the 
antecedents being equal, the consequents should be proportional, hence we 
should have 


lune ACEB : lune AIEB :: BL : BI. 


But this is absurd, since /une ACEB > lune AIEB, whereas BL < BI. In 
a similar manner we can show that 


surface of sphere is not to lune ACEB :: BCmDn : any arc greater than BC. 


Hence, as the fourth term can neither be less nor greater than BC, it must 
be equal to BC, and we have 


surface of sphere : lune ACEB :: BCmDn : BC, 
$6, a8 4 right angles, to the angle of the June. 


G10. Scu.2.—To obtain the area of a line whase angle ia known, on ua given 
aphere, find the area of the sphere, and multiply it by the ratio of the angle 
of the lune (in degrees) to 360°. Thus, Robeing the radius of the sphere, 
47R? is the surface of the sphere; and the lune whose angle is JO" bs 2% or 
ty Une surface of the sphere, ie, 4 of dzR? —: sakt, 


PROPOSITION XXIX, 


611. Theorem.—/f twa semiciroumferences of great circlen 
intersect on the surface of a hemixphere, the sum of the tien oppuatte 
triangles thus formed is equivalent lo a lune whose angle sa that 
included by the semicircumfercnees. 


Dew.—Let the semicircumferences CEB and 
DEA intersect at E on the surtace of the hemi- 
sphere whose hase $s CABO; then the sum of the 
triangles CED and AEB is equivalent tw a june 
whose angle is AEB. 

For, let the semicircumferences CEB and DEA 
be produced around the sphere, intersecting on 
the opposite hemisphere, at the extremity F ot 
the diameter through E. Now, FBEA in a tune 
whose angle is AEB. Moreover, the triangle AFB Solace 
is equivalent to the triangle DEC: since angle Fw m0. 

AFB = AEB = DEC, side AF = side ED, each being 
the supplement of AE; and BF = CE, each being the supplement of EB, 
Hence, the sum of the triangles CED and AEB is equivalent to the lune FBEA 


Q &. D. 
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PROPOSITION XXX. 


ys G12. Theorem.—The area of a spherical triangle is to the area 
of the surface of the hemisphere in which tt 18 situated, as its spheri- 
cal excess is to four right angles, or 360°. 


Dexu.—Let ABC be a spherical triangle whose angles are represented by A, 
B, and C; then is 
area ABC : surf. of hemisphere :: A + B + C — 180° : 4 right angles, or 360°. 
Let dune A represent the lune whose angle is the an- 
gic A of the triangle, 7. e., angle CAB, and in like man- 
ner understand lune B and lune C. 
Now, triangle AHC+ AED = lune A (621), 
BHI + BEF =: lune B, 
CGF + CDI = lune C. 
Adding, 2ABC + hemisphere = lune (A + B + C)*, (1) 
since the six triangles AHC, AED, BHI, BEF, CCF, and 
COl, make the whole hemisphere and 2ABC_ be- 
Hi sides, ABC being reckoned three times. From (1), we 
have by transposing and remembering that a hemi- 
sphere is a lune whose angle is 180°, and dividing 


b 
i i 
A! » 





by 2, 
ABC = }lune (A + B+ C — 180°). 
But, by (607), 
tlunc(A +B + C — 180°): aurf. of hemixsph.::A +B +C — 180° : 4 right angles. 


Therefore, ABC : surf. of hemiaph. :: A+ B+ C—~— 180°: 4 right angles. 

G13. Seu. 1L—To find the arca of a spherical triangle on a given sphere, 
the angles of the triangle being given, we have simply to multiply the 
arva of the hemisphere, i ¢, 27R*, by the ratio of the spherical excess 
to 860°. Thus, if the angles are A = 110’, B = 80°, and C = 50°, we have 


aa eet =: 3#R’ x a = 4 wR’. 

614. &cu. 2—This proposition is usually stated thus: The area of a 
epherical triangle ia equal to its spherical excess multiplied by the trirectangular 
triangle. When so stated the spherical excess is to be estimated in terms of 
the right angle; &. ¢., having subtracted 180° from the sum of its angles, we are 
to divide the remainder by 90°, thus getting the spherical excess in right angles. 
in the example in the preceding scholium, the spherical excess estimated in this 


way would be 110° + 90° Beeld == }; and the area of the triangle would 


Coen ee ae ecsemepeesetmt neoemasameaammn qmpeamenaeemnestenensinmmetadtthtiesintestetiaterednmomntn neemmaneieanem tones ate 


* Thin signifies tho lune whose angle le A + B + C, which ie of course the sum of the 
three lunes whoee angies are A, B, and C. 


area ABC = 2”? x 








trirectangular triangle, Now, the trirectangular triangle being ¢ of 


be ¢ of the ) 
the surface of the sphere (577) is i of 4aR',or 4eR". This multiplied by § 
gives 47R’, the same a8 above. 


The proportion, . 
ABC : surf. of hemisph. :: A + B + C — 180° : 360", 


is readily put into a form which agrees with the enunciation as given in this 
scholium. Thus, surf. of hemisph. = 27R?, whence 


A+B + C—180° 
ABC = 94R? x as 


A+B +C —180° 
=}7R? x ge 








VOLUME OF SPHERE. 





PROPOSITION XXXL 
615. Theorem .—The volume of a sphere is equal to the area 
of its surface multiplied by Gof the radius, thal ix, {7B R beng 
the radius. 





Dem —Let OL - Robe the radius of a sphere C 
Conceive a circumscribed cube, that is, a cube whore on e 
faces art tungent plames to the sphere Diaw lines pry 
from the vertices of each of the polyediral anyles of es 7. 
the cubs, to the contre of the aphere, a» BO, CO, DO, 4 | QO ; 
AQ, ete Theowe dines are the edges of iy py remida, ; oe 
loaving for their bases the faces of the cule, and for 0’. \ 
no commmon altitiade the radiua of the sphere (%), ik 
Hence the volume of the circumscribed enbe ig = ATO 
equal to its surface molupled by fi Pia aM 


Again, conceive cach of the polyedral anvles of 
the cube truncated by planes tangent to the phere A new clreumacrihed nolld 
Will Gaus be formed, whose valume will be nearer thatof the sphere than de that 
of the circumscribed cube. Let ade represent one of these tangent planes Draw 
from the polyedral angles of Uiks new solid, lines to the centre of the sphere, ag 
a, 60, and A, cte.; these lines will formn the cdges of a set of pyramids whose 
bases coontitute the surface of the aclid, and whese common altitude te the 
railius of the sphere ("). Hence the volume of thls solid In equal to the product 
of its surface (the sum of the bases of the pyramids) into 4F. 

Now, this process pf truncating the angks by tangent planes may be con-, 
ceived aa continued indefinitely , and, to whatever extent it in cartied, it will 
always be true that the volume of the solid is equal to its surface multiplied by 
4R. Therefore, an the sphere is the limit of this circumscribed solid, we have 
the volume of the sphere equal to the surface of the sphere, which ff 4zR’, 
multiplied by 4N,i¢,to jai. QB vb. 
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616. Corn—The surface of the sphere may be conceived as con- 
sisting of an infinite number of infinitely small plane faces, and the 
volume as composed of an infinite number of pyramids having these 
faces for their bases, and their vertices at the centre of the sphere, the 
common altitude of the pyramids being the radius of the sphere. 


617. A Spherical Sector is portion of a sphere generated 
by the revolution of a circular sector about the diamcter around 
which the semiciréle which generates the sphere ig conceived to 
revolve, It has a zone for its base; and it may have as its other sur- 
faces one, or two, conical surfaces, or one conical and one plane 
surface. 


In1.—Thus let ad be the diameter around which 
mel We \ Se the semicircle cC+ revolves to generate the sphere. 
Ah i The solid generated by the circular sector AOa will! 
-_ be a spherical sector having a zone (AB) for its dase ; 
el... : . and for its other surface, the conical surface gene- 
tee | rated by AO. The spherical sector generated by 
COD, has the zone generated by CD for its base; and 
for its other surfaces, the concave conical surface 
no generated by OO, and the convex conical surface 
generated by CO. The spherical sector generated 
by EOF, has the zone generated by EF for its base, 
the plano generated by EO for one surface, and the concave conical surface 
generated by FO tor the other. 





Kia. 853. 


G18. A Spherical Segment is a portion of the sphere in- 
eluded by two parallel planes, it being understood that one of the 
planes may become a tangent plane. In the latter case, the seg- 
ment has but one base; in other cases, it has two. <A spherical 
segment is bounded by a zone and one, or two, plane surfaces. 


PROPOSITION XXXII. 


619. Theorem.— The volume of a spherical sector is equal to 
the product of the zone which forms its base into one-third the radius 
of the sphere. 


- Deanw.—A spherical sector, like the sphere itaelf, may be conceived as con- 
sisting of an infinite number of pyramids whose bases make up ite surface, and 
whose common altitude is the radius of the sphere. . Hence, the volume of the 
gector is equal to the sum of the basre of theese pyramids, that is, the spherical 
surface of the sector, multiplied by one-third their common altitade, which is 
one-third the radius of the sphere. Q. BD. 
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620. Con—The volumes of spherical sectors of the same or equal 
spheres are to each other as the zones which form their buses: and 


since these zones are to each other as their alli ; 
NEUE nr altitudes (GOA), the ser- 
tors are to each other as the altitudes of the oe 


zones which for A 
haene ich form their 


PROPOSITION XXXII. 


Theorent.— The volume of a spherical segment of one. 
is WA*(R — 4A), A being the altitude of the segment, and BR the ra- 
of the sphere. 


Dem.—Let CO = R, and CD = A; then is the volume of the apherical 
ment generated by the revolution of CAD about CO 
equal to wA7(R — $A). 

For, the volume of the spherical sector generated Nn 
by AOC is the zone generated by AC, multiplied by . 
{R, or WwWAR x §R = GAR! From chia we must 
subtract the cone, the radius of whose base ie AD, and \ oO 
whose altitude is 00. To obtain this, we have 0O " 
= R—~ A: whence, from the right angled triangle 
ADO, AD = 4/it? — (R— A)! = 4/2AR - At. Now, 
the volume of this cone is 

x wAD’, or $a(R— A) (QAR - AT) Ur2ARS~ GATR 4 AY). 
Subtracting this from the volume of the spherical acc: 
tor, we have 

- Iw(2AR* — 3A'R + A*) = 
w(APR ~ $A?) = wANK - 4A) QR D. 


Sco.—The volume of a apherical segment 
with two bases ls readily obtained by taking the 
difference between two segments of one base each. 
Thus, to obtain the volumes of the seguent generated 
by the revolution of dCAc about «O, take the differ. 
ence of the segments whose altitudes are a7 and ad, 


Cc 


% 7 
™, 


Fie. 4, 





1. What is the cireumference of a small circle of a aphere whose 
diameter is 10, the circle being at 3 from the centre ? 
Ans., 25.1328. 


9. Construct on the spherical blackboard a spherical angle of 60°. 
Of90°. Of120°. Of 250°. 
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8ue's.—Let P be the point where the vertex of the required angle is to ba 
situated. With a quadrant strike an arc from P, which shall represent one side 
of the required angle. From P asa pole, with a quadrant, strike an are from 
the side before drawn, which shall measure the required angle. On this last arc 
lay off from the first side the measure of the required angle,* as 60°, 45°, etc. 
Through the extremity of this arc and P pass a great circle (648). [The stu- 
dent should not fail to give the reasons, as well as do the work. ] 


3. On the sph. rical blackboard construct a spherical triangle ABC, 
having AB = 100°, AC = 80°, and A= 58°. 


4, Construct as above a spherical triangle ABC, having AB = 75°, 
A = 110°, and g = 87°. 


5. Construct as above, having AB = 150°, BC = 80°, and AC = 100° 
Aiso having AB = 160°, AC = 50°, and BC = 83°. 


6. Construct as above, having a = 52°, AC = 47°, and CB = 40°. 


Sva’s.—Construct the angle A as before tanght, and lay off AC from A equal 
to 47°, with the tape. This determines the vertex C. From C, asa pole, with 
an arc of 40°, describe an arc of a small circle; in this case this arc will cut the 
opposite side of the angle A in two places. Call these points B and B’. Pass 
-elreumferences of great circles through C, and B, and B’. There are two tri- 
angles, ACB and AfB’. 


Nors.—The teacher can multiply examples like the three preceding at pleas- 
ure. This exercise should be continued till the pupil can draw a spherical tri- 
angie as readily as a plane triangle. 

%7 What ig the area of a spherical triangle on the surface of a 
sphere whose radius is 10, the angles of the triangle being 85°, 
128°, and 150°? Ans. 305.4 +. 

,& What is the area of a spherical triangle on a sphere whose 
diameter is 12, the angles of the triangle being 82°, 98°, and 100°? 

9. A sphere is cut by 5 parallel planes at 7 from each other. What 
are the relative ureas of the zones? What of the segments ? 

10. Considering the earth as a sphere, its radius would be 3938 
miles, and the altitudes of the zones, North torrid = 1578, North 
temperate = 2052, and North frigid =328 miles. What are the 
relative areas of the several zones ? 


Sve.—The student should be careful to discriminate between the width of a 
zone, and its altitude. The altitudes are found from their widths, as usually 
given in degrees, by means of trigonometry. 





* For:thia purpose a tape equal in length to a eemicircumference of a great circle of the 
sphere used, and marked off into 180 equal parts, will be convenient. A strip of paper may 
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11. The earth being regarded asa sphere whose radius is 3958 
miles, what is the area of a spherical triangle on its surface, the 
angles being 120°, 130°, and 150°? What is the area of a trirectun- 
gular triangle on the earth’s surface ? , 

12. Construct on the aspherical blackboard a spherical triangle 
ABC, having A = 59°, Ac = 120°, and AB = 88°. Then construct the 
triangle polar to ABC. 


13. Construct triangles polar to each of those in Examples 3, 4, 
and 5. 

14. In the spherical triangle ABC given A = 58°, B = 67°, and 
AC = 81°; what can you affirm of the polar triangle ? 

15. What isthe volume of a globe which is 2 fect in diameter ? What 
of a segment of the same globe included by two parallel planes, one 
at 3 and the other at 9 inches from the centre ? 


16. Compare the convex surfaces of a sphere and its circumacribed 
cylinder and cone, the vertical angle of the cone being 60". 

1%. Compare the volumes of a sphere and its circumscribed cube, 
cylinder, and cone, the vertical angle of the cone being 60°. 


18. If a and represent the distances from the centre of a sphere 
whose radius is 7, to the bases of aspherical segment, show that the 
volume of the seginent is a[1r* (6 ~— a) — 4(0° — a’)]. See (622, 


PART III. 


AN ADVANCED COURSE 
IN GEOMETRY. 


CHAPTER I, 


EXERCISES IN GEOMETRICAL INVENTION. 


SECTION J. 
THEOREMS IN SPECIAL OR ELEMENTARY GEOMETRY. 


62.3. This chapter will afford a review of Parts I. and IL, while 
it will greatly extend the student's knowledge of weometrical facts. 
Great pains shonld be taken to secure good habits as to neatness of 
execution in the construction of figures, orderly and proper arrange- 
ment of thought, and in style of expression, The practice of con- 
structing every figure upon geometrical principles—guessing at 
nothing—cannot be too strongly commended. As to the form of a 
geometrical argument, observe the following order: 

lst. The enunciation of the theorem or problem in general terms. 

2d. The elucidation of the general statement, by referenee to the 
particular figure which it is proposed to use. 

3d. A description of the figure, with reference to uny auxiliary 
construction which 7s used in the demonstration or solution. 

4th. The demonstration proper. 





624. If two adjacent sides of a quadrilateral are equal each to 
each, and the other two adjacent sides equal each to each, the diago- 
nals intersect at right angles. 


Sua's.—Itst. Draw a quadrilateral having such sides as the data require, and 
draw its diagonals. 2d. State the proposition with rerence to the figure. 
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3d. [In this case the regular third step is not required, as no auxiliary lines are 
necessary.] 4th. Prove that the diagonals are at right angles to each other. 
The demonstration is based upon a corollary in Section I., Part IL, Chapter L. 


625. Cor—One of the diagonals is bisected. [State which one, 


and show why.] +> ts ect, / Li> 
lg 4-5 pe 


626. If « parallelogram has one oblique angle, all its angles are 
oblique; and if it has one right angle, all its angles are right angles. 


Sua’s.—Let the student be careful to follow the order as heretofore given. 
No auxiliary construction is needed. The demonstration is based upon the 
doctrine of parallels. 


AR RNND mee 


ZY ad 


G27. The sum of three straight lines drawn from any point 
within a triangle to the’ vertices is less than the sum, and greater 
than the half sum of the three sides of the triangle. 


Sva's.—The first statement is proved from (276) and the second from (27 4.) 


G28. A line drawn from any angle of a triangle to the middle 
of the opposite side, is Jess than the half sum of the 
adjacent sides, und greater than the difference between 
this half sum and half the third side. 


c Scra’a.—Iist. Draw a triangle, ns ABC, bisect one side, as AC, 
A L-6 e and draw BD. 2d. Make the statement with reference to the 
| 7 figure. 38d. Produce BD until DE = BD, and draw AE and EC. 


1 ff 4th. The first step in the proof is to show the triangle ADE cqual 
Lif to CBD, and ADB equal to DCE; whence AE = BC, and EC = AB. 
ide 

Fia. 886. 529. If lines be drawn from the extremities of 


either of the non-parallel sides of a trapezoid tu the mid- 
dle of the opposite side, the triangle thus 
formed is half the trapezoid. 


Sve’sa.—The third step, or construction, consists in 
drawing HE parallel to AD and hence to BC (?), and 
Fie. 357. FG through E parallel to AB. 





630. Any line drawn through the centre of the diagonal of a 
parallelogram bisects the figure. 
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631. Prove that the sum of the angles of a 
triangle is two right angles, by producing two 
of the sides about an angle and through this 
angle drawing a line parallel to the third side. 

Prove the same by producing one side of the 
triangle and drawing a line through the ex- 
terior angle parallel to the non-adjacent side. 








G32. If any point, not the centre, be taken 
in a diameter of a circle, of all the chords 
which can pass throngh that pomt, that one is 
the least which is at right angles to the diameter. 





6.3.3. If from any point there extend two lines tangent to a cir 
cumference, the angle contained by the tangents is double the angle 
contained by the line joining the points of tangency and the radiug 
extending to one of them. 





O34. The angle included by two lines drawn from any angle of a 
triangle, the one bisecting the angle and the 
other perpendicular to the opposite side, is ee 
half the difference of the other two angles we | ae 
of the triangle. Asi err 


Mig. 3. 
Suc's. ABD = 90° — A, whence ABD — EBD = 
90° —A— EBD. Also, OBC = 90° — C, whence EBC = 90° — C + EBD 
== 90° — A — EBD, etc. 





6.3.5. If three lines be drawn from the acute angles of a right 
angled triangle—two bisecting these angles, 
and a third a perpendicular to one of the 
bisecting lines—the triangle included by 
these lines will be isosceles. 


Sve’s.—It is to be. proved that ODO -- CD. 
COD = OAC + ACO = 45°. ¢te. 





RACINE 


‘636. If one circumference be described 
on the radius of another as a diameter, 
any straight line extending from their puint of contact to the outer 
circumference is bisected by the inner. 


Pia. 3), 


8c6.—The demonstration is based upon (159, 211). 
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637. Prove that the sum of the angiles of a regular five point star 
(Fig. 101) is two right angles. Show, also, that the figure formed by 
the intercepted portions of the lines is a regular pentagon. 





6.38. If the sides of a regular hexagon are produced till they 
meet, show that the exterior figures will be equilateral triangles. 





639. If from two given points on the same 
side of a given line, two lines be drawn meet- 
ing in the line, their sum is least when they 
muke equal angles with the line. 








Fro. 361. 


640. If from two given points without a 
circumference, two lines be drawn meeting in the circumference, 
their sum is least when they make equal angles with a tangent at 
the common point, the points being on the opposite side of the tan- 
gent from the circle. 





641. The side of an equilateral triangle inscribed in a circle is 
equal to the diagonal of a rhombus, whose other diagonal and each 
of whose sides are equal to the radius. 





642. If two circumferences intersect each other, and from cither 
point of intersection a diameter be drawn in each, the other ex- 
tremitics of these diameters and the other point of intersection are 
in the same straight line. 





GO4.3. If any straight line joining two parallels be bisected, any 
other line through the point of bisection and included by the par- 
allels, is bisected at the same point. 





644. If the sides of any quadrilateral are bisected, the quadri- 
lateral formed by joining the adjacent points of bisection is a par- 


allelogram. 

Sve’s.—ist. Draw a quadrilateral, bisect its 
sides, and join the adjacent points of bisection. 
2d. State the proposition, with reference to the 
figure. 3d. Draw the diagonals. 4th. Give the 
proof. It is based on the similarity of triangles. 


G45. Cor. 1.—The parallelogram is one- 
half the trapezium. Proveit What figure 
is formed by joining the centres of EF, FC, 
and FC, HG, etc. ? 
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646. Cor. 2—Lines joining the middle points of the opposite 
sides of any trapezium bisect each other (?). 





647. If two straight lines join the alternate ends of two parallels, 
the line joining their centres is half the dif- 
ference of the parallels. A B......g 





Svoe’s.—We are to prove that EF = 4 (CD — AB). E-.... 
CH = EF = }(CD — AB). ee 


Fig. 963, 


G48. In any right-angled triangle the line drawn from the right 
angle to the middle of the hypotenuse is equal to one-half the 
hypotenuse. 





G49. The perpendiculars which bisect the three sides of a triangle 
meet in a common point. 


Sva's.—First show that the intersection of two of the perpendiculars is 
equally distant from the three vertices of the triangle. Then that a line 
drawn from this point to the middle of the third side is perpendicular to it. 





650. The three perpendiculars drawn from the angles of a tri- 
angle upon the opposite sides intersect 
in a common point. 


Svae’s.—Draw through the vertices of the 
triangle lines parallel to the opposite sides, 
The proposition may then be brought under 
the preceding. 


651. Cor.—The following triangles 
are similar—viz., BOE, BOC, AOD, and 
AEC, each to each ; also BOF, BDA, DOC, 
and CFA. Prove it. 








652. If from a point without a circle two secants be drawn, mak- 
ing equal angles with a third secant passing through the same point 
and the centre of the circle, the intercepted chords of the first two 
are equal. 


Sua. ~-Prove by revolving one part of the figure. 
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653. The sum of the alternate angles of any hexagon inscribed 
in a circle is four right angles. 





6&4. If two circles intersect in A and B, 
and from P, any point in one circumference, 
the chords PA and pg be drawn to cut the 
other in C and D, CD is parallel toa tangent 
at P. 








658. If two lines intersect, two lines 
which bisect the opposite angles are per- 
pendicular to each other. | 


Fig. 365. 





656. The angle included by two lines drawn from a point within 
a triangle to the vertices of two of the angles, is greater than the third 
angle. 


Suq@’s.--The demonstration may be founded on (279) or (23.7). 





657. Ina triangle whose angles are 90°, 60°, and 30°, show that 
the longest side is twice the shortest. 





688. Vines which bisect the adjacent angles of a parallelogram 
are mutually perpendicular. 





659. If from any point in the base of an isosceles triangle lines 
are drawn parallel to the sides, a parallelogram is formed whose peri- 
meter is constant and equal to the sum of the two equal sides of the 
triangle. 





660. If from any point in the base of an isosceles 
triangle perpendiculars be drawn to the sides of the 
triangle, their sum is constant and equal to the per- 

[~~ pendicular from one of the equal angles of the triangle 
Fig. 366. upon the opposite side. 





661. \f from any point within an equilateral tri- 
ungle, three perpendiculars be let fall upon the sidés, 
their sum is constant and equal to the altitude of the 


Freon, _—itriangle. 
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662. If from a fixed point without a circle two 
tangents be drawn terminating in the circumfer- 
ence, the triangle formed by them and any tan- 
gent to the included arc has a constant perimeter 
equal to the sum of the first two tangents. 





Ta. 368, 


66.3. The sum of two opposite sides of a quadrilateral cireum- 
scribed about a circle, is equal to the stm of the other two, 


6G4. If two opposite angles of a quadrilateral are snpplemen- 
tary, it may be circumscribed by a circumference. 


G65. The square described on the sum of two 
lines is equivalent to the sum of the squares on 
the lines, plus twice the rectangle of the lines. 


Sve’s.— Be careful to give the construction fully, and 
show that the parts are rectangles, etc. 





666. The square described on the difference of rat 
two lines is equivalent to the sum of the squares 
on the lines, minus twice the rectangle of the 
lines. 





667. The rectangle of the sum and difference 


of two lines is equivalent to the difference of the 
squares described on the lines. ‘ 
t 
s 
Scu.—The three preceding propositions are but geo- a-b 


metrical conceptions and demonstrations of the algebraic 
formula, (a + bf = a* + 2b + (a — bY = a? — 2d 
+ and (a + d(a—d) =e — PB. Fie. 971. 
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VARIOUS DEMONSTRATIONS OF THE PYTHAGOREAN PROPOSITION. 


G68. The square described on the hypotenuse of a right-angled 
triangle is equivalent to the sum of the squares 
described on the other two sides. 


1st Metrnop.—Let ABC be the given triangle, and 
B ACED the square described on the hypotenuse. Complete 
the construction. Show that the four triangles are equal. 
The square HF is (AB - BC)’. Thestudent can complete 
the demonstration. 


Fig. 372. 







2a MrtHop.—Let ACED be the square on the 
hypotenuse. Let fall the perpendiculars EF, DC, 
etc. Show that the three triangles are equal, and 
that FD and LB are the squares of the two sides AB 
and BC. 


3d Metnon.—Let BL and BH be the 
squares on the sides. Produce FL and 
HC till they meet in K.) Draw DA and EC 
perpendicular to AC, and draw DE and 
KB. Prove that ACED is a square, and also 
that the triangles ABC, CLE, BFK, KBC, 
OKE, and AHD are all equal to each other. 
The demonstration is then readily made. 


Fig. 374. 


4th Mrtrnop.—This is the demonstration 
usually given in our text-books. Drawing the 
squares on the three sides, let fall BI perpen- 
dicular to AC and produce it to K. Draw BD, 
BE, HC and AF. Show that the triangle HAC 
= BAD, and that the former is half the square 
AG, and the latter half the rectangle AK, 
Hence AG = AK. In like manner show that 
LC =: CK. 





Fie. 875. 
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We will now give a few other figures by means of which the demonstration 
can be effected, and leave the student to his own resources in effecting it. 
on 


\ 


$ 
4 
t 
t 
i 
4 
a 
‘ 
t 
t 
i 
t 
1 









| 


5th Mretuon. Gth Mieriaop. Sth Miruop. Sth Marion, 


Nth Mernop.—The truth of the theorem appears also ge | > 
as a direct consequence of (860). 7 ene 7 
/ j ‘ 
{ } 
\, e 
‘, ‘ 

"Sa : er 

Fi. 377, 


669. In an oblique angled triangle the square 
of a side opposite an acute angle is equivalent to the sum of the 
squares of the other two sides diminished by twice the/rectangle of 
the base, and the distance from the acute angle to the foot of the 
perpendicular let fall upon the base from the angle opposite. 


Sva’s.—It is to be shown that AB? = BC?+AC? — 2AC x DC, r 


Observe that AD? = (AC — DC)? = AC? + DC? — 2AC x DC. ae 

Whence, by a simple application of the preceding theorem, o 

the truth of this becomes apparent. cana Sar 
Fro, 8%. 


670. In an obtuse angled triangle the square of the side opposite 
the obtuse angle is equivalent to the sum of the squares on the other 
two sides, increased by twice the rectangle contained by the base and 

pthe distance from the obtuse angle to the foot of the perpendicular 
let fall from the angle opposite upon the base produced. 


Sve.—The demonstration is analogous to the preceding, C being made obtuse 
in this case; whence AD = AC + DC, etc. 
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671. The following is an outline of a general demonstration cov- 
ering the three preceding propositions: 





Fg or Letting AE, BD, and CF be the three perpendiculars from 
ff) sk the angles upon the opposite sides, and observing that a 
f ‘ circumference described on any side as a diameter passes 
c through the feet of two of the perpendiculars, (356) and 
(Ne (355) readily give the following : 

fo a AB x AF == AC x AD = AC? + AC x CD, 

a FB and AB x BF = BC x BE = BC? + BC x CE: 
Fig, 379. adding, AB? = AC? + BC? + 2AC x CO(or 2BC x CE), 


the + sign being taken when C is obtuse, and the — sign 

when C is acute. If C is right CE and CD become 0, whence AB* = AC? + BC?. 

O72. Der—The line drawn from any angle of a triangle to the 
middle of the opposite side is called a medial line. 





67.3. The sum of the squares of any two sides of a triangle is 
equivalent to twice the square of the medial line drawn from their 
included angle, plus twice the square of half the third side. 


Sug.—Proved by applying (669, 670). 





O7#£. The three medial lines of a triangle mutually trisect each 
other, and hence intersect in a common point. 


Sva's.—To prove that OE = 1 BE, draw FC parallel to 
AD until it meets BE produced. Then the triangles 
AEO and FEC arc equal (%); whence EF = OE. Also, 
BO = OF (?). 





Having shown that OE = 4BE. by a similar construc- 
Fia. $80. tion we can show that OD = 4AD. 


Finally, we may show that the medial line from C to AB cuts off § of BE, and 
hence cuts BE at the same point as does AD. 


ANOTHER DeM.—Lines throngh O parallel to the sides trisect the sides, ete. 





. In any quadrilateral the sum of the squares of the sides is 
equivalent to the sum of the squares of the diagon- 
als, plus four times the square of the line joining the 

WF centres of the diagonals. 


676. Corn—The sum of the squares of the sides 
of a parallelogram is equivalent to the sum of the 
881. squares of the diagonals. 
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677. In any quadrilateral which may be inscribed in a circle, 
the product of the diagonals is equal to the sum of the products of 
the opposite sides. 





678. In any triangle the rectangle of two sides is equivalent to 
the rectangle of the perpendicular let fall from their 
included angle upon the third side, into the diameter 
of the circumscribed circle. 


Sva.—This proposition is an immediate consequence of the 
similarity of two triangles in the figure. 





Fira. 382, 


679. Cor. ---The area of a triangle is equivalent to the product 
of its sides divided by twice the diameter of the circumscribed circle. 


680. If there be an isosceles and an equilateral triangle on the 
same base, and if the vertex of the inner triangle is equally dis 
tant from the vertex of the outer one and from the ends of the base, 
then, according as the isosceles triungle is the inner or the outer 
one, its base angle will be } of, or 24 times the vertical angle. 


681. Of all triangles on the same base, and having the same 
vertical angle, the isosceles has the greatest arca. 


Sua’s.—Describe a segment on the given base, which shall contain the given 
angle. The triangle on this base and having its vertex in the arc of the seg- 
nent is the triangle to be considered. 


682. Two triangles are similar, when two sides of one are pro- 
portional to two sides of the other, and the angle opposite to that 
side which is equal to or greater than the other given side in one, is 
equal to the homologous angle in the other. 


ALGEBRAIC DEMONSTRATIONS. 
__ 3. The difference of the squares on any side of a regular 
pentagon and any side of regular decagon, inscribed in the same 
circle, is equivalent to the square of the radius. 


Sce'a—We will give the outline of what may be termed an Algebrate Demon- 
stration of this proposition. This method is often the most convenient and ex- 
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peditious. Letting p represent a side of the pentagon, d a side of the decagon, 
and 7 the radius, the student should be able to discover the following relations : 
(1) r:d::d:r—d,orrt —dr=d'; 
(2) Vat — tp? +Vr? — ip = 7. 

From (2), 2r/r? — 4p? = 2rt — d* = r? + dr, by substituting for d* its value 
from (1). Hence 4r? — p? = r® + 2dr + d*, or 37? — 2dr = p*? + d*?. In this, 
substituting the value of dr as found in (1), we readily obtain 7* = p* — d®. 

Q. E. D. 





O84. Demonstrate algebraically that the square on the sum of 
two lines, together with the square on the difference, is double the 
sum of the squares on the lincs separately. 





G85. The sum of the squares of the three medial lines of a tri- 
angle is three-fourths of the sum of the squares of the sides. 





686. The square of any side of a triangle is equivalent to twice 
the sum of the squares of the segments of the medial lines adjacent 
to its extremities, minus the square of the non-adjacent segment of 
the third medial line. 


Deduced algebraically from the preceding. 





687. The sum of the squares of the three greater segments of 
the medial lines of a triangle is equivalent to one-third the sum of 
the squares of the sides of a triangle. 


Deduced algebraically from the preceding. 





G88. The lines from the vertices of a triangle to the points of 
tangency of the inscribed circle intersect in a common point. 


Sva’s. OC is parallel to AF, BO = BF = b, CF = CP 








=¢, AD =AP=a,DG=d, FGC=e OF= a ’ 
c+ é 

AF x 3 ab ; be 
aes dee ST ea OE Ee 


In like manner we may find where PB intersects AF, by 
drawing through P a parallel to AF. This distance is 


be 
found to be OF = AF x a(b+c)4 be 
might have been anticipated, since 5 and c are similarly involved. 





Fre. 883. 


, a result which 
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689. The area of a triangle, as expressed in terms of its sides, is 
Area = the square root of the continued product of half the sum of 
the sides into this half sum minus each side separately. 


Sua’s.—We will give the outlines of both the Geometric and Algebraic de- 
monstratious : 


Ist. GEomETRIC DeMonstRATION. CD = CB, CE = CA, and through F, the 
centre of DA, HC is drawn parallel to AB. With F as a centre, 
and FH as a radins, a circumference passes through G (?). CN 
is perpendicular to AE and passes through H (?). 

Now CF = 4 (AC + CB), and FL = 4AB(.). 
Hence CL = (AC + CB + AB) = 4S,S being the sum of 
the sides ; 
Hence, also, DL = Al = 45 —CB, Cl = 48 — AB, and AL = 3S 
— AC. 
Again, CN x AN = aren ACE; 
and HN x AN = aren ABE; 
Subtracting, AN (CN — HN) = AN x CH = aren ACB (1). 
Once more, CH_ » OH == area COB, 
and HN x OH = aren ADB. 
Adding, OH (CH + HN) = CA x CN = arcu ACB (2). 
Multiplying (1) and (2), we have 
GA x AN «x CH x CN =: (aren ACB)®, 
But CN x CH = CL x Cl, and CA x AN = AL x Al = AL x DL. 


Therefore, area ACB =V/CL x “Cl % AL x OL = 
V38 (4S — AB) GS — AC) 4S — CB). 





2d. ALGEBRAIC DEMONSTRATION. From the right angled triangles BCD and 


at — bf + ¢ 











D, dm =——.-———., 
ACD, we fin S. 
iat At a atv & 
Whence p = V a* = “(3 ay », and 
—) + ¢ 
area ABC = = 4/ a! 7 a2 =e): Fig. 885. 
=i Sms or — tee Derrt — pf 4 D5 a3 a) 


= WV halga — c) (44 — 5) (de — a). 
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690. From any point in the plane of a circle the greatest and 
least distances tu the circumference are measured on 


p the line passing through the centre. 





Suc’s.—There are three cases :—1st. When the point is with- 
out the circle. 2d. When the point is within. 8d. When the 
point is in the circumference. 


691. From any point except the centre of a circle, 
two, and only two, equal lines can be drawn to the cir- 
cumference. 





Fia. 386. 
Sua.—This is a direct consequence of (181, 182). 





692. If two opposite sides of a parallelogram be bisected, straight 
lines from the points of bisection to the opposite vertices will trisect 
the diagonal. 





693. The feet of two perpendiculars Iet fall from two given points 
upon a given line are equally distant from the middle of the line 
joining the points. 


AS UPSET 


694. Two quadrilaterals are equivalent when 
their diagonals are respectively equal, and form 
equal angles. 





G95. If, on the hypotenuse and sides of a right 
angled triangle, semicircumferences be described. 
that upon the hypotenuse passing through the ver- 
tex, the sum of the crescents thus formed will be 
equal to the area of the triangle. 
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696. The bisectors of 
any two exterior angles 
of a triangle meet in a 
point which is the centre 
of a circle, to which one 
side of the triangle and 
the other two produced 
are tangents. 


These circles are called 
the escribed circles. 





Kio. 389, 


THE NINE POINTS CIRCLE. 
697. In any triangle the centres of 
the THREE sides, the feet of the THREE 
perpendiculars from the vertices upon 
the opposite sides or sides produced, 
and the THREE middle points of the 
distances from the vertices to the 
common intersection of the perpen- 
diculars, are NINE points in the circum- 
ference of one and the same cirele; the 
centre of this circle is at the middle of 
the line joining the centre of the cir- 
cumscribed circle and the common intersec- 
tion of the perpendiculars; and the radius is 
half the radius of the circumscribed circle. 









Pena mweseses 


Sua’s.— The student will do well to confine his at- 
tention in the first instance to the first figure, and 
after he sees the demonstration in this casc—d. ¢., 





when the perpendiculars fall within, to trace it in * 

the case gf an obtuse angled triangle, in which the Pre i 

perpendiculars fall on the sides produced mks 
1st. To show that the circle which passes through “SY 


a, b, and ¢, also passes through a, we show the fol- 
lowing relations among the angles: cab = cAb = Fig. 391. 
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+ aAb =cah, Hence, the vertices a and @ are in the same circumference. 

In like manner we show that / and y are in the circumference passing through 
a, 6, and ¢. 

2d. Considering one of the partial triangles as BHC, a, 8, and y are the feet of 
the three perpendiculars from its vertices upon one of its sides and the prolonga- 
tion of the other two. Therefore, by the first part r and g are the middle points 
of CH and BH. Considcring either of the other partial triangles we find p the 
-centre of AH. 

8d. aa and bf being chords of the nine points circle, O is its centre, and let- 
ting @ be the centre of the circumscribed circle, we may readily show that O 
is in QH, and also is at its middle point. 

4th. Drawing aO, and producing it, we may show that it intersects AH in 9, 
and hence pH = Ap = Qa, and AQapis a parallelogram. Therefore Op = }pa = 
QA. 


698. Cor.—The middle points of the three lines joining the cen- 
tres, two and two, of the eseribed circles of a triangle, and the middle 
points of the three lines joining the centres of the escriled circles 
with the centre of the inscribed circle, are six points in the circum- 
ference of the circle circumscribed about the same triangle. 


699. If one triangle be inseribed in another, the circumferences 
‘circumscribing the three exterior triangles thus formed intersect in 
.a common point. 


8ua.—The demonstration is founded on the property of the opposite angles 
‘ofan inscribed quadrilateral, The construction lines extend from the vertices 
-of the inscribed triangle to the intersection to be examined. 


700. The difference between the hypotenuse and the sum of the 
-other two sides of a right angled triangle is equal to the diameter of 
the inscribed circle. 


701. If from the extremities of any side of 
a triangle two lines be drawn, one bisecting an 
Fic. 992. ~~ +«+iNterior and the other an exterior angle, these 
lines will meet if sufficiently produced, and 
their included angle will be half the third angle of the triangle. 





7VO2. An inscribed equilateral triangle is one-fourth the circum- 
‘scribed equilateral triaugle about the same circle. 


O03. The three altitudes of a triangle are to each other inversely 
:as the sides upon which they full. 
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704. The bisectors of the angles 
included by the opposite sides of an 
inscribed quadrilateral intersect at 
right angles. 


Svo.—By means of (274) show that FC + 
CE + HA + AC = 180°. Whence FOE = 90°. 





7085. Two triangles which have an 
angle in each equal, are to cach other 
as the rectangle of the sides including the equal angle. 


Fig. 398. 


Sva’s. A and D heing equal, we are to show 
that ABC: DEF::AB x AC :DE DF. ‘Tnke AE’ 
= DE, AF’ = DF, and draw E'F’. Now from = the 
facts that the triangles AE’F’ and DEF are equal, and 
that triangles of the same altitudes are to each other 
as their bases, the proposition is proved. 





706. If of the four triangles into which the diagonals divide a 
quadrilateral, two opposite ones are cquivalent, the figure is a 
trapezoid. 


707. The difference between the angles which a bisector in a 
triangle makes with the side to which it is drawn, is equal to the 
difference of the angles of the triangle including this side. 


708. If any number of equal right lines radiate from a common 
point, making equal consecutive angles, and 
any line be drawn through the common 
point, the sum of the perpendiculars upon 
this line from the extremities of the radiat- 
ing lines on one side, is equal to the sum of 
those on the other side. 





709. Cor—In any regular polygon, the 
sum of the perpendiculars let full from the 
vertices on the one side of any line passing through the centre, is 
equal to the sum of those let fall from the vertices on the other 
side. 
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410. If the sum of two opposite sides of a quadrilateral is equal 
to the sum of the other two opposite sides, a circle may be inscribed 
in it. 

Svoe’s.—Bisect any two adjacent angles, as A and B. 
Then are the perpendiculars 7, 7, r, equal (?); and it 
remains to be shown that the perpendicular p = 7. 
Take AD’ = AD, and BC’ = BC, and draw OD’ and OC’. 
Sincea + b =e + d, and C’D’ = b — (b — ce) — (6 — a), 
C’D’ = a, and the triangles DOC and D’OC’ are equal. 
Hence p = 7. 





Fig. 896. 


411. If two planes are parallel, any right line which pierces one, 
pierces the other also. 


Sua.—Proof based on (470). 


712. If two planes are parallel, any plane which intersects one, 
intersects the other also, and the lines of intersection arc parallel. 


71.3. Corn—Two planes which are parallel to a third, are parallel 
to cach other. 


714. A plane which is perpendicular to a line of another plane, 
or to a line parallel to that plane, is itself perpendicular to the 
latter plane. 





7165. If a straight line is perpendicular to a plane, any line par- 
allel to the plane is perpendicular to the first line. 
Sva.—Two lines in space which are not in the same plane, are said to make 


the same angle with each other as two lines respectively pera: to them and 
both lying in one plane. 





716. In order that a straight line be perpendicular to a plane, it 
is sufficient that it be perpendicular to two lines not parallel to each 
other, and situated in the plane or parallel to it. 


717. If two right lines in space are perpendicular to each other 
(not necessarily intersecting), their projections on a plane parallel 
to either line are perpendicular to each other. 


Sue.—The Projection here referred to is that which is called the Ortho 
graphic Projection. The proposition is not generally true of the Perapectice 
Projection, ¢. ¢., the spaces which the lines (considered as material) would appear 
to occupy if they were placed between the eye and the plane. (See Ex. 8, 
page 174, Part II.) 
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718. The angle of inclination (392, Part IL) of a line oblique 
to a plane, is less than the angle included be- 
tween this line and any line of the plane, 
except its projection, which passes through the 
point in which the first line pierces the plane. 





Sue. BD being the projection of AB, ABD < 
ABD’, BD’ being any line other than BD, passing 


through B. Fig. 30%. 





719. Between any two lines not in the same plane, one line, and 
only one, can be drawn, which shall be perpendicular to both the 
given lines. 

Sua's.—Pass a plane through one of the lines parallel to the other; and 
through the other line pass a plane perpendicular to the first plane. 


720. Ina warped quadrilateral, © e. one whose sides do not. all 
lie in the same plane, the middle points of the sides are in’ one 
plane, and are the vertices of the augles of a parallelogram, 

Sve.—Conceive the planes of two opposite angles of the quadrilateral, the 
intersection of which will be a diagonal of the given quadrilateral, 


727. A line being given in a plane, one plane ean be drawn in- 
cluding the given Jine and perpendicular to the first plane, and only 
one. Hence all right diedrals are equal. 


Svuc.—Demonstration similar to 


722. The plane angle formed hy drawing two lines in the faces 
of a dicdral, from a common point in the cdge, is less than the 
measure of the diedral 
if the angle is acute, 
and lines lie on the 
sume side of the plane 
of the measure and 
are equally inclined to 
it, and greater if they 
lie on opposite sides. 


In general, if the . 
diedral is ucute, the 


limits of the varying 
angle are 0 and 90° 
when both the lines lie 
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on the same side of the plane of the measuring angle, and 180° when 
they lie on opposite sides, If the diedral is obtuse the limits are 0 
and the angle itself when the lines lie on the same side of the 
measure, and 90° and 180° when they lie on opposite sides. 


723. If the projections of a line in the two faces of a diedral are 
straight, the line is a straight line. 


Suvg.—Proof based on (386). 


724. Vf from the vertex of a tricdral a line be drawn at pleasure 
within the triedral, the sum of the plane angles formed by this line 
and any two edges is less than the sum of the facial angles formed 
by the other edge and these two. 


725. Tf through a point in space two lines be drawn parallel to a 
given plane, and through the same point two plaucs be passed re- 
spectively perpendicular to the two lines, the mtersection of these 


two planes will be perpendicular to the given plane. 


726. The three planes which bisect the three diedrals of a trie- 
dral intersect in a common line. 


727. In any convex polyedral, the sum of the diedrals is greater 
than the sum of the angles of a polygon having the sume number 
of sides that the pelyedral has faces. 


Sve.—Proof based upon (722). 


728. Der—A Polyedron isa solid bounded by plane sur- 
faces. A Regular Conver Polyedron is a polyedron whose faces are 
all equal regular polygons, and each of whose solid angles is con- 
vex outward, and is enclosed by the same number of faces. 


729. There are five and only five regular convex polyedrons—viz. : 
The Tetraedron, whose faces are four equal equilateral triangles ; The 
Hexaedron, or Cube, whose faces are six equal squares; The Octaedron, 
whose faces are cight equal equilateral triangles; The Dodecaedron, 
whose faces are twelve equal regular pentagons; and Zhe Icosaedron, 
whose faces are twenty equal equilateral triangles. 
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Dem.—We demonstrate this proposition by showing—lIst, that such solids 
can be constructed ; and 2d, that no others are possible. 


The Regular Tetraedron.—Taking three equal equilateral triangles, as ASB, ASC, 
and BSC, it is possible to enclose a solid angle, as S, with | 
them, since the sum of the three facial angles is (what ?) 
(Part IL, £36). Then, since AC = AB = CB (?), consid- 
ering ACB the fourth face, we have a regular polyedron 
whose four faces are equilateral triangles. 


The Regular ITeraedron or Cube.—This is a familiar 
solid, but for purposes of uniformity and completeness we 
may conceive it constructed as follows: Taking three 
equal squares, as ASCB, CSED, and ASEF, we can en- 
Close a solid angle, as S, with them (%), Now, conceive 
the planes of CB and CD, AB and AF, EF and €D pros 
duced. The plane of CB and CO being parallel to ASEF (?) 
Will intersect: the plane of EF and EOD in HD parallel to 
FE (?). In dike manner FH can be shown parallel to ED, 
BH to CD, and HD to BC. Hence the solid has for its 
faces six equal squares. 





The Regular Octaedron.—At the intersection P, of the 
diagonals of a square, ABCD, crect a perpendicular SP to 
the plane of the square, and making SP =: AP (half of one 
of the diagonals) draw SA, SD, SC, and SB. Making a D 7 :\ ye 
similar construction on the other side of the plane ABCD, / 2 . 
we have a solid) having for faces cight equal equilateral aay 


triangles. A QY wa 


The Requiar Dodecaedron.—Taking twelve equal regu. 
lar pentagons, it is evident that we may group them in Fig. 401. 
two sets of six each, as in the figure. Thus, around O we 
may place five, forming 5 triedrals at the vertices of OQ, These tricdrals are 
possible, since the sum of the facial angles enclosing ench is Oe riucht angles (?) 
—i.e., between Oand 4 right angles (Parr IL, #36). In like manner the other 
6 may be grouped by placing 5 of them about O'. Now, conceiving the converily 
of the group O in front and the con- A 
cavity of group 0’, we may place 1—|——~8 
the two together so as to inclose a 
solid. Thus, placing A at 4, the 
three faces 5, 6, 1, will enclose a tri- 
edral, since the diedral included by 
6 and 1 is the diedral of such a tri- 
edral. Then wil) vertex B full at F 
e, and a like triedral will be formed Fro. 402. 
at that point, and so of all the other 
vertices, Hence we have a polyedron having for faces 12 equal regular penta- 


gons. 





264 EXERCISES IN GEOMETRICAL INVENTION. 


S a The Regular Icosaedron.—Taking 

A 20 equal equilateral triangles, they 

;: Fa can be grouped in two sets, as in 

B ¢ 6 the figure, in a manner altogether 

similar to the preceding case. The 

7 solid angles in this case are included 

E << 4-C d e by 6 facial angles whose sum is 34 

right angles (?), which is a possible 

case (Part II., £36). As before, 

conceiving the convexity of group 

O in front, and the concavity of O’, we can place them together by placing A at 

a, thus enclosing a solid angle with 5 faces, whence B will fall at 5, etc. Thus 
we obtain a solid with 20 equal equilateral triangles for its faces. 


Fia. 408. 


That there can be no other regular polyedrons than these 5 is evident, since we 
can form no other convex solid angles by means of regwar polygons. Thus, with 
equilateral triangles (the simplest polygon) we have formed solid angles with 3 
faces (the least number possible), as in the tetraedron ; with 4, as in the octaedron ; 
and with 5, asin the icosuaedron. Six such facial angles cannot enclose a solid 
angle, since their sum is four right angles (?), and much less any greater num- 
ber. Again, with squares (the next most simple polygon) we have formed solid 
angles with 3 faces as in the hexaedron, and can form no other, for the same 
reason as above. With regular pentagons we can only enclose a triedra), as in 
the dodecaedron, for a like reason. With regular hexagons we cannot enclose 
a solid angle (?), and much less with any regular polygon of more than six 
sides. 


Scu.—Models of the regular polyedrons are easily formed by cutting the fol- 
lowing figures from cardboard, cutting half-way through the board in the dotted 
lines, and bringing the edges together as the turms will readily suggest. 
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730. Any regular polyedron is inscriptible and circumscriptible 
by a sphere. 


Sue’s.— From the centres of any two adjacent faces, as ¢ and ¢’, let fall per- 
pendiculars upon the common edye, and they will meet it in 
the same point o (?). The plane of these lines will be per- 
pendicular to this edge (°), and perpendiculars to these faces 
from their centres, as cS, ¢’S, will lie in this plane (?), and hence 
will intersect at a point cqually distant from these faces. 

In like manner ¢’S = ¢’S, and the point S can be shown to 
be equally distant from all of the faces, and is therefore the 
centre of the inscribed sphere. 

Joining S$ with the vertices, we can readily show that S is Fru 
also the centre of the circumscribed sphere. 





731. Show that a, being the edge of a regular tetraedron, its 


volume is — ia 





732. Der—A Trauneated Prism is one whose upper and 
lower bases are not parallel. 


733. The volume of a truncated triangular prism is equal to the 
sum of the volumes of three pyramids 
Whose common base is the lower base of 
the prism, and whose vertices ure the 
angles of the upper base. 


Sua’s.—Let 0D, eD’, and aD” be perpendicu- 
lar to the lower base. Volume of b-ABC is 4 4D 
x ABC. Volume a-6Ce : volume l-ABC :: cbC 
:d6BC :: eC: 6B:: cD’ : UD. .. Volume atCe 
== 40D’ x ABC. In a similar manner volume 

> 44D” x ABC. 





Fiu. 406. 


734. Cor—The volume of a prism, 
one of whose bases is a right section and the other an oblique 
section, is the product of the right section into the arithmetical 
mean of its edges. 

Sua’a—The volume of abe-ABC is as shown above ABC ( planta fal eae 


a 


But if ABC is a right section, 3D = 0B, cD’ = cC, andaD” = aA. Hence the 
volume is ABC (2 ie > of). 
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735. The volume of any polyedron having for its bases any 
two polygons whatever, situated in parallel planes, and for lateral 
fuces trapezoids, is the product of 4 the distance between the bases 
into the sum of the two bases plus 4 times a section midway be- 


tween the bases; or V = ; (B + B’ + 4B”), in which H is the dis- 
d 


tance between the bases, B and B’ the bases, and B” a section mid- 
way between the bases. 


Dem.—Let LiMi Ni Pi Q,. be the section of such a 
polyedron midway between its bases, and S any point 
in this section. Joining S with the vertices of the 
polyedron, we divide the solid into as,many pyramids 
as it has faces. The volumes of the two which have 
B and B’ for their bases are evidently 4H x B, and 4H 
x B’. It remains to find the volume of the others. 

Let LML’M’ be a lateral face corresponding to LiMh 
and SO a perpendicular from S upon this face. Draw 
1 through O perpendicular to LM, and consequently to L'M’ Take UK. per- 
pendicular to the plane section, whence UKi = 4H. Now the volume of the 
pyramid having L’M’LM for its base and S$ for its vertex is LiMi x 2I’h x 4$0. 
But hi x SO = Sh x Ki (2); whence the volume of this pyramid is 3 LiMa x 
Si, x Ki = 4 x 2SLiM, x VWKi == $ UK, x 4S5L.M. = 4H x 45L,M.. In like 
manner the volume of the pyramid having for its base the face in which M, N, 
is situated, can be shown to be 3H = x 4SM, Ni and similarly of all the 
others. Whence the whole volume is } H (B + B' + 4B”). 





Fia. 407. 


736. Corn—The proposition is equally true when some or all of 
the lateral faces are triangles; 7 e, when one base has more sides 
than the other. 


Scn.—The preceding propositions are of much value in calculating earth- 
work. 


7o¢. If we cut a pyramid by a plune parallel to its base, a second 
pyramid is formed similar to the first. 


738. Two triangular pyramids are similar whenever they have 
an equal diedral angle contained between faces, similar each to each, 
and similarly placed. 


739. Two polyedrons composed of the same number of tetrae- 
drons, similar each to cach, and similarly disposed, are similar. 
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740. All regular polyedrons of the same number of faces are 
similar solids. 


Z41. The intersection of the surfaces of two spheres is the cir- 
cumference of a circle whose plane is perpendicular to the line which 
joins their centres. 


742. Through any four points nut in the same plane one sphere 
may be made to pass, and only one. 

Scva’s.—The four points may be considered as the vertices of a tetraedron 
Conceive perpendiculars drawn to the triangular faces from the intersections 
of lines drawn in these faces perpendicular to the sides at their middle points, 
These perpendiculars will meet at a common point (’), which is the centre of 
the circumscribed sphere (?). 

(The student should show why only one sphere can be circumscribed. ] 

743. Corn. 1.—The four perpendiculars erected at the centres of 
the circles circumscribing the faces of a tetracdron intersect at a 
common point. 


TAA. Cor. 2.—The six planes, perpendicular to the six edges of 
a tetraedron at their middle points, intersect at the centre of the 
circumscribed sphere. 


anal 


VAS. One sphere and only one may be inscribed in any tetraedron. 
Sua.--Bisect the diedruls with planes. 





VAG. The angle included by any two curves intersecting on the 
surface of a sphere, is equal to the angle included by the ares of two 
great circles passing through the point of intersection, and whose 
planes produced include the tangents to the curves at their inter- 
section. 


SECTION 1. 
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ed 


747. To bisect the angle formed 
by two lines whose intersection i8 2.M 000 
inaccessible. TIS Peco 


Sco.—M and N are points in the bisector. 


Fig. 408. 
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748. To poss a circumference through three points, not in the 
sume straight line, when the radius is so long as to render the ordi- 
nary method impracticable. 


Sue.—Let A, B, and C be the three points; then are M and N other points in 
the same circumference. 





lines which shall meet in that line and make 


E| BA Aw equal angles with it. . 
| oK 


g Sca.—Ifa@ and # are equal, what is the relation of 
a ME to EF ? 
F' 

Fie. 410. 


N Y49. From two given points on the same 
"\ # side of a line given in position, to draw two 


750. To construct an isosceles triangle with a given base and 
vertical angle. 


Sua.—See Prob. 4, p. 102. 
f. To trisect a right angle. 


Sua.—What is the value of an angle of an equilateral triangle ? 


752. Given the perpendicular of an equilateral triangle, to con- 
struct the triangle. 





753. Given the diagonal of a square, to construct it. 


754. To construct an isosceles triangle, so that the base shall be 
& given line, and the vertical angle a right angle. 
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7565. Given the sum of the diagonal and a side 
of the square, to construct it. 


Sva.— What are the values of a and £ respectively ? 





756. Toconstruct a triangle when the altitude, Fie. 411. 
the vertical angle, and one of the sides are given. 


757. To construct a triangle when the sum of the three sides 
and the angles at the base are given. 


ee ian 
bei Bur - Sapte 
Sua's.—MN being the sum of a,d, and yor a ue BRN 
¢, what are the angles Mand N us com- é 
pared with the given angles @ and /? Fro. 412. 


758. In a right angled triangle the perimeter, and the perpen- 
dicular from the right angle upon the hypotenuse being given, to 
construct the triangle. 


Sua’s.—DE is equal to the perimeter, 


DBE is an angle of 135’, and FE is the - Aes 
perpendicular on the hypotenuse, ABC | See \ | ee 
is the required triangle. Let thestudent) g “7a oo 
give the solution in full, and the proof. Fig. 418. 





759. From two given points on the same side 
of a given line, to draw two equal straight lines 
which shall meet in the same point of the line. 





760. To pass a circumference through two 
given points, which shall have its centre in a given line. 


761. To construct a quadrilateral when three sides, one angle, 
und the sum of two other angles are given. 


Sue's.— What is the fourth angle? When two sides and their included angle 
are known, there will be two cases, according as the twvu angles whose sum is 
known are adjacent to each other or opposite. In the latter case we have to 
describe a segment on a diagonal, which will contain the fourth angle. For the 
third case see Ex. 15, puge 136. 
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762. To construct a quadrilateral when three 
angles and two opposite sides are given. 








Fig. 415. 
Saree eS 76.3. To bisect a trapezoid by a line 
a drawn from one of its angles, 
Via. 416. 


764. In a given circle, to inscribe a triangle equiangular with a 
given triangle. 


Sva.—How does an angle at the centre compare with one inscribed in 
the sume segment ? 


765. To describe three circles of equal diameters which shall 
‘touch cach other. 


766. In an equilateral triangle, to inscribe three equal circles 
Which shall touch cach other and the three sides of the triangle. 


767. To deseribe a circle of given radius touching the two sides 
of a given angle. 


Suc.—Llow far is the centre from each line ? 
768. To describe a circumference which shall be embraced be- 


tween two parallels and pass through a given point within the par- 
allels. 


Svua@a.—In what line is the centre? How far from the given point? 


769. To describe a circle with a given radius, which shall pass 
through a given point and be tangent to a given line. 


770. To find in one side of a triangle the centre of a circle which 
shall touch the other two sides. 





771. Through a given point on a circumference, and another 
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given point without, to describe a circle touching the given circum- 
ference. 


Sua.—Consider in what two lines the centre must He. 


772. In the diameter of a circle produced, to determine the point 
from which a tangent drawn to the circumference shall be equal to 
the diameter. 


Svua.— What is the relation between the radius, the required tangent, and the 
distance from the centre to the intersection of the produced diameter and the 
required tangent ? 


773. To describe a circle of given radius, touching two given 
circles. 


774. Ina given circle, to Inseribe a right angle, one side of which 
ig given. 


775. Ina given circle, to construct an inscribed triangle of given 
altitude and vertical angle. 


776. To inscribe a square in a given right- 
angled isosecles triangle, one side being in the 
hypotenuse. 


777. To inscribe a square in a given quadrant of a circle, the 
vertex of un angle being at the centre. 


778. To find the centre of a circle in which two given lines 
mecting in a point shall be a tangent and a chord. 


779. To describe a circumference which shall pass through a 
given point and be tangent to a given line at a given point. 


780. To hisect a quadrilateral by a line 
drawn from one of its angles. 


Sva.—The demonstration is based upon the prin- Z 
ciple that triangles having equal bases and equal Os casera. 
altitudes are equivalent. Fio. 418 
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_ ¥81. Through a given point situated between the sides of an 
angle, to draw a line terminating at the sides of the angle, and in 
such a manner as to be bisected at the point. 


Svue.—Conceive the point as situated in the third side of a triangle of which 
the two given lines are the other two. 


782. To draw a line parallel to the base of 
a triangle so as to divide the triangle into two 
equivalent parts. 


meee 


c Suc. PB” = DB’ = 3AB’. Sce (344, 362). 





Fig. 419. 


783. To construct a square when the difference 
between the diagonal and a side is given. 


Sva.—Consider the angles. 





Frio, 420. 


784. To determine the point in the circumference of a circle 
from which chords drawn to two given points shall have a given 
ratio. 


Svua.—Draw a chord dividing the chord joining the given points in the re- 


quired ratio, and bisecting one of the subtended arcs. 


785. To bisect a given triangle by a line drawn from one of its 
angles. 







786. To bisect a given triangle by a line drawn 
from a given point in one of its sides. 






’ 
tf 
( " 
io 


me 
if 
L F 


Fig. 421 





787. In the base of a triangle find the point from which lines 
extending to the sides, and parallel to them, will be equal. 


788. To construct a parallelogram having the diagonals and one 
side given. 





789. To construct a triangle when the three altitudes are 
given. 
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Suc.— What is the relation of the perpendiculars to the sides upon which 
they fall? If atriangle can be formed with the perpendiculars as sides, how 
will it compare with the first triangle? How proceed when the perpendiculars 
will not form a triangle ? 





790. What is the area of the sector whose arc is 50°, and whose 
radius is 10 inches? 





791. To construct a square equivalent to the sum, or to the dif- 
ference of two given squares. 





792. To divide a given straight line in the ratio of the areas of" 
two given squares, 





79.3. To construct a triangle, when the altitude, the line bisecting: 
the vertical angle, and the line from the vertex to the middle of the- 
base ure given. 

Sua.—The centre of the circle circumscribing the required triangle is in the 
perpendicular to the base at its middle point; and the intersection of this per- 
pendicular and the bisectrix is a point in this circumference. 


Show that the bisector always lics between the perpendicular and the medial: 
line. 


794. Through a given point, draw a line such that the parts of 
it, between the given point and perpendiculars let fall on it from two- 
other given points, shall be equal. 

What would be the result, if the first point were in tho straight 
line joining the other two ? 


7985. From a point without two given lines, to draw a line such 
that the part intercepted between the given lines shall be equal to. 
the part between the given point and the nearest line. 


Sve.—Produce the lines till they meet, if necessary. Draw a line through the: 
given point parallel to one of the lines, and produce it till it meets the other. 


796. Given one angle, a side adjacent to it, and the difference of 
the other two sides, to construct the triangle. 


Queries.—How if > a? How if B is obtuse? 








797. To pass a circumference through two given Fio. - 
points, having its centre in a given line. 
18 
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798. To draw a line parallel to a given line and tangent to a 
given circumference. 


Svug.—Draw a diameter perpendicular to the given line. 


799. To draw a common 
tangent to two given circles. 


Scva.—ist MEtHop.—There are 
two sets of tangents, AC, BD, and 
A’D’, B’C’. For the first, observe 
that if PE — AP — OC, OE is parallel 
to AC, etc. 





2p Mernop. 70, 7’'0’ 
being parallel to cach other, 
a py’T gives the intersection 
of the tangent with the line 
passing through the centres, 

Fia. 424. since 
pO :7'0’' :: OT : O'T, or pO —p'0’ : n'0':: OO’: O'T. 
Also, PO — P’O’: P’O’:: 00’: O'T. 
Hence O’T is constant for all positions of the parallel radii, Prove that if 
the parallel radii are on different sides of the line joining the centres, T’ is 
the point where the internal tangent cuts OO’. 

QuErrEes.—How many tangents can be drawn—1st. When the circles are ex- 
ternal one to the other; 2d. When they are tangent externally; 3d. When 
they intersect each other; 4th. When tangent internally; 5th. When one lies 
within the other ? 


*eae0 


Hs mene 
pene 
~~ 








0 800. To describea circle tan- 
gent to a given circumference 
and also to a given line at a given 


point. 


Sue’s.—There may be two cases— 
ist. When the given circle is exterior 
to the one sought; and 2d. When it 
is interior. In either case the centre 
of the required circle is in the perpen- 
dicular AO’. In the former case, QO, the 
centre of the required circle, is at 

Fre. 495. r+ from C ; and in the latter O' is 
at r—-r from C. AO =r, and CO= AB = AB’ = Pr’, 
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801. To construct.a trapezoid when the ¢ 
four sides are given. 


Sue.—Knowing the difference between the two 
parallel sides, we may construct the triangle AEC, 
and hence the trapezoid. 





Pia, 46 


802. On a given line, to construct a polygon similar fo a given 


polygon. 


Scva's.—One method may be learned from 
(90). Ex. 8 page 152, furnishes another 
method. The following is an elegant method : 
To construct on A’ homologous with A, a 
polygon similar to P. Place A’ parallel to A, Fic, 427. 
and the figure will suggest the construction. 





80.3. To pass a plane through a given line and tangent.to agiven 
sphere. 


Sva’s.— Pass a plane through the centre of the sphere and perpendicular to 
the viven line. Through the point of intersection and in this seeant phine draw 
tangents to the great circle in which the secant plane intersects the surface of 
the sphere. The points of tangency will be the points of tanvency of the re- 
quired planes (?), of which there are thus seen to be two. 


804. Der —A Tangent Plane to a cylindrical or conical 
surface is a plane which contams an element of the surface, but 
does not cut the surface. The element which is common to the 
surface and the plane is called the Llement of Contact. 


806. To passa plane through a given point and tangent toa 
given cylinder of revolution. 


Svo'’s.—i1st. When the point is in the surface of the cylinder. Through the 
point draw an element of the cylinder, by passing a line parallel to the axis, 
or to any given clement. ‘Through the same point pass a plane perpendicular 
to this clement, making aright section (a circle). To this circle draw a tan- 
gent. The plane of the element and tangent is the tangent plane required. 
(The student should prove that any point in the plane affirmed to be tangent, 
not in the element passing through the given point, ig without the cylinder.] 

2d. When the given point is without the cylinder. Pass a plane through 
the given point perpendicular to the axis of the cylinder, thus making a right 
section of the cylinder (a circle). In this secant plane draw tangents to the 
section. Through the points of contact of these tangents draw elements of 
the cylinder. These elements are the elements of contact of the tangent 
planes. Hence planes passing through them and the given point are the tan- 
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gent planes required. [The student should remember that this is but an out 
line, and be careful to fill it up, giving the proof.) 


806. To passa plane through a given point and tangent to a 
conical surface of revolution. 


807. To find, with the compasses and ruler, the radius of a ma- 
terial sphere whose centre is inaccessible. 
Sua's.— With one point of the compasses at any point 
in the surface, as A, trace a circle of the sphere, as acd. 
The chord Aa is measured by the distance between the 
compass points. In like manner measure three other 
chords, as ac, ab, and be. Draw a plane triangle having 
these chords for its sides, and cireumscribe a circle about 
it. Thus aD is found. Knowing aA, and aD, and remem- 
bering that AaB is right angled at a, the triangle 
AaB can be drawn in a plane (?), whence AO becomes 
Fia. 428. known. 





SECTION LIT. 
APPLICATIONS OF ALGEBRA TO GEOMETRY. 


808. The mathematical method which is called technically Ap- 
plications of Algebra to Geometry consists in finding, by means of 
equations, the numerical values of the unknown parts of a geomet- 
rical figure, when a sufficient number of the parts are given numeri- 


cally. 


809. By reference to the CompLeTE Scnoot ALGEBRA, page 
238, it will be seen that the algebraic solution of a problem ‘consists 
of two parts: Ist. The Statement, which is the expressing by one 
or more equations of the conditions of the problem, ¢. ¢, the rela- 
tions between the known and unknown quantities (parts of the 
figure) to be compared; and 2d. The Solution of these equations, 
so as to find the values of the unknown quantities in known ones. 


810. In applying the equation for the solution of such problems 
as are now proposed, we have to depend upon our previously ac- 
quired knowledge of the properties of geometrical figures for the 
relations between the known and unknown quantities, which will 
enable us to form the necessary equations, #. ¢, to make the Séate- 


tans 
ae 
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ment. The resolution of the equations thus arising is effected in’ 


the ordinary ways. [See Nors, page 239 of THE CompLErE 
ScHooL ALGEBRA.] 


811. The details of this method will be most readily obtained 
from a careful study of examples. 


EXAMPLES. 


812. Ina right angled triangle, given the hypotenuse and the 
sum of the other two sides, to find these sides separately. 


So_ution.—Let ABC be a triangle, right angled 
at B. Let the known hypotenuse be A, the wnknown 
base, y; the wnknown altitude, 7, and the Anown sum 
of the base and altitude, a. 
We have here two unknown quantities, and hence 
must have two equations, in order to find their ~ yo” 
values. One of these equations is furnished dircetly Kia. 420. 
by the statement of the problem, which says that the stun of the base and pere 
pendicular is to be given. Hence— 


Equation 1 is a) 


A second relation between a and y and the known quantity 4 is furnished by 
the relation given in Parr I. (3-46). Whence— 


Equation 2 is er+ya hk’. 
Solving these equations we find— 
y= 40 t 492K — and 7 ae da FYB ot 
If ft = 10 and s = 14, we find r = 6, and y < &; ora = 8, and y = 6. 


GEOMETRICAL SOLUTION —It is exceedingly interesting and instructive to 
compare the algebraic solution of such problems with their geometrical solution, 
when the problem can be solved in both ways. The geometrical solution of 
this problem is as follows: 

Take DC =<s, the sum of the two sides, 
and make ODC = 45°.) From C as a centre, 
with a radius 2, the hypotenuse, describe an 
arc cutting DO, us in A and A’. Draw AC and 
the perpendicular AB, also A’C and the per. 
pendicular A'B’. Both the triangles ABC and 
A’'B'C fulfil the conditions. For AB = DB (’%), 
whence AB + BC = 4, and AC = A, by con- 
struction. So, also, A’B’= DB’ (*), whence AB’ 
+ BC =s, and AC = hk, by construction. 





SLE ee Smt me mre Ble 8 RAND ERIE 


COMPARISONS OF THESE So._rrTioxs.—tIst. 
We find in the algebraic solution, that, in Fio. 490. 
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general, y may have two values—viz., $¢ + 44/2h? — s*, and 48 — 44/2h? — 8; 
and that when y = 48 + 44/2/7 — #, 2 = 48 — 44/2 — #*; but, wheny = 
48 — 44/20? — #2 = 48 + 44/2h7— #. Correspondingly, we find in the 
geometrical solution that the base (y) may have two values—viz., BC, and B’C ; 
and that when the base is BC, the altitude (z) is AB; but, when the base is 
B‘C, the altitude is A’B’. ; 

2d. From the algebraic solution, we observe that the base y= 48 + 44/27? — #, 
may be considered as made up of two parts—viz., a rational part, 3s, and a 
radical part, 44/2? — s?; and that the altitude, « = 4¢ F 44/2h? — #,ia made 
up of the same parts, only observing that, if the base is considered as the sum 
of these partsa—viz., 42 + $4/2/7 — s*, the altitude is their difference — viz. 
38 ~ 34/2h? — 6, If, however, the base is 48 — 44/2/? — 6°, the altitude is 
48 + 34/2? — s*. Now, we can discover exactly the same things geometrically, 
and can show exactly what is the geometrical meaning of each of the parts of 
the values of y and z. To do this, draw Cf* bisecting AA’; let fall the perpen- 
dicular fe, and draw Ak and fg parallel to OC. Cfis perpendicular to DO (2), 
and hence equal to Of (?). Also, De = eC = fe = 48(?). From the right angled 


1 8 
isosceles triangle O/C, fC = —~ DC = —= (?). Hence, from A/C, Af = 
ACT — fC* = a/h® — fs? = ane —s. Again, from the right angled 


1 Sea! 
_ isosceles triangle Aky, we have Ak = Vi Af (?) = 44/21? — 8’, But Ak = fk = 


Jo = Ag = Be = ¢B’. Hence we see that the rational part of the value of y (48) 


is eC, and that the radical part (}4/2h? — #) is Be, or eB’. In the triangle ABC 
the sum of these parts is the bas:; and in the triangle A‘B'C, their difference is 
the base. In like manner fe represen: the rational part of the value of z, and 
Sk = A’g, the radical part. 


8d. From the algebraic solution we sce that if « = 227, y = js, and z = }e. 


® 2 ® ° e 1 
The same thing is seen in the geometrical solution, for if s* = 2h?,2 = a 


or fC; whence the arc struck from C as a centre, with 2 as a radius, would be 
tangent to DO, instead of intersecting it in tro points. Again, if 8? > 2h, the 
quantity under the radical sign is negative, and the radical becomes imaginary. 
This means, that no triangle can be formed under these circumstances. This 


: : 1 
case appears in the geometrical solution also, for then h < F758 OF less than 


fC, and consequently the arc struck from C as a centre, with radius 2, will not 
touch DO, and we get no triangle. 


* Thia part of the construction should not be allowed on the figure till it fe wanted—é.c¢., till | 
this stage of the discussion. 
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813. ScH.—This problem is discussed thus at length as an illustration of 
what may be done by such methods. Of course, all problems are not equally 
fruitful; but the student should not rest satisfied with a mere determination of 
the values of the unknown parts in known terms, when anything farther is 
revesled either by the process or result of the algebraic solution. Especially 
should he desire to become expert in seeing what geometrical relations are 
indicated by the form of the answer obtained. 





814. Given the lengths of the medial lines from the acute angles 
of a right angled triangle, to determine the triangle, 4. ¢, to find the 
base and perpendicular. 


Sva’s.—Let AD = a, CE = b, AB = 22, and CB = Qy; then . 
428 + y? =a, and 4y° + 2? = BQ). 1. 22 = AB=24/™ = é 


and 2y = CB =24/> 5 a p 


The form of these results indicates that CB sustains the A  §& 8 
same relation to CE and AD thut AB does to AD and CE—a Fre. 481. 
fact Which is evident from the nature of the case, 

Again, if 4a? < 6°, 2z is imaginary; and if 467 < a®, 2y is imaginary. In 
either case the triangle cannot exist. So also if 4a? = 0,22 = 0, and if 40? 
= a’, 2y = 0, and there can be no triangle. This may be seen from the figure 
by conceiving AB, for example, to diminish. As A approaches B, AD ap- 
proaches equality with DB, and CE with CB. Hence the démit is AD = 4CE, 

Thus we see that either medial line must be more than half the other, propo- 
sition which is proved by this solution. 








815. The hypotenuse and radius of the inscribed circle of o 
right angled triangle being given, to determine the triangle. 


Resulis.—Calling the hypotenuse /, the radius 7, the base z, and the per- 


jt — dhr — 47° 

pendicular y, we have, z = sla ie LM as and 
Or +h A/it — Shr — 472 
eg 

The results being the same in other respects, the double sign before the radical 
indicates that the base and perpendicular are interchangeable—a fact which is 
evident from the nature of the case. 

If the radical is 0, ¢. ¢., if A? — 4hr — 4° = 0,2 = 7 + fhyandy = 7 + 4h, 
and the base and perpendicular are equal. Let the student show the same thing 
geometrically (from a figure). 

Also, if ht — 4hr — 4r4 = 0,4 = 2r (1 + 4/2). In this result the negative 
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sign is to be rejected, since it would make 2 negative, a8 

C V2>1. 
The value 2 = 2r (1 + +/2) is readily seen from the figure 
when AB = CB. Thus AC = 20B = 2(DO + OB) = 2(r + 


Ep VD) = Ort +9) 0. 


A F B 
Fia. 432, 





816. A tree of known height standing perpen- 
dicular on a horizontal plane, breaks so that its top strikes the 
ground at a given distance from the foot, while the other end hangs 
on the stump. How high isthe stump? That is, given the base 
and the sum of the perpendicular and hypotenuse of a right angled 
triangle, to determine the perpendicular. 


Result.—Let a be the height of the tree, 5 the distance from the foot to the 
point where the top strikes, and @ the height of the stump; then z = 
a’ — 





2a 
teal D , = 4s the ai below the middl 
Since ——— = ja — 5a" - 8 the distance below the middle, at which 
the tree breaks. 





817. In a rectangle, knowing the diagonal and omen to find 
the sides. 
818. Knowing the base, 4, and altitude, a, of any triangle, to 


find the side of the inscribed square, z. 


Result, 2 = nae 
a+b 





819. In an equilateral triangle, given the lengths, a, 8, ¢, of the 
three perpendiculars from a point within upon the sides, to deter- 
mine the sides. 


Sve’s.—Find an expression for the altitude in terms of the sides; and then 
get two expressions for the area of the whole triangle. Equate these. 
2(a+o+ ee) 


V3 


Result, each side = 





820. In a right angled triangle whose hypotenuse is /, and differ- 
ence between the base and perpendicular d, to find these sides. 


—dt V2? — & a+ V2 — & 
Ty ee ea ee ere ge 





Resulis, «= 
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QueRigs.—Why must the minus sign of the radical be omitted in the geo- 
metrical interpretation of these results ? What is the least possible value of d? 
What are the sides of the triangle for these values? What is the superior limit 
of the value of d? What do the sides become at this limit ? 





821. In an equilateral triangle given the lines a, 2, ¢, drawn to its 
three vertices from a point within or without, to find the sides. 
Result.—Each side = 


| C++ e+ V6 (a + Oe + ca’) — 3 (a + FF eC) P 
EEE 


"The radical is + when the point is within, and — when it is without. 





S22. The perimeter of a right angled triangle and the perpen- 
dicular from the right angle upon the hypotenuse being given, to 
determine the triangle. 


Sue’s.—Let 8 be the perimeter, p the perpendicular upon the hypotenuse, and 
z+ y,z2 — y the two sides about the right angle. Then the hypotenuse = @ 
— 2x, and we readily form the two equations p (@ — 2r) = z? — y*, and 

9 
(2 + yf + (@ — y)? = (@ — 22)? (?). ~Hencez = ne : and this value substi- 
tuted in either equation will give y. 





823. The base of a planc triangle is 2 and its altitude a, required 
the distance from the vertex at which a parallel to the base must cut 
the altitude in order to bisect the triangle. 

at 
Result, V2 


QurRy.—What does the fact that b docs not appear in the result show ? 





$24. Having given the area of a rectangle inscribed in a triangle, 
can the triangle be determined? Can it, if the rectangle is a 
square? If the rectangle is a syuare and the triangle right angled ? 
If the rectangle is a square and the triangle equilateral ? 





$26. The sides of a triangle being a, 4, c, to find the perpendicu- 
lar upon ¢ from the opposite angle. 


Result, p = 5,Vie (+6) +200 —a — Uc. 


Sua’s—Observe that a and 2 are similarly involved in the result, but ¢ is 
differently involved from either. This is evidently as it should be, since a and 
d are the sides about the angle from which p is let fall; and are thus similarly 
related to p. But ¢, the side on which p falls, is differently related to p from 
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either of the others. The student should be able to write the value of the per- 
pendiculars upon each of the other sides, from this one. Thus, that on a is 


Pa Qu? (ce? + b’) + Yoth? cat a‘ opis &j* — ¢4, 


826. The sides of a triangle are a, 3, c, to find the side of an in- 
scribed square one of whose sides falls in c. 


Sue's.—The altitude may be found from the preceding, hence may be as- 
P e 
+ p 





sumed as known. Call it p. Then the side of the required square is « 


What is the side of the square standing on a? On bd? 


QuERY.— Will the square be the same on whichever side it stands? Observe 
that though the values here found are apparently different, they may not be so 
really, since p is different in cach case. But let the student decide. 


S27. Waving the area of a rectangle inscribed in a given triangle 
and standing on a specified side, to determine the sides of the 
rectangle. 

Result, b being the base on which the rectangle stands, p the alti- 
tude from this base, and s the given area, we have for the sides 


a ee p/p 
ay ee =? Lae Le 
si /' oe ae b 


Sva’s.—The + and ¥ signs indicate that, in general, there can be two equal 
rectangles inscribed standing on the same base. The student will do well to 
illustrate it with definite numerical values, as p = 10, 6 = 6, s = 10. 


ren b? ah gp, 
gain, 7 must be greater than rs and re > pr hens must be less than dpb. 


That is, the ‘Ereutest rectangle is half the area of the triangle, since 4 pb is the 
area of the triangle. 


re 


828. The Algebraic solution of a problem often enables us to 
effect a geometrical construction. We will give a few examples. 
Through u given point within a circle, to draw a 
A chord of a given length. 


So.utTion.—Let s be the length of the required chord, and 

P the given point. Since P is a known point, call AP 

. = a, PB = b, AB being the diameter through P. Let CD 
Fro. 488. represent the required chord, and calling.CP, z, PD = 8 — z. 


Then sz — 2? = ad; Whence t = HW 4 4s — Hd. 
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To effect the geometrical construction, let s be the length 
of the given chord, and P the point in the given circle. Draw 
the diameter through P, and erect PE perpendicular to it. 
Make EH = 38; then since PE = ab, PH = 4/{8*— abd. 
Now take Hi = 3s, and from P asa centre, with a radius P| 


= $8 + 4/48’ — ab, strike the arc DI intersecting the circum- 


ference. DPC is the chord required. Ss 
Fie, 434. 





From the radical +/4s? — ab we sce that, if ab > 44, a is 
imaginary, as we say in algebra. In such a case the problem is geometrically 
impossible, as will appear from the construction, for then PE is greater than 
EH, which makes HP, the representative of +/4s* — ad, impossible. If 4s’ = ad, 
g has but one valuc, and the segments are equal. 


829. To find a point ina tangent to a circle from which, if a 
secant be drawn to the extremity of the diameter passing through the 
point of tangency, the external segment shall have a given length. 


So.tution.—Let AB = d be the diameter of the 
given circle, OX = « the external segment of the re- 
‘quired secant, and the whole secant BX =: 7. Then 
zr? — ae = dyand sr = ha t ydt 4 4a’. 

To effect the geometrical construction, construct 
the radical by taking AC = 4a; whence BC = 
fa + qu? Now make CY = ja, and with B as a 
centre, and BY as a radius, strike an arc cutlng the 
tangent, asin X. Then is Fro. 428. 

BX =z=ja+ Vii + 4a, 

The negative value of the radical is inapplicable in this elementary, geomet- 
rical sense, since as 7/d' + 4u? > 4a, this would make 7 a negative quantity. 
Again we see that no real value of « can render z imaginary. 

We can observe the same things from the geometrical construction. Thus, 
if the negative yalue of the radical were taken, 7 would be numerically less 
than BC, by 4a, or AC. But BC — AC < BA. Hence an are struck from B 
with the required radius would not cut the tangent. We see also that a may 
have apy value between 0 and o. 








830. Given the hypotenuse and area of a right angled triangle, 
to construct the triangle. 

: Sva's—Let A be the hypotenuse, s the area, and z the 
perpendicular from the right angle upon the hypotenuse. 
Then ka = 2s, or gh :8::8:2,andh : 28 :: 28: Qz. 

The figure will suggest the construction. 
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831. Through a point between two lines which intersect, to draw 
a line which shall cut off a triangle of given area 


Sva’s.—Let AY = 2, and the required area = s°, 
We haveh:H::2—-0:2 .« H= a 


3 


And Hz =2s. «. H= z Thos Thus 


To construct this, find ¢ = a t. €., construct 





a third proportional to and & Then construct fe (. e(c — 2b), ¢.. e., find a mean 
proportional between ¢ and ¢ — 20; let this bem. Whence z = ¢ + m. In gen- 
eral, there may be two solutions, if any, since there are us o values of z. [This 


should also be observed from the figure.] But if 20 > ” there is no solution. 


7 


“ . : : : 
If i, = 2d, there is but one solution. In the latter case where ts the given point 


2 
OP? What is the geometrical difficulty when 2b > A! Can m be numerically 


greater than ¢? 


832. To construct the four forms of the affected or complete 
quadratic equation, viz., (1.) 77 + pe —g=9, (2.) 2 —pr—-gq= 
0, (3.) a — px + g = 0, (4.) 2? + poe + ¢ = 0, without solving the 
equations. 

First Form. 2? + pe — q = 0—Draw any 
two lines as LM, NP, intersecting in seme point 
O. Resolve g of the equation into two factors, 
as rand g’, so that we have 2? + pr—~rxg = 
0. Take OA=p,OB= 7,0C=q'. Bisect CB 
and AO by perpendiculars, and from their in- 
tersection Fas a centre, with a radius FB, draw 
a circle. Then DO, or AE, is z, the positive 
root. Forz (e+ p)=rq’, or + pr— rg = 0. 
The negative root is OE. Thus, let OF = (— 7}. 
Then DO = AE = (— z — p). Hence (— nr) 

Fia. 488. (— 2 — p) =P + pr=rg,or2? + pr—ry' 
= 0. 

This construction is evidently always possible irrespective of the relative 
magnitudes of p, r,¢’; a fact which agrees with the statement in algebra that 
this form always has real reote. 





Seconp Form. 2° — pr — rg’ = 0.—The construction is the same as for the 
first form; only, in this case OE is the positive, and DO the negative root. 
Thus for OE = z (positive), we have DO x OE = (2 — p) zr = rg’, orz* — pr— 
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rq =0. For DO =(— 2), we haveDO x OE = DO(OA + AE) = DO(OA + DO) 
= (— 2) (p— 2) =7q',or 7 — pr — rq’ = 0, 

Observe that in the first case the negative root is numerically greater than 
the positive; while it is the reverse in this form. This agrees with the conclu- 
sions of algebra (See CoMPLETE ScHOOL ALUEBRA, 1Q-4£). 


THIRD Form. 2 — pr + r7’ = 0.— 
Draw any two lines, as OM, OP, meet- 
ing at O. Take OA = p, OB = rory’, 
and OC =g'orr. Ercet perpendiculars 
at the middle points of OA, and BC; 
and from their intersection Fas a cen- 
tre, with a radius FB, strike a circum. — 9- 


ference. Then OE and OO are the : ee 

values of gz For OE = 7, QE x OO = ‘ 

OE x EA = OE (OA — OE) = ar(p — wr) Fiv. 489. 

= rq’ or 2? — pr + rg = 0. For OO 

= t, OD x OE = OD (OA — AE) = OD (OA — OD) = v (p— x) = rq’, ore 
— pe + rg =. 

Observe that the former value of z is greater than the latter, but that ucither 
is negative. 

So also, we may readily see that the roots may become equal, and also, im- 
aginary. Thus if the circle were tangent to OA, the roots would be equal, and 
if it did not touch OA they would doth be imaginary. (See Algebra, as 
above.) 





Fourty Form. 2? 4+ pr+ rq’ = 0.~The construction is the same us the 
last, only both values of 7 are negative. Thus, (— 2) [p — (- 2)] = (- +“) 
(p+ xr) =rg, —pr—vt—r¢y =0,0ra? + pet rg = 0, 


Scn.—Thus we see that we can construct any equation of the second degree 
containing but one unknown quantity, which has real roots. Hence, if the al- 
gebraic solution of a geometrical problem requires only the resolution of such an 
equation, the algebraic solution will lead to the geomctrical construction. 


8.3.3. We have now given sufficient illustrations of this most in- 
teresting and important subject, so that the student should have 
caught the spirit of this method of using algebra to subserve the 
purposes of geometrical investigation. We shall simply append a 
list of problems, upon which the student can put in exercise both 
his algebraic and geometric knowledge. But we cannot refrain 
from repeating the advice, that the learner should not rest satisfied 
with the mere algebraic resolution of the problem. IIe should be 
ambitious to trace, ax fully as possible, the wonderful relations which 
exist between the abstract operations of algebra, and <he more con- 
crete relations of geometry. 
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EXAMPLES. 


834. Given the perimeter of a right angled tri- 
angle and the radius of the inscribed circle, to de- 
termine the triangle. 






wee ae tle meee 


rca 835. Given the hypotenuse of a right angled 
triangle and the side of the inscribed square, to de- 
termine the triangle. 





8.36. In a right angled triangle, given the radius of the inscribed 
circle, and the side of the inscribed square, the right angle of the 
triangle constituting one angle of the square, to determine the 
triangle. 


Sua's.—Letting z and y be the sides, 2 the hypotenuse, 7 the radius of the 


inscribed circle, and s the side of the inscribed square, we have s = —?— 
zrt+y 


2 a—? 
ay =r (ety t+e)andz+y=2+2r, Whencez= 2r (=) CIC 





837. In any triangle whose sides are a, J, c, to find the radius of 
the inscribed circle. 


838. Show that the area of a regular dodecagon inscribed in a 
circle whose radius is 1, is 3. 


9 a4 839. Find the area of a regular octagon 
ieE whose side is a. 





Result, 2 (V2 +1) a‘. 


840. Find the radii of three equal circles de- 
Fis. 441. scribed in a given circle, tangent to the given 
circle and to each other. 





841. The space between three equal circles tangent to each other 
is @; what is the radius? 





842. In a triangle, given the ratio of two sides, and the segments 
of the third side made by a perpendicular let fall from the angle 
opposite. 
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843. Ina triangle, given the base and altitude, and the ratio of 
the other sides, to determine the triangle. 





S44. Given the base, the medial line, and the sum of the other 
sides of a triangle, to determine the triangle. 





845. To determine a right angled triangle, knowing the perim- 
eter and area. 

Sva's. 27 + yi = 23, r+ y+e2=2p, and ry = 29°, give y + r= Bp—ex, 
z+ Qry + y? = 4p) — Ape + 2, 2 + 4 = Ap — dpz + 2? whence 


7 9 Pr +H? 
p , ee » and xy = Qa’ 
Pp ) 





Now use y + 7=2p—2= 





846. To determine a right angled triangle, knowing the perim- 
eter, and the sum of the hypotenuse, and the perpendicular upon the 
hypotenuse from the right angle. 

Sua’s, 2? 4+ yim 2, ar + yt 2m Qe + Mm a ory os et. Then 
z+ Qry + y? = 4p? — dpz + 27; whence ary = 4)" ~- 4yz, and hence 
22 (a — 2) = 4p — Apz, ete. 


emer arr aenoeal 


847. The volume, the aluitude, and a side of one of the bases of 
the frustum of a square pyramid being known, to determine a side 
of the other base. 





848. To determine a right angled triangle, knowing the perim- 
eter, and the perpendicular Jet fall from the right angle upon the 
hypotenuse. 





849. To determine a triangle, knowing the base, the altitude, 
and the difference of the other sides. 





850. To dctermine a triangle, knowing the base, the altitude, 
and the rectangle of the other sides. 





851. To determine a right angled triangle, knowing the hypote- 
nuse and the difference between the lines drawn from the acute 
angles to the centre of the inscribed circle. 

Svue’s.—Let fall CO a perpendicular upon AO produced. 
Now, since the the angles BAC and ACB are bisected, 
and COD = OAC + OCA, and ICD = IAB, they being 
complements of the equal angles CID, IAB, we have, COD 
= OCD, and CO = OD = 1/4 CO. Hence, putting AC Fie. 48). 
= h,CO = 2, and AO =z + d, we have 

(r +d + wf} 2) + (1/4 2) = AX. From this z is readily found. 
The student should then be able to complete the solution. 
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852. Given two sides of a triangle and the bisector of their in- 
cluded angle, to determine the triangle. 


853. Given the three medial lines, to determine a triangle. 





854. Given the three sides of a triangle, to determine the radius 
of the circumscribed circle. 


855. Four equal balls whose radius is r are placed on a plane so 
that each is tangent to the other three, thus forming a pyramid; 
what is its altitude ? 


856. Given the base of a triangle, the bisector of the opposite 
angle, and the radius of the circumscribing circle, to determine the 
triangle. 

Sua’s.—First to find ED = x. Since 
EM = r— 4/7" — &, it may be considered known and 


put equal toc. We then have DM = 7/c? + 2°; and also, 
Ze ~ Q? 


DM x «o= AD x DB = 2’ — 2’,or OM = aaa 


enn, 8 ‘ 
Whence Ye? + 2? = Seer and z is readily found. 





Calling EO = a, the student will have no difficulty in 
Fig. 443. proceeding with the solution. 


CHAPTER II. 
INTRODUCTION TO MODERN GEOMETRY.* 


SECTION I. 


OF LOCI. 


857. The term Locus +, as used in geometry, is nearly synony- 
mous with geometrical figure, yet having a latitude in its use which 
the other does not possess. The locus of a point is the line (geo- 


* With strict propriety only the latter nectiona of this chapter belong to the Modern Geome- 
try, technically ao calicd. But, as the entire chapter is composed of matter which has not 
hitherto found place in our common text-books, and the relative importance of which ie be- 
coming more fully appreciated in modern times, the author has ventared to embrace the whole 
under this title. 

t+ The word Locus is the 1 


OF LOCI. 289 


metrical figure) generated by the motion of the point according to 
some given law. 

In the sume manner, a surface is conceived as the locus of a line 
moving in some determinate manner. 


ILL's.—The locus of a pointin a plane, which point is always cquidistant 
from the extremities of a given right line, is a straight 
line perpendicular to the given line at its middle point ra 
Thus, suppose AB a tixed line, and (he focus of a potut 
equidistant from its extremities is required > that point 
may be anywhere in a perpendicular to AB at its mid- 





dle point, ava? cannot be anywhere elxe in this plane. A ae 
This perpendicular is the locus (place) of a point 

subject to the given law. 
Again, a boy on the green is required to keep at just D 

20 teet from oa certain stake; where may he be found ? Fra. 4. 


ée., what is his locus (place)? Evidently, the cireum, 
ference of a circle whose radius is 20 feet. Thus, the locus of a point in a plane, 
equidistant from a given point, is the circumference of a circle. This is the 
place of such a point 
What is the locus in space of a point equidistant from oa given point? 
What is the locus of a point in space equidistant from the extremities of a 
given line? A plane. 
What is the locus of a line moving so that each point in it traces a right line ? 
In veneral, a plane ; if it move in the direction of its Jength, a straight dine. 
What is the locus ofa right line parailel to and equidistant from a given line? 
What is the locus of a right line intersecting a piven line at a constant 
angle ? * A conical surface of revolution, 
What is the locus of a semicircle revolving on its diameter ? 


PROPOSITIONS AND PROBLEMS IN DETERMINING PLANE LOCL.. 


[ NoTe.—The student should be required to give every demonstration in form, . 
aud in detail. Frequent exercise in writing out demonstrations, is almost the 
only method of securing a good, independent style in demonstration. | 


8358. Theo.—The locus of a point in a plane, equidistant from 
the extremities of a given line, is a perpendicular to that line at its 
middle point. 


Sve.—To prove this we have simply to show that every point in such a per-- 
pendicular is equidistant from the extremities of the given linc, and that no 
other point has this property (Part IL, 729). 





* That ie, an angle which remains of the same size. 


19 
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859. Prob.—Find the locus of a point at any constant distance 
m from a straight line. Of what proposition in Part II. is this the 
converse ? 


Sua’s.—To prove the proposition which the answer to this question asserts, it 
will be necessary to show that every point in the affirmed Jocus is at the same 
distance from the given line and that xo other point 


. is at that distance. We affirm that the locua is two 





c-4..---- E— D right lines parallel tu the given line and at a distance 
Hd a eee B m therefrom. The formal demonstration is as follows : 
| On Let AB be the given line, and OE, OE’, perpendiculars 

Ud 


> oor” caaamamal “A thereto, each cqual to m. Through E and E’ draw 

CD and C’D’ parallel to AB; then is CD, C’D’, the 

Fig. 445. locus required.* = For, by Part IT. (256), every point 

in CD, C'D’, is at the distance m from AB ; and we may 

readily show that any other point, as P or P’, is at a distance greater or less than 
m fromAB, Hence CD, C’'D’, is the locus required. 


860. Theo—In a circle, the locus of the centre of a chord par- 
. ° : . P 
allel toa gtven line is a diameter. 


Demw.—Let mn be any cirele, and AB a given line. 
Then is the locus of the centre of a chord parallel to AB, 
a diameter of the circle. 

For, let pH be any chord parallel] to AB. Throngh the 
centre of the circle C, and P, the middle point of OH, 
draw EL. Now El is perpendicular to DH (?), and con- 
sequently to AB (?). Then will EL be perpendicular to 
any and every chord parallel) to DH (?), and hence will 
bisect such chord (?). Therefore the locus of the centre of a chord parallel to 
AB is a diameter, 

Again, any point in the circle and out of the line EL is not the middle point 
of chord parallel to AB. Thus, letting P’ be such a point, draw a chord 
through P' parallel to AB, As there can be but one such chord (°), and as EL 
bisects it (?), P’ is without the diameter (?). 





Fig. 446. 


861. Theo—The locus of the centre of a circumference passing 
through two given points isa straight line. 


Sva.—Consult Part II. (159, 163, 197). The student should put the 
argument in form. 


862. Theo—The locus of the centre of a circle which ts tan- 








* It fa important that the etudent think of these two lince ae one locus, or as parts Of one and 
the same locus, if thie will aid the canception. A locus may consist of any number of detached 
parte; all that is necessary being that the given conditions be fulfilled. In this respect the 
word locus has a more enlarged meaning than the term geometrical Agure. 
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gent toa given circle ata given point, ts a straight line passing 
through the centre of the given circle. 


Dem.—Let C be the centre of the given circle, 
and B the point in the circumference to which 
the circle * shall be tangent, the loeus of whose 
centreds required. Through B draw TL tangent 
to the given circle, Now, weircle passing through 
Band tangent to the given circle, will have TL 
for its tangent (7), and asa radins is perpendicn- 
lar to n tangent at its extremity, and only one Bia. 447. 
perpendicular can be drawn to Tk through B, 
the centre of a cirele tangent to the given circle at Bomust be in this stradeht 
line. Moreover, as the given circle is tangent to the right line Th oat B, its 
centre is in the perpendicular AX. Tlence AX is the locus required, 





warn see 


; . 

S63. Thea— The locus af the centre of actreleof given radings 
R. and tangent toa given straight line is two parallels to this line at 
a distance R therefrom, on cach side, Give proof in form. 


_ 





S64. Prob—Find the locus of the centre of a cirele of given 
radius Ro whose cirewmference passes through a gtren point Give 
proof in form. 


coemaatemiameaasentamennannd 


865. Theo—The locus of the ceutre of a line af canstant length, 
having its ertremitios in two fired tines which cul each other at right 
angles, is the cirrumference af a circle. 


Sva's.—Let MN be the length of the 


given line, and CD, and AB, the two lines ‘ aon 
intersecting at right angles, in which the ie moe 
extremities of MN are to remain. Now, iar a L ae mw 
in whatever position MN may be placed, a “oO” lL ~_ 8 
its middle point, P, is at the same distance Nn ee a 

(4MN) from O (7). To show that any point Ve P 

not in this circumference, as g, is not the M 

midde point of a line equal to MN passing ‘he 

through it, and limited by the fixed lines, iD 

from gas a centre, with a radius sMN cnt Fra. 448. 


CO, asin C; and from C as a centre with 

the same radius strike the are @P. If pis without the circle, CB > MN, if 
within, less. Hence, the required Jocus is a circumference whose centre is O, 
and whose radius ts }MN. 








foe ee ee NIN Agee ea nat 





* Observe the form of expression. We nay “the circle.” and not “the circles.’ using tha 
term ina generic sense, as including all which have the required preperty, 4 ¢., all which are 
tang-nt to the given circle at B. 
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866. Prob.—Find the locus of the centre of a chord of constant 
length, ina given circle. 


Suc.— We say, once again, always give the proof in form. 


867. Prob—Find the locus of the vertex of the right angle of a 
right angled triangle of a constant hypotenuse. 


868. Prob—Find the locus of the middle point of the chord in- 
lercepled ona line through a given point, by a given circumference, 
when the given pont is without the circumference, when it is in, 
and when tt is within the circumference. 





869. Prob—Find the locus of a point the sum of whose dis- 
tances from two fixed intersecting lines is constant, i.e, ‘ts equal to 
agiven line. 


So_utTion.—Let AB and CE be the fixed 
lines, and m the constant distance. Draw 
MN parallel to AB, and at a distance m 
from it. Bisect the angle CPN. Then is 
LR (a part of) the locus required. For 
[the student will here show that the sum 
of the distances from any point in LR to 
AB and CE, as PD, P”D” + Pd’, P’D’ 
+ P'd', P’’d'’, P’D" + Pd", is con- 
stant and equal to m], observe that when 
one of the perpendiculars measuring the distance from a point in the locus, 
changes from one side to the other of the line on which it is let fall, its sign 
changes. Thus P’D”, Pd’ being considered +, P’d’ and PD” are to be con- 
sidered —. This iss general principal in mathematics. See Part IT. (215), 
and foot note. 

Finnlly, CR is only a part of the locus, since there is another ,line on the op- 
posite side of AB, obtained by drawing the auxiliary MN on that side, which 
fulfills the same condition. The student should show what the result is when we 
draw the auxiliary parallel to CE, and on either side of it, also that any point 
not in one of these lines cannot fulfill the required condition. The complete 
locus is four indefinite right lines intersecting each other at right angles, so as 
to inclose n rectangle. 


Vv mM ° 
“DB ., ae 








870. Prob.—Find the locus of a point such that the sum of 
the squares of its distances from two fived points shall be equivalent 
to the square of the distance between the fixed points. 





871. Prob—Find the locus of the intersection of two secants 
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drawn through the extremities of a fixed 
diameter ina given circle, one of the secants 
being always perpendicnlar to a tangent to 
the circle at the point ahere the other 
cuts tt. 


Bua’s. P being the point, show that PB -- AB, 
for any position of AP and BP. Hence, any point 
in the circumference having B for its centre, and 
AB for its radius, fulfills the conditions. Show that 
any point out of the circumference does not fulfill the 
conditions. 





Fig, 4%. 


42. Prob—Find the locus of the intersection of fro lines 
drawn from the acute angles of aright 
angled triangle, through the potuts where the 
perpendicular ta the hypotenuse cuts Che ape 
posite sides, or sides produced. 


Svo’s.—The Jocus of P is required. Prove that 
APC is always a right angled triangle, wherever the 
perpendicular EF to the hypotenuse AC is drawn. 





Pia. 451, 


cone 





e383. Prob—Find the lacus of a point ahich divides a line 
drawn from a fired point toa fired Line ina fieed ratio, 


Sca@’s.—Most problems in finding loci such as are treated in’ Elementary 
Plane Geometry, viz., right lines and circles, are readily solved 
by constructing a few points according to the given conditions, 
whence we can determine by inspection whether the required 
locus is a right line or the circumference of a circle; and, 
having discovered this fact by inspection, it) will remain to 
show why it should he so Thus, in the present problem, O 
being the fixed point, and AB the fixed line, drawing a few 
lines, OC, according to the requirements, and dividing Cheim 
in the same ratio (in the figure 3:2), we find a few points 
P in the locus. We then discover at once that the loeus is 
aright line parallel to AB, and can easily see why it should 
be so, 





Fig, 452. 


874. Prob—Twro fired circumferences intersect: to find the 
locus of the middle point of the line draton through one of the points 
of intersection and terminated by its other intersections with the cir- 
cumferences. 
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Svua’s.—We will first give an example of the course which the mind of the 


student might take in his efforts to discover the solution. He would naturally 
draw two unequal * circles, as M and N, 


and, through one of the points of intersec- 
tion, as A, draw BC, and bisect it at P. Itis 
the locus of P that is desired. Now, sup- 
pose the line BC to revolve about A, B 
passing towards B’, and C towards A. It is 
the path of the middle point that he seeks. 
When C reaches A, the line becomes tangent 
to N, and P is the middle point of the chord 
AB’. In asimilar manner, he sces that the 
middle point of the chord AC’, tangent to M 





at A, is also a point in the locus, 
Aguin, he observes that as B moves towards M, and C towards N, P moves to- 


wards A,and when AC = AB, Pis at A. It now appears probable that the locus 
of P isa circumference, Proceeding on this hypothesis, he reasons, that, if this is 
true, AP’ and AP” are chords of the locus, and, bisecting them with perpendicu- 
lars, he will have the centre of the locus. Locating O thus, he observes that it 
appears to be in the line joining the centres O’ and O”, and about midway be- 
tween them, This leads him to see, whether, by assuming the middle point of 
0'O” as the centre of a circle, and OA as a radius, he can prove that any such 
line as BC drawn through A is biseeted by this circumference, as at P. This 
he can readily prove by means of the perpendiculars OD, O'D’, and O”D", 
which biseet the chords AP, AB, and AC. For, since these perpendiculars are 
parallel, and O'O :: 00’, D'O — DD"; whence D’P = AD”, and, adding AP 
to cach, D'A = PO", or DB =: PD”. Adding to BD’, D'P, and D'C (= AD” = 
D’P), there results BP =: PC, and the hypothesis is true. 

But, da gleiug this problem as a recdation, the student will proceed as follows: 
Letting Mand N be the two fixed: circumferences, intersecting at A, join their 
eentres OF and OO”, and bisect O10" as at O, With O as a centte and OA as 
a radius, describe a circle. | Then is this circumference the locus required. 
For, let BC be any secant line passing through A, we may show that P is the 
middle poiut of BC. [Having done this, as above, and shown that any point 
not In this circumference is not the middle of the secant lac pussing through A, 
his solution is complete. ] 


875. Prob—I[f the line ag is divided at ¢, find the locus of P. so 
that angle APC = angle BPC. 


Sva’s.—Jn seeking for the solution, the following would be a natural process. 
Drawing any line, as AB, in the lower part of the figure, taking C, any point in 
it, und conceiving BP and AP drawn so as to make equal angka with PC, we 
would naturally discover that, if a circle were circumscribed about BPA, PC 
produced would bisect the arc below AB. Thus we discover a ready method 
of locating P; f.¢., in the main figure, bisect AB by a perpendicular, as ED, and 








* Eguul circles would probably have epectal relations. 
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with any point on ED asa centre, pass a circumference through A and B. Through 
D and C draw a line, and P is a puint in the locus (?). Any number of poin's 
can be found in this way; and, 
having found a few, as P, P’, P’, 
P’" etc., the situation of these 
will suggest that, probably, the 
locus is the circumference of a 
circle whose centre is in AB pro- 
duced. Jf this should be the fact, 
CP is a chord of that circle, and, 
erecting a perpendicular at the 
middle point of CP, its” inter- 
section with AB produced, as 
O, will be the centre of the 
locus (2). We will now endeavor 
to prove that avy point in this ‘ 
circumference, as P’, is so situated 

that BP’C = CP’A, and that no 
point out of this circumnfer- Fig. 454. 

ence has this property. We can 

readily show thatthe angle OPB = OCP — BPC -- OCP — CPA(?). But 
PAC = OCP — CPA ("). .°. Triangle OPB is similar to OPA (%), and 
OA: OP:: OP: OB, or QA: OC:: OC: OB. Now, for any point in this clr. 
cumference, as P’, we shall have OA: OP’ :: OP’ : OB, since OP’ -. OC, and OA, 
OC, and OB are constant. Henee, wherever P' is taken (in this circumference), 
the triangle OPB is similar to OPA, angle OP’'B = P'AB, and BP’'C = CPA. 
Finally, that no point out of this: circumference possesses this property Is evi- 
dent, since the distance of such a point from O would not equal OC, and the 
angle OP, B (Pi being such a point) would not equal PiAB, 


76. Prob—Inia fired circle any two chords intersect at right 
angles tna fired point; find the lurus of the centre of the chord join- 
ing their extremities. Give the proof. 








Ss, | 
encanta We eet ne ge t 
B Cc ot ee | 


877. Prob— Find the locus of the point in apace equidistant 
from three given points. Give the proof. 


meee as wememientens emcee 


878. Prob.—Find the locus of the point in space equidistant 
from two given points. Give the proof. 


879. Prob—Find the locus of the point in a plane such that 
the difference of the squares of the distances from it to two fired 
points without the plane shail be constant. 

Svae’s.—Conceive the two points without the plane joined by a right line, 
and a perpendicular to this line drawn from cither extremity of it; the point 
where this perpendicular pierces the planc is a point in the locus (), The re 
quired locus is two parallel straight lines. 
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880. Prob—Find the locus of the middle point of a straight 
line of constant length, whose extremities remain in two lines at 
right angles to each other, but which are not in the same plane. Give 
the proof. 


881. Prob—Find the locus of the point equidistant from two 
ficed planes. Give proof. 


Sue’s.—Consider, 1st, When the fixed planes are parallel; and 2d, when they 
intersect. 


882. Prob.— What locus is the intersection of a plane and the 
surface of a sphere? Give proof. 


883. Prob.— What locus is the intersection of the surfaces of 
two given spheres ? 


884. Prob.—Find the locus of the point in space such that the 
ratio of its distance from a given right line to its distance from a 
fixed point tn that line is constant. 





SECTION IT. 
OF SYMMETRY. 


885. DEr—Two point. are suid to be symmetrical with respect to 
a third, when the right line joining the two points is bisected by the 
point of reference, called the Centre of Symmetry. 


886. DieF.—Two loci, or two parts of the same locus, are sym- 
metrical with respect to a point, when 
every point in one has its symmetrical point 
in the other. 


Iui’s.—In (a) P' is symmetrical with P in re- 
spect to S, if Sis the middle point of PP’. In (6) 
we observe that the semi-circumference Am’B is 
symmetrical with the semi-circumference AmB, 
in respect to the centre S; for any point P in the 
Jatter has a symmetrical point P’ in the former. 
In (c) the triangle A’SB' is symmetrical with ASB 
in respect to S (?). 





OF SYMMETRY. 297 


887. Theo—The symmetrical of 
straight line, with respect toa point, isan 
equal straight line. 


Sua’s—We commence by assuming A'S = 
AS, and B'S = BS, and drawing B‘A’. We then 
have to show that any point in AB, as P, has its 
symmetrical point P’ in B’A’. Fra. 456. 





888. Theo.—The symmetrical of an angle, with respect to a 
point, is an equal angle. 


Sua’s.—To show the symmetrical of AOB, with respect to 
S, take A'S = AS, B’S = BS, O'S = OS, and draw O'B’, O'A’. 
Then show that any point in OA has its symmetrical in O’A’, 
and any point in OB has its symmetrical in O'B’. Hence, 
A'O'B' is the symmetrica] of AOB, with respect to S. 

Then apply AOB to A’O’B' and show that these symmetricals 
are equal. 





889. Prob—Having given a polygon, to 
draw its symmetrical with respect toa given 7 
point. 





890. Theo.— Any polygon is equal to its 
symmetrical with respect to a given point. Fro, 458. 

Sua’s.—Proof by revolving the figure about S, keeping it in its own plane, 
each line, as AS, ES, etc., passing through 180”. 

891. Der.—The lines As, ES, BS, etc, are radii of symmetry, 

892. Der.—Two points are symmelrical with respect toa straight 
ine in the same plane, when the straight Jine which joins them is 
bisected at right angles by the line of reference, culled the Aris of 
Symmetry. 

893. Der.—Two loci, or two parts of the same locus, are aym- 
metrical with respect (oa straight line when every point in the one 
has its symmetrical point in the other. 

Inw’s.—Thus in(a) P and 
P' are symmetrical points 
with respect to the right 
line X'X, P's = Paand XX = =. 


e a ? a! x’ ae x 
is perpendicular to PP’. So 

the part of (B) above XX is 
symmetrical with the part (*) ‘p 


below, #. e., the curve is sym- 
metrical with respect toX X. Fro. 459. 
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894. Theo—The symmetrical of a straight line, with respect to 
a rectilinear axis of symmetry, ts an equal right line. 


Dem.—Let AB be any straight line, and X’X the 
axis. Let full the perpendiculars As and Bs, and 
produce them till A’e = As, and B’s = Bs. Then is 
AB = A’B’, the symmetrical of AB. For, taking P, 
any point in AB, letting fall Ps, and producing it to 
P’, the point P’ is symmetrical with P; since re- 
volving 8A‘'B's upon X’X, A’B’ will coincide with 
AB, and P’ will fall at P. Hence A'B’ = AB, and 
every point in AB has its symmetrical point in 





A’'B’ (89.3). 
895. Cor. 1.—Jf two straight lines intersect, their symmetricals 
tndersect, and the points of intersection are symmetrical. 


The student should show how this follows from the proposition. 

896. Cor. 2.—Two rectilinear symmetricals meet the azis in the 
ame point, aud make equal angles therewith. 

Student give proof. 

897. Dev.—A Trapezoid like ABB’ A’, having its non-parallel sides 
‘qual, is culled Jsosceles. 

898. Theo.-—The symmetrical of an angle, 
B with respect to a rectilinear axis of symmetry, 
is an equal angle. 






K: 3 Be he 4 ae KH 
ys 
| oA B Sva’s.—The student should be able to give the dem- 
a >” onstration {oom the figure, ino a manner altogether 
similar to the preceding ; or, drawing AB and A’B’, he 
Fro. 461. can base it upon the preceding. 


899. Prob.—Having given a poly- 
gon, to draw its symmetrical with respect 
foa given acts. 


900. Theo—Any plane figure ts 
equal to its symmetrical, with reference 
toa rectilinear axis. 


Proof by applying one to the other by revo 
lution. 





Fie. 462. 
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901. DE¥F.—Two loci in space, or two parts of the same locus 
(planes or solids), are symmetrical with respect to a point, when every 
point in one hasa corresponding point in the other, such that the line 
joining them is bisected by the point called the centre of symmetry. 


Itv’s.—Symmetrical triedrals (Part II., £32) afford an illustration of solids 
symmetrical with respect to a point—the vertex. The two hemispheres into 


which a great circle divides a sphere are symmetrical parts of the solid (sphere) 
with reference to the centre. 


902. Der.—Two points in space are symmetrical with respect to 
a plane called the Plane of Symmetry, when the line joining the 
points is perpendicular to the plane and bisected by it. 


903. DEr.—Two loci in space (planes or solids), or two parta of 
the same locus, are symnictrical with respect to a plane when every 
point in one hag its symmetrical point in the other, 


904. Der.—The corresponding (svmmetrical) parts of symmet- 
ricul figures are called /Zomologous parts. 


een oes erp 


905. Theoa—The symmetrical of a right line, with respect toa 
plune, isan equal right line. 


Dem.—Let AB be any right line, and MN the plane 
of symmetry. Let fall the perpendiculars Bd, Ad, upon 
the plane, produce them, making BY) = Bd, Ala -. Aa, 
and join A’ and B’. ‘Phen A’B’ = AB, and is its sym- 
metrical. For ABB‘A’ being a plane figure (7) and ad, 
the intersection of this) plane with MN, being a right 
line bisecting AA’ and BB’ at right angles (%), we may 
revolve adB‘A' upon a) and bring A'B) inte coincidence Sige ee 
with AB. Ifence A‘'B’ = AB. Again, P being any 2 Fee 





Lge 8 
point in AB. draw PP’ perpendicular to ad, and upon ve 
revolution P’ will fallin P,and P% = Ps. Hence, every A 
point in AB has its symmetrical in AB’, and the latter Kia. 465. 


line is the symmetrical of the former. 


906. Cor. 1.—A right line and its symmetrical, with respect lo a 
plane, pierce the plane at the same point. 


Student give proof. 


907. Theo—The symmetrical of a plane angle, with respect to a 
plane, is an equal plane angle. 
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ff --weerecheam. > Pj 


v5? 


i\e 
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Dem.—Let AOB be any plane angle, and MN the 
plane of symmetry. Let P be any point in AO, and 
P; any point in OB. Let O’ he the symmetrical of O, 
P’ of P, and Pi’ of Pi; then is A’O' the symmetrical of 
AO, O’B’ of OB, and angle A’O’B’ of AOB. Now hy 
the preceding proposition the two triangles POP), and 
P’O’P,,, are mutually cquilateral, whence AOB = its 
symmetrical A’O’B’, 


Query.—When will the triangle pep’ exist, and 
when not? 


908. Theo—Any plane polygon has for tts symmetrical, with 
reference to a plane, an equal plane polygon. 





Fia. 465. 


Suva’s.—ABCDE being any plane polygon, and 
MN the plane of symmetry, by constructing 
A’,B’.C’D’,E’ symmetrical with A,B, C, 0, E, we 
have by the preceding propositions A‘B'C’DYE’ 
equilateral and equiangular with ABCDE ; whence 
it only remains to show that A’B’C’D’E’ is a plane 
(not a warped) surface. Let Fo be any point in the 
angle AED, draw Hl, and Tet bi and V be the sym- , 
metricals of Hand 1(895) Draw HV. Then is 
the svminetrical of Fin Hl’ (%), as at Fo Now, 
every point in HF within the angle BAE has its 
symmetrical in A’F’ (905). Thus, by taking three 
Points, not in a straight line, in the angle BAE, we 
can show that their symmetricals are in the plane 
B’A‘E’, and also in A’E’D’. In like manner, all 


the angles of A’B’C'D’E’ can be shown to be in the same phine. 


9. Con—Tf two planes intersect, thetr symmetricals intersect, 
and the two intersections are symmetrical right lines. 


The student should show how this grows out of the proposition. 








Fic. 466. 


910. Theo—The symmetrical of a diedral is 
an equal diedral. 


AOB being the measure of the diedral A-OC-B, 


and A’.0’C’-B’ the symmetrical diedral, and O° the sym- 
metrical of O, the symmetrical of AO being A‘O’”, the angle 
A‘O’C’ is right, and in like manner B’O’ being the symmet- 
rical of BO, B’O'C’is right. But BOA = B’O’A’ (°), whence 
the diedrals are equal. 
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911. Theo.—Two polyedrons, symmetrical 
with respect to a plane, have their faces equal, 
each to each, and their homologous solid angles 
symmetrical. 


Sua’s.— This is an immediate consequence of preced- 
ing propositions. Thus Eo being the svmuinctrical solid 
homologous with E, the homologous plane faces inelud- 
ing them are equal (9OS8). Again, the facial angles 
being equal, but not similarly disposed, Uie solid angles 
are symmetrical. 





Fia. 467, 


912. Corn—Two symmetrical polyedrons can 
be decoinposed tuto the same number of tetraedrous, symmetrical each 
lo cach. 


For we can decompose one of the polycdrons into tetracdrons having for 
their common vertex one of the vertices of this polyedron, and each of these 
tetracdrons will have its symmetrical in the other. 


913. Theo.— Teo symmetrical polyedrons are equivalent. 


Dem. — From the last corollary it will appear that it is suffleient for the de- 
monstration of this proposition to show that two symmetrical tetracdrons are 
equivalent (2) Let S-ABC, and S-ABC be two. tetracdrons syminetrical 
with respect to their common base. They have a common base and equal alti- 
tudes (?), hence they are equivalent, 


914. GENERAL SCHOLIUM.— We may speak of two loci, or two parts of the 
game Jocus, as syminetrical with respect to a line or plane, whenever all the 
points in one have symmetrical points in’ the 
other, even though the line joining the symmet- pP 
rical points be not perpendicular to the axis, or x’ gat 7 ax. 
the plane, of symmetry; observing, however, , kL a ae 
that this line is always biseeted by the axis or ; v Vio i, 

4 ( 


* / 
plane. Thus, the ellipse in the figure is symmet- px : PA Pye A 
rically divided by the line X’X, since every point exw / ¢ ff row x 
. ° a e aw : ~ \Z 
in one portion has a symmetrical point in the P p p P 
other, as Ps = P's, for every point in the curve. Fu. 468. 


In such a case the parts cannot be brought into 
coincidence by simple revolution; one part uaust be reversed. 
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SECTION IH. 
OF MAXIMA AND MINIMA. 


915. Der —A Maximum value of a magnitude conceived to 
vary continuously in some specified way, is a value 
which is greater than the preceding and succeeding 
values of the magnitude. 


Iiu’8.—Thus, suppose in a given circle, a chord passing 
through a fixed point, P, revolves so as to take successively 
the positions 1a, 26, Ac, 3d,4e,ete. It is ata maximum when 
Fig. 469. it passes through the centre, as Ac. The chord is the magni- 
tude which is conceived to vary in the way specified, and Ac 

is a value greater than the preceding and the succeeding 
values. Again, conceive a circle to be compressed or ex- 
ve tended, as in the direction my, so as to take the forms in- 
‘en dicated by the dotted lines, its area will be diminished, 
the perimeter remaining the same. That is, of all 
—s figures of a given perimeter, the circle bas the maxi- 


. 








Fig. 470 MUI aren. 


916. Der—A Minémane valuc of a magnitnde conceived to 
vary continuously in some specified way, 18 a value 
which is Jess than the preceding and succeeding 
values of the magnitude. 


P 


ILt’s.—Thus, conecive the varying magnitude to be a 
straight line from = the fixed point P to the fixed line X'X; 
Fig. 471. that is, suppose such a line to start from some position P 1, 
and move through the successive positions P2, PA, P3, P4. 

PAis a minimeam, since itis less than the preceding and succeeding values. 





PROPOSITIONS CONCERNING MAXIMA AND MINIMA. 


917. Axiom—The minimum distance between two points is a 
straight line. 





918. Theo—The minimum distance from a point to a line isa 
straight line perpendicular to the given line. 


Student give proof. 





919. Theo—The mazrimum line which can be tnecribed in a 
given circle is a diameter. 
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Proof based on the fact that the hypotenuse of a right angled triangle is the 
greatest side. 


920. Theo —The sum of the distances from 
two points on the same side of aline, toa point 
an the line, all being in the same plane, isa mini- 
mum when the lines measuring the distances 
make equal angles with the given line, 





Student prove AP + BP < AP’ + BP’. 


921. Theo-—-If a triangle have a constant. (00 oT 
base and altitude, tts vertical angle is aq omart- 6 
mum when the triangle is tsusceles, a 
vu AW 
. : Sa eae 
Sva.—By what is the vertical angle measured ? 8, 


Ae TORE Faia. 47, 


922. Theo—The base and are of a triangle being constant, tts 
perimeter isa minimum when the triangle ts tsos- 


celes, a 
Sva’s.—The area and base being constant, the vertex a : 
remains inv dine parallel to the base, for all values of the ue, ae 
other sides. The figure will suzgest the demonstration, ee 
Which is based on the fact that any side of a triangle is Pa ; ; 
less than the sum of the other two. Fa. a4 


923. Theo—The difference between the distances from two 
points on opposite sides of a fired line toa point 
in that line, is a martimum, when the lines A 
measuring these distances make equal angles 
with the fired line. 


Sva’s, P’O = AP — AP’; but P'O > A‘O (= A’P) 
— AP. 





Fia. 475. 
Qcery. — Having the points P,P’, and the fixed line 
given, how is the point A found by geometrical construction ? 





924. Theo—The lengths of tio sides of a4" 

q ° . re ~~ 
triangle being constant, the area isa maximum 
when the included angle ts right. 
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925. Theo—The sum of two adjacent sides of 
a rectangle being constant (AB), the area is a mazi- 
mum when the sides are equal. 








ISOPERIMETRY. 


926. Isoperimetrtc Figures are such as have equal perim- 
eters, 1. ¢., bounding lines of equal length. 

Problems in isoperimetry are a species of problems in Maxima and 
Minima. Thus, of all figures whose perimeters are m (say 10 
inches), to find that which has the greatest area, is 2 problem in 
isoperimetry. Again, what must be the form of a pentagon whose 
perimeter is a, in order that its area may be a maximum ? 


927. Theo—Of isoperimetric triangles with a constant base, the 
isosceles is a maximum. 


Sua’s.—By means of the figure to Theorem (922), we can readily show 
that any triangle having the same base as the isosceles triangle, and its vertex 
either in or beyond the live through the vertex of the isosceles triangle and par- 
allel to its base, has a greater perimeter than the isosceles triangle. Hence, the 
isoperimetric triangle on the given base has its vertex below this parallel, ex- 
cept when isosceles ; and consequently the isosceles is the maximum. 


928. Corn.—Of isoperimetric triangles, the equilateral has the 
maximum ared (?) 


929. Prob—Given any triangle with a constant base, to con- 
struct the mactmuim isoperimelric triangle. 


930. Prob—Given any criangle, to construct the maximum 
isoperimetric triangle. 


931. Theo—Of isoperimetric quadrilaterats, 
the square has the maximum area. 


Drem.—Let ABCD be any quadrilateral. If AO is not 
equal to DC, ADC can be replaced by the isosceles 
isoperimetric triangle AD'C, and the area of the quadri- 
lateral increased. So ABC can be replaced by AB'C. There- 
fore AB’C’D > ABCD. In like manner if AD’ is not equal 
to AB’, D’AB’ can be replaced by the maximum isopcri- 
metric triangle D’A‘’B’. So also D'CB’ can be replaced by 
0'C’B’. Therefore A’B’C’'D’ > AB’CD’ > ABCD. Now, 
A’B’C’D’ is a rhombus (?), and the student can show that 
the square on A’B’ is greater than any rhombus with tbe 
same s.de. 








ISOPERIMETRY. 805 


932. Prob.-—Having given a quadrilateral, to construct the 
maximum isoperimetric quadrilateral. 





933. Theo— Of isoperimetric quadrilaterals with a constant 
base, the maximum has its three remaining sides equal each to each, 
and the angles which they include equal. 


Dem.—Let ABCD be the maximum isoperimetric quadrilateral on the base 
AD, then AB = BC = CD, and angle ABC = BCD. For, if AB is not equal to 
BC, draw AC, and replacing the triangle ABC with 
its isoperimetric isosceles triangle, we shall have a 
quadrilateral isoperimetric with ABCO, and greater 
than ABCD, ¢. ¢., greater than the maximum, which 
is absurd. 

Again, if angle ABC is not equal to BCD, let ABC 
< BCD, whence BCE < EBC, and BE < EC. Take ee 
EF = EC, and EG = EB, whence the triangles FEG = 4°77 7> 
and BEC are cqual, and FG = BC. Also, since AB Fig, 479. 

+ BC + CD — AE + ED — (EB + EC) + BC, and 

AF + FC + GD — AE + ED — (FE + EC) + FC, it follows that AFCD and ABCD 
are isoperimetrical, and, since ABCD = AED — BEC, and AFCD -- AED — FEC, 
that AFGD and ABCO are equal. Therefore, AFCO is a maximum, and by the 
preceding part of the demonstration AF = FG = BC = AB, which is absurd; 
and there can be no inequality between angles ABC and BCD. 








934. Theo—Of isoperimetric polygons of a given number of 
sides, the regular polygon has the maximum area. 


Dem.—First, the polygon must be equilateral; for, 
if any two adjacent sides, ng AB, BC, are unequal, the 
triangle ABC can be replaced by its isoperimetric 
isosceles triangle, and thus the area of the polygon 
be increased. 

Second, the polygon must be equiangular ; for, if 
any two adjacent angles, as B and C, are unequal, the Fa. 490. 
quadrilateral ABCD can be replaced by its isoperime- 
tric quadrilateral with B = C, and thus the area of the polygon be increased, 





935. Theo—Of isoperimetric regular polygons, the one of the 
greater number of sides is the greater. 


Dem.—Let ABC be an equilateral (regular) triangle. 
Join any vertex, as A, with any point, as O, in the opposite 
side. Replace the triangle ACD with the isosceles isoperi- 
metric triangle AED. Then is the quadrilateral ABDE > 
the triangle ABC. 

But, of isoperimetric quadrilaterals, the regular (the 
square) is the greater. Hence, the regular quadrilateral (the 
square) isoperimetric with the triangle ABC, is greater than 


20 
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the triangle. In the same manner the regular pentagon isoperimetric with the 
square can be shown greater than the square; and thus on, ad libitum, 

936. Corn—Of plane isoperimetric figures, the circle has the 
maximum area, since it is the limiting form of the regular polygon, 
as the number of its sides is indefinitely increased. 








SECTION: TLV. 
OF TRANSVERSALS. 


937. Der.—A Transversal is a line cutting a system of lines. 
A transversal of u triangle is a line cutting its sides ;* it either cuts 
two sides and the third side produced, or the three 
sides produced. In speaking of the transversal 
of a triangle (or polygon), the distances on any 
— side (or side produced) from the intersection of 

Sra the transversal with that side to the angles, are 
Segments. Of these there are six. Adja- 
cent segments are such as have an ex- 
tremity of each at the same point. Von- 
adjacent segments are such as have no 
extremity common. 

ILu’s. TR is a transversal of the triangle 
ABC ; aA, aC, OC, 5B, cA, cB are adjacent seg- 
ments two and two; aC, dB, cA, and aA, UC, cB 


are the two groups of non adjacent segments. 


938. THE Two FUNDAMENTAL PROPOSITIONS OF THE THEORY 
OF TRANSVERSALS. 


939. Theo.—The product of three non-adjacent segments of the 
sides of a triangle cut by a transversal, is equal to the product of 
the other three. 


Dem.—ABC being cut by the transversal TR, aA x bC x cB = aC x bB x cA. 

Draw BD parallel to AC, and from the similar triangles we have 
aA cA DB aC 
BD cB’ and 3B = 3c’ 
whence, multiplying, 

aA aC x cA 

bB ~ 3C x cB’ 
or aA x BC x cB = 
aC x 6B x cA. 








Fig. 482. 





ee ee ore ee 


* Or, sides produced—this expression being usually omitted .n higher Geometry as all lines 
are to be considered indefinite unless limited in the nroblern. 


OF TRANSVERSALS. 307 


940. Cor.—Canversely, If three potnts be taken tn the sides of 
a triangle (asa, bye) such that the product of three non-adjacent seg- 
ments equals the product of the other three, the points are tn the 
seme straight line. 


For, passing a line through a and 4, let it cut the third side in ¢'. Then, by 
the proposition, aA <x UC x ¢B sal x UB x cA. But, by hypothesis 


aA x bC x ¢B =a x 6B x cA. Whence bes -- = ,and cand ¢ must coincide, 

Scu.—This theorem is known among mathematicians as 72e Plolemate Theo- 
rem, and is usually attributed to Claudius Profemy, an Egyptian mathematician 
and philosopher who flourished in Alexandria during the first half of the second 
century. But itis thought to be more properly due to Menelaus, who lived a 
century before Ptolemy. 


941. Theo—The three angle-tranaversals* of a triangle, passing 
through a common point, divide the sides into seq- 
ments such that the product of three non-adjacent 
segments equals the product of the other three. 


Dem.—From the triangle ACe cut by the transversal aB, 
we have aA x CO x ¢B = AB «x aC x Oc; and from CBe 
cut by 0A, Oc x 0C x AB= CO « OB x cA. Multiplying, 
we obtain aA x UC xcB=aC x 0B x cA. 


942. Corn. 1.—Conversely, Lf the three angle- 
transversals of a triangle divide the stdes into sey- 
ments such that the product of three non-adjacent 
segnents equals the product of the other three, the 
transversals pass through @ common point. 





For, the sides being divided at a, b, and ¢, 80 that aA x bC » cB =a x bB x 
cA, draw Ce, and Ab, and let O be their intersection. Now, leta’ be the point 
in which BO cuts AC. Then, by the proposition, 7A x 6C x cB = a'C x 6B x cA. 


A ae 
94.3. Cor. 2.—Jf any one of the sides ts bisected, the line gotning 
the other potnts of division is parallel to this side. 


For, let 6C = 4B. ThenaA x bC x cB = aC x OB « cA, becomes 
aA x cB aa « cA. or Aa :aC:: Ac: cB. 


Query.—How does this apply to the second figure ? 
944. Cor. 3.—If the line joining two points of division 18 par- 
allel to the third side, the latter side ix bisected. 


tee 


aA ac ‘ : 
Whence -.~ = -,<, and a and a’ coincide, 
a 


seem mae - - nee Cr eae cenaniementuiemnendaetiemimateend 


* The trane-veieale parsing through the angles. 
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For, if a) is parallel to AB, aC : 3C: :aA : 6B, whence aC x UB = 6C x @A, 
And, since aA x bC x cB = aC xbB xcA, cA = cB. 


948. We will now give a few problems to illustrate the use of 
the theory of transversals. 


946. Prob.—To show that the medial lines of a triangle pass 
through a common point. 


So.LutTion.—SinceaA = aC, 6C = 0B, and cB = cA, by mul- 
tiplying, we have aA x JC x cB = aC x 0B x cA; whence 
by the last corollary these transversals pass through a com- 
Fru, 485. mon point. 





947. Prob.—To show that the bisectors of the angles of a iri 
angle pass through a common point. 


SoLUTION.—In the last figure let aB, LA, cC be the bisectors. 

Then af = oe = Bee = eae multiplying aR Bee = 1, or 
aC” =«CCCB’ 6B” sOAB’ cA” = AC’ "aC x 6B x cA : 

aA x bC x cB =aC x bB x cA. Therefore these transversals pass through a 
common point. 


948. Prob.—To show that the altitudes of a triangle pass 
through a common point. 


S8va’s.—In the last figure, if @B, JA, eC, were the perpendiculars, there would 
be three pnirs of similar triangles giving es = spelen = cn aed a lee 
ee ee b BO’ cA AO’ aC CO’ 

whence, as in the last. 

949. Prob-—To shew that the angle-transversals terminating in 
the potuts of tangency of the sides of the triangle with tts inscribed 
circle, pass through a common point. 

Sve’s.—In the last figure, if a, b, ¢ were the points of tangency we should 
have aA = cA, 0C =aC, cB = dB; whence aA x bC x cB = aC x 0B x CA. 
Which shows that the transversals pass through a common point. 


950. Theo.—/f two sides of a triangle are divided proportion- 

c ally, starting from the vertex, the angle-trans- 
versals from the extremities of the other side 
to the corresponding points of division, in- 
tersect in the medial line to this third side. 


Dem.—Since AC and CB are divided proportion- 
ally ata anda’, aA x aC = aC x @’B; and as 
gp OB = DA,aA x a’C x DB = aC x a’B x DA, 

Fie. 436. the angle-transversals Aa’, Ba intersect in CD. 
The same may be shown of any other angle-transversals from A and B, dividing 
CB and CA proportionally. 
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ay . . 
951. Cor.—In any trapezoid the transversal passing through 
the intersection of the diagonals, and the intersection of the non- 
parallel sides, bisects the parallel sides. 


Sve.—Joining aa’ in the last figure, CD is such a transversal. The student 
will readily sce the conneetion with the proposition. 


952. Prob.— Through a given point to draw a line which shail 
meet two given lines at their intersection in an snvisible, inaccessible 
point. 


SoLuTion.—Let Mm, Na be the two 
given lines which meet in the invisible, 
inaccessible point S, and P the given 
point through which a line is to be lo- 
cated which will meet Mm, Na in S., 
Through P draw any convenient trans- 
versal, as BF, and any other meeting this, 
as AF. Now, considering MS as a trans- 
versal of the triangle COF, we have 
AF x BC x SO=AD ~x BF x SC; whence 





SD AD x BF ae Fig. 487. 
sé = Af x BC But, HD being drawn 

HD SD AD» BF AD » BF x PC 
parallel to BF, we have PC SC AF x BC’ or HD = - ae, Bel 


whence HD is known, as AD, BF, PC, AF, BC can be measured. The points P 
and H determine the required line. 


953. Der. —The Complete Quadrilateral is the figure 
formed by four lines meeting in six 
points. ‘The complete quadrilateral 
hus three diagonals. 


Iu1.—ABCDEF is a complete quadrilat- 
eral, and its diagonals are CF, BD, and AE, 
the latter being spoken of us the third or 
exterior diagonal. 





Fiu. 488. 


954. Theo.—The middle points of the three diagonals of a complete 
quadrilateral are in the xaue straight linc. 


Dem.—m, n, o being the centres of the diagonals of the complete quadrilat 
eral, in the preceding figure, are in the same straight ling, Biseet the sides of 
the triangle FDE,as ut l,N, 0, and draw IN, IL, LN. Since IN is parallel to BE, 
and bisects OF and DE, it also bisects OB (%) and hence passes through a. For 
like reasons IL passes through m, and LN through «. Now, AC being a trans- 
versal of the triangle FDE gives CD » BE » AF = CE - BF x AD. Therefore, 
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‘noticing that }CD:= ml, 4BE = ”N, 4AF =ol, #CE= mL, 4BF =n, and 
JAD = ON, we have ml x nN x ol = mb x nl x oN. Hence these three points 
m,n, o lie in a transversal to the triangle ILN. 








SECTION V. 


HARMONIC PROPORTION AND HARMONIC PENCILS. 
955. Drer.—Three quantities are in Jarmonic Proportion when 
the difference between the first and second is to the difference be- 
tween the second and third, as the first is to the third. 


Itu.—6, 4, 8 are in harmonic proportion, since 6— 4:4—3::6:3. In gen- 
eral, a, 5, care in harmonic proportion, ifa@—0:b—c::a@:e. 





956. Theo—If a given line be divided tnternaily and externally 
in the same geometric ratio, the distance betrecen the points of division 
1s a harmonic mean between the distances of the extremities of the 
given line from the point nol included between them. 


Dem. — Let AB be the given line; and Jet O and O' be so taken that 
AO:BO:: AQ’: BO’; then is OO’ a har- 


Koes monic mean between AQ’ and BO’. For 
AO = AO’—00’, and BO= OO’ — BO’; 
Fra. 490. whence AQ’, OO’, and BO’ are such that 


AO — 00’: OO’ —BO’:: AO’: BO’, that is, they are in harmonic proportion. 


957. Cor. 1.—A0, AB, and AO’ are in harmonic proportion, ie5 
AB is a harmonic mean between AO and AO’. 
For AB — AO (= BO): AO’ — AB (= BO’): : AO : AO’. 


958. Cor. 2.—When ao, 00',BO’ are in: harmonic proportion, 
AO x BO’=- BO x AO’. 


959. Cor. 3.—Conversely, When a linets divided into three parts 
kuch that the rectangle of the extreme parts equals the rectangle of the 
mean part into the whole line, the line ts divided harmonically. 

Thus, ket AO’ be the line, and AO’ x BO’ = BO x AO’; then AQ: BO: : AO’ : BO’, 
whence, by the proposition, OO’ is a harmonic mean between AO’ and BO’, 


Der.—The points O and 0’ are called Harmonic Conjugates. 


HARMONIC PROPORTION AND HARMONIC PENCILS, ll 


960. Theo.—Ir two lines be drawn, one biser ‘ting the tuterior and 
the other the adjacent exterior ant yle 
of a triangle, and meeting the Op- 
posite side,® they divide this line har- 
monically, 

SvuG.—By means of (358, 359, Parr 
II.) the student will be enabled to establish Fiu. 491. 
the relation AO: BO: :AQ’: BO’, whence, 
by the last proposition, AO’,OO’, BO’ are in harmonic proportion. 








961. Theo.—In the complete quadrilateral, any diagonal is 
divided harmonically by the other 
fwo. 

Diew.—Thus, AFH is divided harmonse 

cally at Gand A. For, considering BH as 

S f transversal of the trinngle ACF, we have 
ween a HF x DOC x BA= HA x DF » BC. And 
CC, AD, FB being angle-transvernals of the 

same triangle, we have GF x BA x OC = 

GA x BC x DF. Whence, dividing, ae nA, t.e., AH is divided harmonically 

Again, if CH is drawn, CA, CC, CF, CH constitute a harmonic pencil, and BH, a 

transversal of it, is cut harmonically ot B,1,0,H. Finally, if F and | be joined, 

FH (or FA), FB, Fl, FD constitute a harmonic pencil, and hence CC is cut har- 

monically at C, |, E, G. 

962. Cor.—An angle-transversal of a triangle, and a line passing 
through the feet of the other angle-transversals, divide the third side 

harmonically. . 


963. Prob.—Given aright line lo locate two harmonic conjugate 
points. 

So.urion.—Let AB be the line. O may be taken at pleasure between A and 
B. We are then to find 0’, s0 that AO: BO::AO’: BO’. Taking this by di- 
vision, we have AO — BO : BO: : AO’ -- BO’ (= AB): BO’. The first three terms 
being known, the other can be constructed, Or, we may first locate O7 at 
pleasure, and then find O, 


964. Theo.—If from the given point © ina line the distances 





Fig. 489. 





CO, CB, CO’ be flaken in the same lin. Boe a er 
rection, so that CO x CO’ = CB's and if Fia. 492, 


CA=CB be taken in the opposite di- 
rection, AO’ will be divided harmonically at O and B 

Dem. — From CO x CO’ = CB’, we readily write CO: CB::CB: CO’, 
CB + CO (= AO): CB CO (= BO): :¢ : CO’ + CB 3 (= AO’): co’— CB(-= BO’). | 


es ee eA STN te RS 


~* The binector of the exterior an: fe meete the whe 7 produced | but In highe r geome try, fm It ts 
alwaye understood that Hines are indefluite uniess lim.ted by hypothesis, such specifications are 


deemed unnecesrary. 
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968. Cor. 1—Conversely, Jf a line AO’ be cut harmonically at 
0 and B, and either of the harmonic means be disected, as AB at C, the 
three seyments CO, CB, CO’ will be in geometric proportion. 

For, since AO’: BO’:: AO: BO, AO’ + BO’: AO’ — BO’: : AO + BO: AO — BO, 
or 2CO’: 2CB: :2CB:2C0, and CO’: CB::CB:CO. 


966. Cor. 2.—In a given line, as AB, a8 O approaches the centre 


Ee? 
C, O’ recedes, and when 0 is at C, o’ is at infinity, since Co’ = ce. 


967. Theo.—The geometric mean between two lines is also the 
geometric mean between their arith- 
T metic and harmonic means. 


Dem.—Let AO’ and BO’ be the two lines, 
On their difference, AB, draw a semicircle, 
draw the tangent O’T and let fall the perpen- 
dicular TO. Then O and O’ are harmonic con- 
jugates, since CO x CO’ = CB’ (?), CO’ is the 
arithmetic mean (that is, 4 the sum) of AO’ and BO’ (?) und TO’ is the geometric 
mean (2)... CO’: TO’: : TO’: OO’ (?). 


Queries.— Which is the greatest, in general, the arithmetic, geometric, or har- 
monic mean between two quantities ? Are they ever equal ? 


A c oO 8B eo) 


Fia. 498. 


968. Scu.— This proposition affords 2 ready method of finding either of the 
harmonic conjugates O or O’, when the other is given. The student will show 
how. 


969. Cor. 1.—The rectangle of the harmonic means and the sun 
of the extremes, is equivalent to twice the rectangle of the extremes. 

For,CO’ x OO’ = TO” = AO’ » 30’. whence 2C0’ x OO’ = 2A0’ x BO’; and, 
since 2CO’ = AO’ + BO’, (AQ’ + BO’) x 00’ = 2AQ’ x BO’. 


97O. Con. 2.—The rectangle of the harmonic mean and the dif- 
ference of the differences of the 1st and 2nd, and the 2nd and 3rd, 
is equivalent to twice the rectangle of these differences. 

That is, OO’ x [(AO’ — 00’) — (00’ — BO’)] = 2 (AO’ — 00’) (00’ ~ BO, 
or OO’ x (AO — BO) = 2A0 x BO. = Let the student give the proof. 


971. Cor. 3.—If three quantities are in harmonic proportion 
their reciprocals are in arithmetic proportion (1.e., the difference be- 
tween the Ist and 2nd equals the difference between the 2nd and 3rd). 


For, from AO’, 00’, BO’, we have the reciprocals Now 


ae oe 
AO’ 00° BO” 
ee: AQ’ — 00’ AO 1 1 00’ — BO’ 


00’ — AO’ = GOT x AO’ = 00" x AO’? 82 BS — 00° = O07 x BO 
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= 00'x BO" 00°x AO’ = 60°x BO" 8° AG’ = Bo 0) Gg 


©] 
Q 


Ce ane ean eee oe 


AQ’ ~~ BO’ OO’ 





972. Prob.—Given the harmonic mean and the difference be- 
tween the extremes, to find the extremes. 


Sua’s.—We have OO’ and AB, (Fig. 493, Art. 967) given. Then CO x CO’ 


= CT’ = 4AB', and CO’ — CO = 00’, whence CO” — O00’ x CO’ = iAB". 
From this equation CO’ can be constructed (83:2), and the problem solved. 





973. Theo.— When two circles cut each other orthogonally (i. ¢., 
so that the tangents at the common point are at right angles), any 
line passing through the centre of one, ee 


and cutting the other, is divided har- ae 

monically by the circumferences. ~ af 
Drem.—The tangents being perpendicular | \ 

to each other pass through the centres, ae "COx- /8 





hence CO x CO’ = CT’. But CB = CT. 


Therefore AO’ is cut harmonically. 
Kia. 4, 





974. Prob.—To find the altitude of a triangle in lerms of the 
radit of the escribed circles touching the adjacent sides. 
So.vutTion.—Let r and 7” be the radii of the 


escribed circles, and p the altitude. Now RT, a 
AT, and QT are in harmonic proportion ; since, ‘ 


considering the triangle ACT, CQ bisects its in- i ee ee 

terior and RC its exterior angle (?), we have / a 

QT: QA:: RT: RA. But 7, 7p, 7", sustain the SS ees . Ne) Se os 
os se C T 


same relation to each other as RT, AT, QT; at 
hence 7, p, 7” are in harmonical proportion. 
r Fig, 495, 


Therefore, by (469) p (r+7’) =2rr'; or p= ii a 





HARMONIC PENCILS. 
975. Der—A Pencil of lines is a series of lines diverging 
from a common point. 
Der—A Harmonic Pencil isa pencil of four lines cutting 
another line harmonically. 


ILs..—In the following figure OA, OB, OC, OD constitute a Turmonic Peneil, 
if they divide the line mn harmonically at A, B, C, D. 
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976. Theo—A harmonic pencil divides harmonically every 
line which cuts tt. 


Dim.—OA, OB, OC, OD being a harmonic pencil, that is, AD, BD, CD, being 
in harmonic proportion, A’D’, any other line 
cutting the pencil, is divided harmonically, so 
that A’O’, B’D’, C’D’, are in harmonic propor- 
tion. Through C and C’ draw parallels to OA, 
as LK and L’K’. Now, from similar triangles, 
AB: BC:: AO: CK, and AO: CL :: AD: CD. 
But AD: CD :: AB: BC, since AD is harmoni- 
eally divided. Hence AO : CK :: AO: CL, and 





CK = CL. Hence from similar triangles 
C’K’ = C’L’. Again A’B’: B’C’:: A‘O: C’K’(?), 
Via, 496. and A’D’: C’D’:: A‘O:C’L’ (= C’K’) (?), whence 


A’B’ : B’C’ :: A’D’ : C’D’, or A’D’, B’D’, C’D) 
are in harmonic proportion. 


Scu.—If the line through C’ cut the prolongation of AO beyond O, it is still 
harmonically divided ; and, in fact, it is scarcely necessary to make this state- 
ment, since in all general discussions lines are to be considered indefinite, un- 
less limited by hypothesis. 


9779. Dev—The allernate legs of a harmonic pencil are called 
conjugate, as OA aud OC, OB and OD. 


978. Theo—If two conjugate legs of a harmonic pencil be at 
right angles, one of them bisects the angle included by the other patr, 
and the other the supplement of this angle. 


Sva.—This is the converse of (962), remembering that the bisectors of two 
adjacent supplemental angles are at right angles. 


SECTION FT. 
ANHARMONIC RATIO. 


979. Der —The Anharmonic Ratio of four points in a 
right line is the ratio of the rectangle of the distance between the 
first and fourth into the distance between the second and third to 
the rectangle of the distance between the first and second into the 

distance between the second and fourth. 
Ks & ) 
Fie. 49%. 





Tuu.—The anharmonic ratio of the four points 
A,B8,C,Dis AD x BC : AB x CD. 
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980. The relation AD x BC: AB x CD is expressed for brevity 
[asco]. 


Inu.—Thus [ABCD] means AD x BC: AB x CD; [ADBC] means AC x DB: 
AD x BC; [BACD] means BD x AC: BA x COD; ete. The ratio [ABCD], or 
AB AD 


AD x BC : AB x CDis evidently the same BG CD 


981. Scu.—The appropriatencss of the term ankarmonte (xet-harmonie) 


will be seen when we observe that, if AD is Acrmonieally divided, Bc equals Cb 


AB s e . re e . id s 
If, therefore - is not equal to which is the general case of division, irre- 


AO 

' BC CD’ 

gpective of the position of the points Band C, we may consider the rate of 
labo 
BC cD 
is called the anharmonic ratio. 


This general ratio, or, what is the same thing, AO » BC: AB x CD, 


982. Theo. The anharmonte ratio of four points ts not changed 
by interchanging wo of the letters, provided the ather two be inter 
changed at the same lime, 

Dem. [ABCD] - |[DCBA] — [BADC] =. [CDAB]. (.r,, AD » BC: AB x CD 
=: DA xCB: DC - BA— BC . AD: BA» OC =CB .DA:CO - AB, which 
are evidently identical [The student should notice the different: sezments of 
the line indicated by the different formas. | 


983. Scu.—But [ACBO] is a diferent anharmonic ratio from [ABCD]; since 
AD » CB :AC ~ BD is not necessarily equal to AD » CB: AB - CD. Now,us 
there can be twenty-four permutations of four letters, there may be formed six 
different anharmome ratios from four given points in a line. 


984. Theo.—I1f a pencil of four lines ts cut by any transversal, 


the anharmonic ratio of the four pouels of intersection 
ax constant. / 

Des. SL,SM, SN, SO, or, as we may read it, S-L,M,N,O, > 
being such a pencil, and AD any transversal, draw through — A/ | ; 
CNP parallel to SO. Then, . a a - 

; . (BC:AB)., (CN:AS?}.. AQ, ON 
AD y BC:AB x CD} 7 1 eos 1AS CPS CN: CP. J | ‘i 
But CN: CP is constant for all positions of C on SM. There- Fi. 498. 


fore AD x BC: AB + CD is constant for any transversal. 


985. Scu.—Other constant ratios may be written from the preceding prop- 
osition and scholium. The anharmonic ratio [ABCO] is called the anharmonic 
ratio of the pencil. The angles of the pencil ure the six augles included by the 


rays. 
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986.—Cor. 1.—IJf two pencils are mutually equiangular their 
"anharmonic ratios are equal. 


Query.—Is the converse of this corollary true? 


987. Cor. 2.—If two pencils have their inter- 
seclions in the same right line, their anharmonic 
ratios are equal. 





988. Der—The anharmonic ratio of four 
points on the circumference of a circle is the anharmonic ratio of 
the pencil formed by joining these points with any 





ae point in the circumference. 
. ‘ 
eS oO Inu.—Thus, the anharmonic ratio of the points A, B, C, D ig 
VN a“ ‘ : : ° ° . ‘ 
pica the anharmonic ratio of the pencil O-A,B,C,0, it being im. 
: \s BS material where in the circumference the point O is taken, 
AgGv since by Cor, 1, preceding, the ratio is the same for any posi- 


nee 
Fra. 500. tion of O (7). 
989. Theo—If four fired tangents toa circle are cut by a fifth, 
< ¥ Pe the anharmonic ratio of the four potuts 

a \ LJ ry . ; : « 

wee bom a MK IN Oy of intersection, called the anharmonic 
q | ratio of the tangents, (ts constant. | 


Dem. A,B, C,D being the fixed points of 

tangency, any transversal, as TV, cutting the 

+ tangents, has the anharmonic ratio [LMNP] 

Fra. 501. constant. For the pencil O-L.M,N,P has its 

angics constant. Thus LOM is measured by 4 are (AX—BX) = 4AB, which is con- 

stant. And inlike manner MON is measured by 4 arc BC, and NOP is measured 

by dare CD. Hence, by the first of the preceding corollaries, the anharmonic 
ratio [LMNP] is constant, 





990. The theory of anharmonic ratio is applied with great facility 
to the demonstration of theorems showing that several points are 
In a right line, and that several lines intersect in a common point. 
We give three specimens of each class. 


991. Theo.—If two pencils have the same anharmonic ratio 
and a homologous ray common, the 
intersection of the other  homolo- 
gous rays are in the same right 
line. 


Drem.—Let S-A,B.C,D and S’.A,B’,C’,D’ 
be two pencils having the same anharmonic 
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ratio, and the rays SA,S’Acoincident; then the intersections E,F, H are in the 
same right line, Let the line passing through E and F intersect SA in K, and sup- 
pose it intersect SD in H’, and S’D’ in HH”. Then, since the anharmonic ratios 
of the two pencils are equa) [KEFH’] = [KEFH”]; whence H’ and H’ are the 
same point, and must be the intersection of the two lines SO, $’D’, that is, H. 


992. Theo—TIf in two right lines four points in the one have 
the same anharmonte ratio as four points tr the other, and one ho- 
mologous point in common, the three lines passing through the other 
pairs of homologous points meeé tn a common 


= [ABCD”]. But by hypothesis [AB’C’D’] = [ABCD]. 7 /4 ~ \\ 
Therefore [ABCD] -- [ABCO”), and D and D” arc one o\~— 
and the same point. Henee the three lines which Bra. 803. 

pass throuzh B and B’, C and C’, D and D’ mect in a 

common point §. 


point, S 
Dem.—Let A be common, and [ABCD] = [A‘’B’C'D’}. ye i 
Draw SA and SO’. Call the point in whieh SO’ re wid Spt 
cuts AL D” (for the time being) Then [AB'C’D']  ~y i 
ee ) 
8) ~- 
| Cc 


993. Theo.—If the lines passing through the corresponding ver- 
tices of two triangles meet ina common point, the trtersections of their 
homologous sides lie in the same right line. 


Dem.—Let ABC and A'B'C’ be 
two trinngles so situated that the 
lines AA’, BB’, CC’ meet in the com- 
mon point S; then L, M,N, the in- 
tersections of the homologous sides, 
are in aright line. For the peneil 
S-L, B, A, C being cut by the 
two transversals LO, LD’, gives 
[{LBAD] = (LB’A’D’] (98-4). But 
C-L,B,A,0, and C’-L,B’,A‘,0’, have 
these anharmonic ratios, hence C-L, 
O,M,N, and C’-L,0,M,N, their equiv- 
alents, and having a common ray 
CC’, have equal anharmonic ratios, 
and consequently L,M,N are in the 
same right line (992). Fia. 604. 








994. Theo.—If the intersection of the corresponding sides of two 
triangles are in the same right line, the lines pusaing through their 
corresponding angles meet in a common point. 


Dem.—In the last figure, if AB and A’B’, AC and A’C’, BC and B’C’ have their 
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intersections in the same right line, as LN, the lines passing through B and B’, 
A and A’,C and C’ meet ina common point,as S. By (987) C-L,O,M,N has the 
same anharmonic ratio as C’-L,O,M,N, whence [LBAD] = [LB’A’D’], and the 
truth of the theorem follows from (992). 


995. Theo.—The opposite sides of an inscribed hexagon have 
their intersections in the same straight line. 


DemM.—The anharmonic ratios of the 
pencils B-A,E,0,C,* and F-A,E,0.C  be- 
ing equal (VSS), LGDE, which intersects 
the first, is divided in the same anhar- 
monic ratio as NHOC, which cuts the sec- 
ond, or [LGCDE] = [NCOH]. But these 
lines have a common homologous point D, 
hence the lines jolning the other pairs of 
homologous points, as LN, CC, EH, meet 
in a common point, as M. Therefore 
L, M,N ure in the same right line. 


996. Scu.—This theorem is due to 
PascaL, whose wonderful achievements 
in his brief life of thirty-nine years (1623- 
1662) have been the admiration of all suc- 
ceeding generations. 





Fia. 508. 


Theo.—The diagonals joining the opposite vertices of a cir- 
cumscribed hecagon tntersect in @ 
common point. 


Drem.—Consider AB, BC, CD, EF four 
fixed tangents cut by ED and FA. Then 
[PNDE] = [AQMF] (989). Ilence the an- 
harmonic ratios of B-P,N,O.E,* and 
C-A,Q.M,F are equal (985); and since 
they have a common ray (CQ, BN) the in- 
tersections A, O, D, of their homologous 
rays, are in the same right line. Therefore 
the diagonals pass through a common 





Fie. 506. 


* The student can conceive the rays BE, BD, etc,, as drawn, without encumberiug the Ogure 
ith them. 
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SECTION TTI. 


POLE AND POLAR IN RESPECT TO A CIRCLE. 


998. Der.—Ifa secant to a circle be revolved about a fixed point 


in the plane of the circle. the locus 
of the harmonic conjugate of the 
fixed point, in reference to the in- 
tersections, is the Polar of the fixed 
point. The fixed point is the Pole 
of the Polur Line. The terms pole 
and polar as here used are correlative, 
and neither has any significance 
Without the other. 


Inu.—Let AP be a secant revolving about 
the fixed point P, and let C beso taken that 
(in every position) AC: CB:: AP’ BP, then 
is the locus of © the Polar of P, and P ig 
the Pole of the locus of C. 





Fria. 307. 


999. Theo.— The Polar of a given point in respect to a circle 18 a 


right line. 


Dem.—Let P be the pole, AP any secant 
passing through P, und a point in the polar. 
The locus of C is required. Draw PL through 
the centre, and Jet fall the perpendicular 
CC’. Draw AL, AH, AC’F, and C’B. Since 
AC:CB:: AP: BP, C’P bisects the anyle 
BC’F, the exterior angle of the triangle 
AC’B (%); hence, as LAH is a right angie, AL 
bisects NAC’, the exterior angle of the tr- 
angle C’AP (?). Therefore, PL is harmonically 
divided at C’, and H; and, C’ being a fixed 
point, and C any pvint in the locus, the locus 
is the perpendicular TCC’V. 


ie pee 
i sonuene “<3 a a 
x y / 
Sey 
| 
Fig. 506. 


1000. Cor. 1.— Since, as the secant revolves, the points A and B 
will vanish in ©’, C" ts the point at which a tangent from the pole p 


touches the circle. 


1001. Cor. 2.—Drawing oc”, c’P, we see that OC” (or OH*) 


=: OC’ x OP. 
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1002. Cor. 3.—The polar of a point in the circumference is a 
tangent at that point. 


For, as OC’ x OP is constant and equal to OH’,OP diminishes as OC’ in- 
creases, and when OP = OH, OC’ = OH also. 


1003. Prob.—To draw the polar to a given pole in respect toa 
given circle. 


Con. 1 effects the solution. 


1004. Prob.—To find the pole of a polar to a given circle. 


Through the centre draw a perpendicular to the polar. [The student should 
be able to complete the solution. ] 


1008. Drr—The point ec where the polar cuts the line passing 
throngh the pole and the centre of the circle is called the Polar 
Point. 


1006. Theo— The pole and polar 
point are interchangeable. 


Dem.—TV being the polar to P, we are 
to show that T’V’, parallel to TV and pass- 
ing through P, is polar to C’; ze, that any 
secant, as AC’C”, passing through C’, is di- 
vided harmonically in the intersections with 
the circumference, C’, and the intersection 
with T’V’. Drawing AP, since P is the 
pole of TV, we have, as in the last demon- 
stration, anzle APB bisected by PC’; aud 
consequently RPB bisected by PC”. Therefore AC’: C’B:: AC”: BC”. Q. E. D. 





1007. Theo—The polars of all the points ina right line pass 
through the pole of that line ; and, con- 
versely, The poles of all straight lines which 
pass through a given point are in the polar 
‘of that point. 

Demw.—ist. TV being a given line and P its pole, 
we are to show that the polar to any point, as N, 
passes through P. Draw through P a perpendicu- 
lar to ON; then P’ is the polar point to N. 
For, OP: ON:: OP’: OB (9): whence ON x OP’ 
=OPxOB=0OA" Therefore, T’V’ is the polar 
of N (?). 2nd. P being any point and TV 
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its polar, the pole of any line, as T’V' passing through P, is in TV,as at N. 
Draw ON perpendicular to T'V’.. Then, as before, 
ove OP’ = OP x OB= OA’, and N is the pole of 

1008. Corn.—The pole of a straight line 
is the intersection of the pulars of any two 
of its points ; and, conversely, The polar of 
any point is the straight line joining the 
poles of any tio straight lines passing 
through that point. Huu, Bit. 
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1009. Der.—If two polygons be constructed, one within, or 
inscribed in, aw circle, and the 
other without, or circumscribed 
about the sume circle, such that 
the vertices of the one are the 
poles of the sides of the other, 
the two polygons are called 
Reciprocal Polars; and 
the circle is called the Auxiliary 
Circle. 


The possibility of constructing such 
polygons is apparent from the last the- 
orem. When the points P, P’, P’, P’” Fio. 512, 
are in the circumference, TV, TT’, 

T’v’, V'V become tangents, 45 appears from (1002). 





1010. Prob.—Having given one of two reciprocal polars, to con- 
struct the other. 


The student should be able to make the construction. ° 


1011. By means of the relation between reciprocal polars a large 
class of propositions relating to the relative positions of lines and’ 
points, become, as it were, double; 1.¢., one proposition being proved, 
another can be inferred. The process by which the inference is made: 
is called reciprocation. We will give an example. 
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1012. Prob.—To deduce the reciprocal of Pascal's theorem 


(995). 











"ay 
‘ 
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SoL.vTion.—Draw tangents at the six ver. 
tices of the mscribed hexagon. Thus, a cir- 
cumscribed hexagon is forined whose sides 
are the polars of the vertices of the inscribed 
hexagon, through the vertices of which they 
respectively pass (1002). Now, drawing the 
diagonals PM, NQ, OL, they are the polars 
of the intersections of the opposite sides of 
the inscribed hexagon, as PM, polar to the 
intersection of OE and CB (?); and hence 
they pasa through a common point, as V. 
Thus we have Brianchon'’s theorem, viz. . 
The lines joining the oppomte angles of a cir- 
cumacribed hesagon pass through a common 
point. 


1013.—The three following theorems are of frequent use in ap- 
plying the theory of reciprocation. 


Theo. — The angle included by two 
lines is equal to the angle included by the 


WA lines poining their poles to the centre of the aurtliary 





SS iit 
Ne’ cirele, 
re ay ©] 


Drem.—The pole of a line being in the perpendicular from 
/ the centre of the auxiliary circle upou the line (1000), O' is 
ae the supplement of O; hence o = O, 


Theo.— The distances of any two points from the centre 





of the aurtliary circle are to each other as the 
distances of cach point from the polar of the 


Dem. P, P being the points, and TV, T'V their 
polars respectively, we are to show that 


CP: CP’:: PD”: PD”. 


By (1007) R* = CP x CO = CP x CD’,R being 
the radius of the auxiliary circle. Whence 
CP:CP’::CO’:CO. But CP: CP’:: CF : CE (7), and 
there follows CF: CE :: CO’: CD, CO’ — CF (= PD”) 


Scu.— This is known a8 Salmon'sa Theorem 
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Theo.— The anharmonic ratio of four points in a atraight 
line ts equal to that of the pencil formed by the 
four polars of these points. 


Dem.—Ist. The polara pass through acommon point 
and thus form a pencil (%) 2d. The angles inelided 
by the lines joining the four points with the centre, and 
those included by the polars are equal (4), hence the 
two pencils have the same apharmunic rativ. | oe 





Fig. 814. 


SECTION TIT. 
RADICAL AXES AND CENTRES OF SIMILITUDE OF CIRCLES. 


1017. Dre—The Power ofa Pointinthe plane of a cirele 
isthe rectangle of the distances from the point to the intersections of 
the circumference by a line passing through the 
point. ; ses a 


Ti1.—Thus, the pomer of a point P, without the circle, of 
is PA - PB:—the power of a point within, as P’, is | 
PA’ « P’B’: the power of a point in the cireninference \ 
is zero, Kince one of the distances is then U;—the power aX. = 
of the centre is the square of the radius. Fig. 817. 





3. Corn—The power of a given point with respect tu a given 
circle is a constant quantity. 


Thus PA x PB = the square of the tangent from P to the circle, in whatever 
position PB lies, so long as it passes through P. So also P’A’ x P’B’ = the 
rectangle of the segments of any other chord passing through P’. 


Der.—The Radical Axis of Tien Circles is the locus 
of the point whose powers with respect to the two circles are cqual. 
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1020. Prop—The Radical Azis of two circles is a right line. 





Pia. 518. 


Dem.—Join the centres of the two circles O, 0’, and take a point R on this 
linesnch that OR’ — O'R® = OT — OF", or OR’ — OT’ = O'R’ — O'T", and 
erect PR perpendicular to OQ’. Then P being any point in this perpendicular, 
OP” — OR* = OP’ — O'R*. Adding this to the preceding equation, we have 
OP’ — OT = OP" — OT”, or PT’ = PT”. «. PT = PT’, PT and PT’ being 
tangents to the circles from avy point in PR. Hence PV is the radical axis of 
the two circles. 


1021. Con— When the circles are exterior to each other, the Radi- 
cal Asis lies between them, touching neither ; when they are langens, 
either externally or internally, the radical aris is the common tan- 
gent ; when they cut each other, the axis of the common chord produced, 


Bcea.—When the circles intersect it might seem that the above de- 
mouatration fails for points within, asin the common chord. But, the powers 
ofany point in this chord are still equal. Thus, at the intersections the powers 
are zero; and at any other point in the chord, asa, ud x ae = ad x ac, since 
each is equal to ao x ae. 


1023. Con. There is an infinite number of circles having their 
centres tn the same right line, which have the same radical axis as 
any feo given circies. 


Thus, in the tirst igure, PV being the radical axis of the circles O, 0’, letting 
circle O remain fixed, O°’ may vary indefinitely so that O'R’ — O'T” remains 
constant, and equal to oR’ —OT". 


1024. Prob—Given two circles, to draw their radical axis. 


So.uTiox.—Draw a common tangent, bisect it, and through the point of 
biaection draw a Hine perpendicular to the line joining the centres. When the 
circles are tangent to each other, the distance between the points of tangency 
is 0; hence the perpendicular is erected at this point. When they intersect, 
produce the common chord, or use the first method. 
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1026. Prop.— When two circles cud cach other orthogonally, thai 
ts, af right angles, the equare of the radius of either ts equal to the 
power of its centre with respect to the other. 


t—The power of O with respect to circle O’ is 
Oa x On = OP", and of O' with respect to circle O, 
Od x O'm = OP’: since, as the circles cut each other 
orthogonally, their tangents are at right anges, and the 
tangent to either pasecs through the centre of the 
other, 





1026. Prop.— The radical aces of a system of three circles 
whose centres are not tn the same straight line, intersect at a common 
potne. 


Demw.—Since 0, 0’, O” are not 
ina straight line, the radical axes / 
of O,O’,and 0,0", as PV’ and ( ¢ ; 
PV intersect Let Po be their 
common point. Now the power sf iv 
of P with respect to O' is cqital y os : Say 
to its power With respect to 0", NG oy 
since each is equal to its power : 
with respect toO. Hence P is a Fig. 520. 
point in the radical axis of O', 0". 

1027. Corn--If the centres are in the same straight line, ther 
radical ares are parallel, and the common potut taal tnfinety. 





1028. Der—The intersection of the radical axes of three circles 
is called their RRadical Centre. 
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1029. Dev.—lIf the line joining the centres of two circles be 
divided externally, as at C, 
and internally, as at c’, 
in the ratio of the radii, 
these points are respectively 
the £rternal and the /n- 
ternal Centres of Sim- 
dlitude of the two cir- 
cles. 


Iuu.—If CO: CO’:: EO: £0’, G in the external centre of simflitude; and, if 
C'O:C’0’:: EO: E’0’, C’ ie the internal centre of similitude. 





Fia. 521. 
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The student should construct the figure when the circles are tangent exter- 
nally,—when they are tangent internally,—and when one is wholly within the 
other, 

Query.—How are the centres of similitude situated in the three different 
relative positions of the circles ? ; 


1030. Prop—In two circles the line passing through the ex- 
tremities of two parallel radii on the same side of the line passing 
through the centres, intersects this line in the external centre of sim- 
tlitnde, and if the radii are on opposite sides of this line the inter- 
section 18 the internal centre of similitude. 


The proof consists in showing that the line passing through the centres is 
divided as above. Let the student show it for the three different positions of 
the circles. 


1031. Cor, 1.—Conversely, Jf any transversal be drawn from 
either centre of similitude, the radit drawn to the intersections are 
. parallel. 


Thun in the last figure, since CO: CO’: EO: E'0’, and the triangles have the 
angle C common, EO and €’0’ are parallel. 


1032. Con. 2.—Tangents drawn at the alternate intersections of 
a transversal through the external centre of similitude are parallel ; 
also, those al the mean intersections, and those at the ectreme tnter- 
sections, tf the transversal be drawn through the internal centre of 
similitude. 

This follows as a consequence of the parallelism of the corresponding radii, 
to which the tangents are perpendicular, Thus, tangents at E and E’ are par- 


allel, us are those at Fo and F’, So, also, tangents O and D’, and at E’ and E” are 
parallel, 


10.3.3. Der—The extremities of two parallel radii on the same 
aide of the line joing the centres are called Homologous Points, 
and those of non-parallel radii where the transversal cuts the 
circumferences, as E, Fy are called Antt-Homolagous Points. 


103-4. Cor. 2.—The distances of a centre of similitude from two 
homologous points are lo cach other as the radii. 


10385. Cor. 3.— The centres of similitude and the centres of the 
etreles are four harmonic points. 





1036. Prop—TIf a circle touch two others, the line joining thetr 
points of contact passes through the external centre of similitude of 
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the latter if the contacts are both external or both internal; ...- 
through the internal centre of similitude tf the contacts are the one 
external and the other internal. 





Fio S®2. 


Dxm.—In either case Ict O” be the circle tangent to O, and 0’; and through 
the points of tangency draw E’C. The angle O'E’F = O”' FE’ - EFO = FEO; 
whence OE and O’E’ are parallel, and the similar trlangles CEO, CE’O’ give 
CO:CO’:: OE: O’E’. (The student should make the other constructions. ] 

1037. Prob—To draw a line parallel toa given Une so thal the. 
distance between the extreme intersections with two given circles shall 
be a marinwmn. 


So.cTion.—Draw a line through the internal centre of similitude and par- 
allel to the given line. Now, at the extreme intersections draw tangents, and 
it will become evident that the line first drawn ig a maximum. [The student 
should make the figure and AU out the proof] 

If the circles are wholly exterior to cach other, the distance between the 
Mean intersections is a minimum. 


3. Coxncirpina Nors.—Our limits preclude our pursuing these topics 
farther. We have given enough to make the Jangnage of the Modern Geome- 
try intelligible, and to afford some Insight into ite character. One of the bent 
elementary resources for the English stadent who wishes fo purine the subject 
at greater length, is Mcicany's Principles of Modern Geometry, Dublin, 1862. 
It is, however, much to be regretted, that there is no English treatise which 
presents the elements of this subject with the philosophic clegance of the 
French. The best of the Jatter is Roccat and Comnenoussr’s Treatise on 
Elementary Geometry. Fora more extended view of the subject, BALMON oF 
WHITWORTH will furnish the English student; but he who would be proficient 
must read the works of Cuas_es and PoNce.et, who are the great suthorities. 
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PART IV. 
TRIGONOMETRY. 


CHAPTER I. 


PLANE TRIGONOMETRY. 


SECTION T. 


DEFINITIONS AND FUNDAMENTAL RELATIONS BETWEEN THE 
TRIGONOMETRICAL FUNCTIONS OF AN ANGLE (OR ARC). 


1. Trigonometry isa part of Geometry which has for its aube 
ject-matter, Angles. It is chiefly occumed in: presentiag a scheme 
for measuring and comparing angles, by means of certain auxiliary 
lines called Zrigonometrical Functions, iv investipating the relations 
between these functions, and in the solution of triangles by means 
of the relations between their sides and the trigonometrical functions 
of their angles. 


2. Plane Trigonometry treats of plane angles and triingtles, 
in distinetton from Spherical Trigonometry, which treats of spherical 
angles and triangles. 


3. A Function is « quantity, or a mathematicnl evpression, 
conceived as depending upon some other quantity or quantities for 
its value. 


Iut's—A man's wages for a giren time dan funetion of the simount received 
per day; or, in general, his wages is a function of beth the Gime of service and 
the amount received per day. Again, in the ¢xpressiona y 2° Qa, yo: tt 
2r + 5,y = Jlogary = at,y isa function of 2; since, the numbers 2,5, aandd 
being considered fixed or constant, the valne of 7] dependa pean the value we 
assien toz. Fora like reason such expressions as Va? — 29, and gar — oz. 
may be spoken of as functions of 2. Once more, the area of a triangle is a fune- 
tion of its base and altitude. 


4, Angles as Functions of Arca.—We have learned in 
Geometry (Part IL, Sec. VIL), that angles and ares may be treated 
as functions of cach other: and that, if the angles be taken at the 
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centre of the same or equal circles, the arcs intercepted nave the 
ssme ratio as the angles themselves, and hence may be taken as their 
measures or representatives. For trigonometrical purposes, an angle 
is considered as measured by an arc struck with a radius 1, from the 
angular point as a centre. 


5. A Degree being the yt, part of the circumference of a circle, 
becomes the measure of ¥, of a right angle; and, for convenience, it 
is customary to speak of such an angle as an angle of one degree, of 
four times as large an angle as an angle of four degrees, ete., apply- 
ing the term directly to the angle, A small circle written at the 
right and a little above a number indicates degrees (°). 


G. A Minute is gp; part of adegree. Minutes are designated by 
an accent ('). A Second is gs part of a minute. Seconds are 
indicated by a double accent (“). Smaller divisions of angles (or 
arcs) are most conveniently represented as decimals of a second, 
though the designations /hirds, fourths, ete., are sumetimes met with, 
and signify further subdivisions into 60ths. 5° 12’ 16" 13” is read, 
“8 degrees, 12 minutes, 16 seconds, and 13 thirds.” 


Iuua.—In Mg. 1 AOB is an angle of 35°, because the mensuring arc ad 
contains 35 of the 300 equal parts into which 
the circumference whose radius is Oa, could be 
divided. In like manner BOC is an angle of 7°. 
BOC = }A0B = 1A0C. Hence, it becomes evi- 
dent that we may use the numbers 35, 7, and 42, 
to represent the respective angles AOB, BOC. 
and AOC, or the corresponding arcs ad, bc, and 
ac 


7. A Quadrant is an arc of 90°, 
and is the measure of a rignt angle; 
hence, a right angle is called an angle of 
Pos. 1. 20°, Thus are ad, Fig. 1, = 90°, or angle 
AOD = 90°. 





8. The Complement of an angle or arc is what remains after 
subtracting the angle or arc from 90°. The Supplement of an angle 
or arc is What remains after subtracting the angle or arc from 180°. 


Inz'a—In P¥g.1, the angle BOD is the complement of AOB, and the are dd 
w the complement of arc ad. The complement of 35° is 90° — 85°= 55°. The 
supplement of 35° is 180°— 35° a= 145°, 
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9. A Quadrant is often represented by Je. since « is the semi- 
circumference when the radius is unity. When this notation is used, 


° 





180 
the Unit Arce becomes = 57°.29578 nearly, or 57° 17’ 44.8 4+, 


which is an arc equal in length to the radius. 


10. For trigonometrical purposes, an angle is conccived as ger 
erated by the revolution of a Hine about the angular point, anc 
hence may hare any value whatever, not only from O° to 180°, but 
from 0° to 360°, and even to any number of degrees greater than 
360°, as 1280°, ete. An angle of 45° is generated by } of a revola- 
tion, 90° by } of a revolution, 180° by 4a revolution, 270° by 2 of a 
revolution, 360° by one revolution, 450° by 1} revolutions, 1280° by 
3 revolutions, ete., ete. 


17. In accordance with the conception of an angle as generated 
by a revolving line, the measuring are is considered as originating 
at the first position of the revolving Tine (i ¢., with one side of the 
angle), and terminating in the line after it has generated the angle 
under consideration (t ¢, with the other side of the angle). The 
first extremity is called the Origéia of the arc, and the other the 
Termination. 


Inn’s.—In Fiz. 1, let the angle AOB be considered aa generated by a line 
starting from the position OA, and revolving around the point O, from right to 
left,* tall it reaches the position OB, Ou being taken as unity, the are ad is the 
measuring arc of the angle AOB; a ia ita origin, nnd b its lermination, 


12. In the generation of angles by means of a revolving line, the 
normal motion is considered to be from right to left, and the quad- 
rants are numbered Ist, 2d, 3d, and 4th, in the order in which they 
are generated. 


13. The Triqonometrical Functiona are cight in num- 
ber; viz. sine, cosine, tangent, colangent, secant, cosecant, veraed- 
sine, and coversed-sine. These linea are functions of angles, or, 
what amounts to the same thing, of arca considered a8 measures of 
an;les, and are the characteristic quantities of trigonometry. 


14. The Sine of an angle (or arc) is a perpendicolar let fal 
from the termination of the measuring arc upon the diameter passing 
through the origin of the arc. Thus in Fig. 2, dd is in each case 
the sine of the angle AoB, or of the arc axd. 








* The pupil will andervtand that. if he imagines himself standing at the centre of motha,, 
es the moving body or point passes before him, the distinctions ‘ from right to left,” and 
“ from lef to right,” are ensily made. 
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15. The Trigonometrical Tangent of an angle (or arc) 
is a tangent drawn to the measuring are at its origin, and limited 





Fig. 3. 


hy the produced diameter passing through the termination of the 
arc, Thus in “7g. 2, ac is in each case the tangent of the angle AoB, 
or of the are azdé. 


16. The Secant of an angle (or arc) is the distance from the 
angular point, or centre of the measuring cirele, to the extremity of 
the tangent of the same angle (or arc). Thus in 47g. 2, Oc is in 
euch case the secant of the angle AOB, or of the arc azd. 


17. The Versed-Sine of an angle (or arc) is the distance 
from the foot of the sine of the same angle (or arc) to the origin of 
the measuring are. Thus, in Fig. 2, da is in each case the versed- 
sine of the angle AOB, or of the are az. 


18. The prefix co, in the names of the four trigonometrical fune- 
tiong in Which it occurs, is an abbreviation for the word complement. 
Thus cosine means complement-sine, t. ¢, the gine of the comple- 
ment; cotangent means tangent of the complement; ete. The co- 
sine of 40° is the sine of 90° — 40°, or 50°; the casine of 110° is the 
sine of 90° — 110°, or — 20°; the cotangent of 30° is the tangent of 
60°; the cosecant of 200° is the secant of — 110°. 


19. Construction of the Complementary Functions. 
—Let us now see how the complementary functions are constructed with refer- 
woe to their primitives, premising that all arcs in Fig. 8, reckoned from A, are 
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to be reckoned around from right to left in this discussion. ist. Let AP be 
any arc less than 90° ; then 90° — AP = aP is its complement. Now considering 
a as the origin and P the termination of 
this complementary arc, Pd is its sine, af 
its tangent, Of its secant, and ad its versed- 
sine. Hence, Pd, af, O/, and ad are respect- 
ively the cosine, cotangent, cosecant, and 
coversed-sine of the are AP, or the angle 
AOP, 2d. Letting APP’ be any are between 
90° and 180°, its complement is 90° — app’ 
or — aP’, the — sign signifying that the are 
is reckoned backward from P’to a. But as 





the ralues of the functions will be the same oO’; o 

whether the origin be taken at Poor ata, ‘ — 

we may take a as the origin of this comple- ig. ! 4 
Inentury arc, and P' asx its termination, Nt s | 
Whence P’d' becomes its sine, af ita tan- pe af ers iy’ 
vent, OF its secant, and ad’ its versed sine. C 

Therefore P'd , at, OC, and ad’, are respect- 

ively Qa: cosine, cotangent, cosecant, and Fia 4. 


coverped-aine of the arc APP J orthe angle AOR’, Sd. Tn dike manner, aP” ia 
shown to be the complement of are APP Pj and as Pd", at, Of, and ad” 
are respectively the sinc, tangent, secant, and versed-sine of this complement, 
they are the corresponding cofunetions of the are APPYP’, or the saticut angle 
AOP’ 4th. In the same way, it appears tliat PY al, OC, and af” are the 
cosine, cotangent, cosccant, and coversed-sine of the are APRPCP’, or the 
silient anvle AQP’, Obeerre (uit aya pointion the measuring are WW" from the 
primitive origin, ia the origin of all the complementary functiona, 


Scrm—Lt will readily appear from Che figure that the cosine of an angle 
(or are) fs always equal to the sistance from the fool af the mine to the verter of the 
angle (or the centre of the measnring arc) Phis is the more convenient: prac 
tical definition. Thus the cosine of AP is Pf= O00; the conine of APP ix 
P‘d’ = 0’O, ete. 


20. Notation. —Letting 7 represent any angle (or arc), the 
several trigonometrical functions of it ure written, sin, Coss, tans, 
cot sz, see z, cose sz, Versz, and covers. They are read “pines,” 
“costing 2,” © tangent 2." “cotangent rs,” ete. 


FUNDAMENTAL RELATIONS BETWEEN THE TRIGONOMETRICAL 
FUNCTIONS OF AN ANGLE (OR ARC). 


[Note.—These fandamental relations muet te made perfectly familiar, ‘fThoy must be 
memorized, and be ae familiar ae the Maltiplication Table. The stadent can do nothing la 
vigonometry without them } 

car ‘The discussions in this treatise all proceed upon one general 
plan; viz,—KFérst obtain the particular property of the 
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sine and cosine, and from this deduce all the others 
according to the dependencies shown in the follow- 
ing proposition. 


21. Prop—The Fundamental Relations which the Trigono- 
metrical Functions sustuin to each other are: 


(1) sin®2 + cos’cz = 1; (5) pebieeyeeeees 
BIN coz” 
2) tang = -—~—; : 1 
() cosz’ (6) cosecr = —— 5 
311 
(3) cote = 5 ; (7) seciz = 14+ tan'z; 
aad (8) cosec?z = 1 + cota; 
ee oe (9) versz = 1 — cose: 
~ tun’ (10) coversz = 1— sing. 


(The forms sin’z, sec’r, ete, signify the square of the sine, the 
square of the secant of z, ete. and are read “ sine square 2,” “ secant 
aquare 2,” etc. The student should distinguish between sin’, and 
win ’.) 


Dem.—In Pig. 4, let z represent any arc as AP, less than 90°. Then PD = sin z, 
OO or Pd = cosa, AT = tans, OT = sece, ot = cots, Of = cosee z, AD = versinz 
and ad = coversin 2. 


(1). In the right-angled triangle POD, 
Po’ + OD’ = OP’, or sin?z + cos'z = 1, 
“© since OP = radius = 1. 


(2). From the similar triangles POD and 
TOA, 


AT __ PO sin z 
OA OD ae 


(3). From the similar triangles POd and 
Oa, 
a z 


= Bap or cote = eee 
sin z 





(4). Muluplying (2) and (8) together, 


_ . &nscosz 1 
DEES ee ane = 1, o1 tanz = is 
ra. « (), From the similar triangles GTA and 
vwrD, 
T OP. 


OO ; but OP and OA each = A vec z= 
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(6). From the similar triangles O/a and OPd, 
or 


oa or cosec £ = : 
Oa” ‘Od’ ~ ging” 


(7). From the right-angled triangle OAT, 
OT’ = OA’ + AT ,or sec’z = 1 + tan*z 


(8). From the right-angled triangle Out, 
Of = Oa" + Gf, or cosects = 14 cots 


(9). AO = AO — OD, or vera r= 1 — cone. 
(10). ad = aO — Od, or coversr = 1 — ain 2. 


Thus the fundamental relations of the functions are established for an are 
less than O°) But it will readily appear that the relations are the same for any 
other are. For example, let AP’ be any are between 00> nod TSO. Then 
the triangle P'D’O vives sin?z + costs - 1, sinee POO: sin ze, and OO | cose. 

acs , bent a T’ ‘'O' sins 
The similar triangles P’O'O and OAT’ pive ea a por tan pa and the 


en : o> é - Coes FP 
Similar triangles P’d’O and CaO give cot r te ¥ In Hike manner Jet the 


Rtudent observe the relations when 2 : APP’P’ or an are between ESQ and 
270. So also when 2 <= APP'P’P”, or an are between 270° and Suu", 


22. Cor. L—The tangent and cotangent of the same angle are 
reciprovals of each other; so alsoure the secant and cosine, and the 
cosecant and the sine. Thus, if tau zs = 3, cota = 45 since cots — 


1 J 
——. If ser = 2, cosxz = 45 sincesec ge =~ -, OF CONE ~~, 
y b 
tan z CONS BOC 


23. Cor. 2.—Stnes and cosines cannot exceed 1. Tangenta and 
colangents can have any values frum VU lu a». NSecants and cosecants 
can have any values beliveen Land wo. Versed-sinea and coversed- 
sines can have any values belween 0 and 2.) These conclusions will 
readily appear from the definitions, and un inspection of Fig. 4. 


SAND 


SIGNS OF THE TRIGONOMETRICAL FUNCTIONS. 


24. Prep.— Angles (or arca) considered as generated from right 
to left being called positive* and marked +, those considered as gen- 
eraled from left to right are to be called negative and marked —, 


5 ae Ne ATT TTY STN Re wth lt 





® This is perely an arbitrary convention. We might equally weil reverse tt 
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Dem.--This is a direct application of the significance of the + and — signs, 
fee Complete School Algebra, pp. 20-23.) Thus, in Mg. 5, if the angle AOP, 
considered as generated by the revolution 
of a line from the position OA in the direc- 
tion of the arrow-head (from right to left), 
is called positive and marked +, an angle 
generated by the motion of a line from the 
position OA in the oppostte direction (from 
left to right), as the angle AOP” thus gen- 
erated, is to be considered negative and 
marked —. Let it be carefully observed 
that it is the assumed direction of the 
motion of the generatrix that determines 
the sign of the angle (or arc). Two lines 
meeting at a common point may be con- 
sidered as designating either a + or a — 
angle, according to the direction of motion 
assumed. Thus the lines OAand OP’, Fig. 
4, may form the positive angle measured 
Fia, 5. hy the are APP’, or the negative, salient 
angle measured by the negative are AP’P’P’ Qo EL D. 





ee eee etre 


25. Prop e-Radius being considered as alicays ertending tn the 


ne direction, tz, from the centre toward the circumference, ts 


diucays postive. 





26. Prop.— The siqn of the sine of an anule between 0 and 180° 
vetng +, that of an angle between US0° and 360° is —. 


Dew --Tn Arg Awe observe that the sines of all anzles terminating in the Ist 
mnd 2d quadrants, foe between O° and P8a7) may be considered as measured 
rom the primary diameter AB, ap card, while those of angles terminating in the 
idand 4th quadrants, ¢ ¢, between TS80" and 860°, are reckoned downward 
rom the same Hine; henee, the former being called 4+, the latter should be —, 
ta the tro spwetes are catinatted in oppostte directions, Q. E.D. 

A tore elegant conception is to consider the sine as projected upon the diam- 
‘ter vertical to Chat passing throuch the origin, as aC ; whence Od is the sine 
fF AOP (or are AP). Now this line evjdently is OQ when the angle is 0; and as the 
ingle increases, the sine increases, being generated from O uwpiard, and hence 
acalled +. This is the same conception a8 we Use in the case of the cosine. 
Adopting it, we see that sines reekoned from O upward are +, and downward 
-. Cosines reckoned from O po the ngAt, are +, and to the left, =. 


27. Con.— The cosecant of an arc has the same sign as tls sine, 


: 1 : ; 
since coset F => =~ and as 1, being the radius, is +, the sign of 


1. 
ing 8 the same as the sign of sin.n 
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28. Prop.—The sign of the cosine of an angle between 0° and 
90°, and between 270° and.360°, ts +, while that of an angle between 
90° and 270° is —. 

Dem.—In Fig. 5, we observe that the cosines of all angles terminating in the 


Ist and 4th quadrants, may be considered as estimated from the centre towarc 


the right, as OD, OD’’; while correapondingly, the coaines of angles terminating 


in the 2d and 3d quadrants will be estimated from the centre toward the let), as 
OD’,00". Hence, by reason of this opposition of direction, the former are 
called +, and the latter —, Q kD. 

29. Con.— The secant ofan angle has the same sign as its cosine, 
since these functions are reciprocals of each other, (See 27%.) 


BO. Propr—The sign of the tangent of an angle hetiecen 0° and 
90°, and also betiren YUP and 270", is ty while thet of an angle 
betreven GO? and SO", and between 270° and B00", tx --, 





Dew.—Since tans = 2 When sing and cos have like signs, tin ia +, by 
the roles of division: and when sin wr and cos have different sigox, tana is =, 
Now, in the Tstand Sd quadrants ® the sinus of sina and cos care alike, henee 
in these quadrants tan is plus; botin 2band 4th quadrants sin and come 
have unlike signs, and consequently in Chese tans ig --.  Q. KD. 

BI, Con. The sign of the cotinaent ts the sameas the sign af the 

1 


tangent of the same angle, sinee Cot fo: . 
7 tun 


32. Prop. Versed-sine and coversed-sine arealuays +. 


Diem: - Verses: db- con: ane ons cose cannot exceed 1, l- coar in al 
ways +. In dike manner, covers sc Ll - sins, upd as sine cannot excerd 1, 
1 ~ sins in always +. Q@ KOD 

Scu. L—It is essential that the Taw of the slong, ts explained above, be well 
understood, and the facta fined in memory. Jeg 6 will aid the student io tiving 
the Jawin the memory. Having this constantly bre 
fore the mind, and remembering that tun and cot 
are + when sin and cos have like signs, and — when 
they have unlike, and that cos and pee hiave lhe 
signs, as also sin and cosec, or, more simply, iat 

sin 1 1 
lan = ---, cot =  -, sec = —-, and come =, 
Cin tan Ci aE) 
the student cannot fail to know the sign of a fune- 
tion ata glance. 

It will be of service to remember that versed-aine 
and coversd-sine, and all the functions of angics 
of the Ist quadrant, are +; but that of the other 
fanctions than the versed-sine and coverserd-sine, of 
angles terminating in the other quadrants, but tio are + in each quadrant 





Pia. 6. 


seemed mee Lincnee eR RE AN AI MMMM Ge Fain een Rdemtiness ee snake Jeanine reat Pree ieeren terete] 


. 


® This is a convenient elliptical forin for “an angle whose measuring arc terminates to the 


Jet qoadrant,” etc. 
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Scu.2—The signs of functions of angles greater than 860° are readily deter- 
mined by observing in what quadrant the measuring are terminates. Thus, 
sin 570° is —, since an arc of 570° terminates in the 38d quadrant. In any given 
case, the sign of the function is the same as the sign of the same function of the 
remainder Icft after dividing the are by 360°, or 2a. Thus tan 1180° is the same 
as tan 100°; t¢., itis —. The same may also be said of the value of the func- 
tion. 


LIMITING VALUES OF THE TRIGONOMETRICAL FUNCTIONS. 


33. Prop.—Sin 0 = =0, sin 90° = 1, sin 180° = *0, 
gin 270° =. —1, sin 360° = FO, and the limits within which the 
sines of all angles are comprised, are+land —1. 


Dem.—Let the point P be supposed to start from A and move around the 
circumference from right to left, and let z represent the angle (or arc) generated. 
Now, when P is at A,z = 0, and PD = 0. 
Moreover, if we consider the sine P’” D’” 

a as reaching its limit, by the moving of P’ 
wt from some point in the fourth quadrant to 
? a ee the origin, the sine of 0° becomes — 0, since 
So 4 a s.p whatis true of a varying quantity all the way 
> ee” Aiea aa ul approaches tle limit, ts assumed true at 
bo j * thelimit. But, if the sine reaches its limit by 
| | the paxsage of the point P from some point 


Me, 


re 


eer eer me 


By - 0” Ia sin the Hirst quadrant to the origin, the sine 
| = | of O° is to be considered as +, since the 
| : function 18 + aS it approaches its Jimit 
a” a | . sin 0" = F 0.@ Asz increases from 0° 


ap eo Pm to Wl (ie, as P passes from A to a), PD is 
er v + and increases from 0 to 1(+ 0 to + 1). 
. sine 90° = 1, As z continues to increase 
from 00°, sin 2 diminishes and becomes 0 at 
Pie. 7. 180°. Todetermine the sign of sin 180’, we 
notice that it is + when the point P approaches this limit from the second 
quadrant, and — when it approaches it from the third quadrant, .”. sin 180° = + 0. 
Conceiving z to zo on increasing from 180°, sin 2 appears beloie AB and is —, and 
beginning at — 0 dlatuahes (a numerical tnerease of a pegative quantity being 
considered an absolute decrease) dll at 270° it becomes — 1, «. sin 270° = — 1. 
Ass passes from 270" to 60°, sin 2 inercasea (see above) from — 1to 0. The sign 
of this limit is ambiguous, as appears by regarding the limit as reached by the 
angle passing from something less than 360° to 360°, whence we have —, and also 
as reached by the angle passing back from something greater than 360° to 360°, 
whence the sign is +... sind60" = #0. Finally, as it is evident that these 
values would recur in the same order as the point P passed around again, the 
above comprise all real values of sines of angles. Q. E. D. 


® It has been customary to disregard the sign of 0, in euch a series as — m ----3B-8% 
—1,F0,¢1,¢2, 483 .... @ m, whereas it: 
above. 
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34. Prop.—Cos 0° = 1, cos 90° = + 0, coz 180° = — 1, cos 270° 
= =F 0, cos 360° = 1, and the cosines of all angles are comprised 
between + 1 and —1. 


Demu.—Using the same figure and the same conception as in the last demon- 
stration, it is evident that as P approaches A, srom either direction, that is aa 3 
approaches 0°, the cosine OO approaches to equality, with the radius and reaches 
it atzse0, being + in cither case. “. cosQ21. As z approaches 90° from a 
less value, §. ¢., from the first quadrant, cos zis +, and approaching + 0; but as 
© approaches 90° from some greater value, ¢¢., from the second quadrant, cos la 
— and approaching — 0... cos 90° s 40.) In like manner we observe that as 
7 increases from 90° to 180°, cos 2 deercases (seo De. of 83) from 0 to — 1, whieh 
itreaches at 180°, and this, whether the point is reached in one way or the 
other, 2. cos ISO" =e — 1. Agnin, cos 270° 22 F 0; since itis -— 0 if 2 passes to 
270° from some value fsa than 270°, and + 0, if it passes from some value 
greater than 270.) While 2 passes through the fourth quadrant, cons passes 
trom Oto + I,reaching (he latter value when 2 2 3007, 3. cos 860" 22 1 Finally, 
as it is evident that the above values would recur in the same order as the gens 
erating potut passed around again, Giis discussion comprises all real values of « 
cosine, 


330 ie Tan OP = EO, tan GW? os cea, fan 180° = + VU, 
tan Qt? = ce, tan 300? 2: = 0, and the tangents of all angles are 
concise between +n anl—-w, 


1D FU _ sino ot 
Dem. — Tan 0’ = ge 4 #0. Tan 00° Pras = 2 = 4+ 
_ 0 189° AU ain 270" 
Tan 180° Ley 6 — 2 a eT? 
iNet Tan 270" = cansye co ee Tan 300 
gin Ht)® ) : 
= cos 360° ails = F0. From these results it appears that the tangent may 


Lave any value whatever from + 2 to — 29; and as subsequent revolutions of 
the generatrix would evidently only repeat these values, these arc all the real 
valucs of a tangent. (Moreover, all real values are comprised between + 
and — mw). yg EB. Db. 

It is easy to olbmerve the direction of the change in the tangent (whether it is 


nin : : 
increasing or decreasing) by observing the fraction Fee As the are increams in 


the first quadrant, the sine increases and the cosine decreases, for both of which 
reasons the tangent increases, and hence changes more rapidly than either sine 
orcosine. The student should observe the change in cach of the four quad- 
rants in the same manner. 

Scu.—These values of the tangen? are illustrated by Fig. 7, Thas AT, which 
is +, bDecornes + 0 when @ returns to A, or z= 0. Also AT’, which is —, 
and may be considered as the tangent of AP’’,a negative arc, becomes — 0, 
when AP” == 0. Again, if AP passes ty Aa, AT pasecs to + 7. But, if P’ 
passes back wo a, 4) that AuP’ passes to Aq, or 90°, AT’ paanen to - 2... We 
ace that tan 0 may be considered F 0, and tan 90° == 40. In like manner the 
other limits are illustrated. 


37. Prop—sSec 0° = 1, sec 90° = + w, 8e¢180° = — 1, sec 270° 
= oe mn, sec 360° = 1, and all real values of this function are com- 
prised between Land =a,and — Landa. 


Dem. These values are the reciprocals of the corresponding values of the 
eosine, The student should obtain them from the cosine, and illustrate them 
from /¥q. 7, observing the law of change, Thus bezinning at OA = 1, which is 
the secant of 0, the secant tnereases til 2 = 90?) when the secant OT becomes 
¢ a, if we consider this Timit as renched this; but — 2, if we consider 
such an are as AdP , whose secant is — OT’, which becomes — 2», when the 
point P’ passes back to a. 


Sor—The series which represent the values of secants are, for the first and 
second quadrants, + 1,4 2,4 58, # 2 ...4 m4 n,—- mm... —3,—2, 
— 1; for the third and fourth quadrants, — f,— 2, - 8,—....—-m, Faw, 
+m, eo... 39, 4 2, 4 DT tnderstanding the numbers in these series as rep- 
resenting a few termes of series which have an infinite number of terms of all 
Values extenaing, in the first ease, from 4 tte 4 2, and thence to— 1.) It will 
be a good exercise for the pupil to write the series representing the values of 
each of the trizonometriceg) functions, Thus, forthe sine, we have #0, + 4, + +, 
#3254 1,4 9,4 4,4 4, 4 0, for the first and second quadrants, understand: 
mg that all values intermediate between those represented are included. For 
the second and third quadrants, we have, + 1, + 37,4 4, + 4, + 0, — 4, — 4, 


ea i— 1. 





38. Prop.— Coser 0° = = x, cnsec 90° = 1, coser 180° = + ow, 
cosec 270° = — 1, cosec 360° = aE we, and all the real values of this 
function are comprised beficeen Land & x and — land = x. 

Deu.—Let the student demonstrate and illustrate as in the preceding article. 


Do not neglect to go through the whole in detail; it is an important and 
excellent exercise. 





39. Prop.— Versin 0° = 0, versin 90° = 1, rersin 180° = 2, ver- 
sin 270° = 1, versin 360° = 0, and the real limits of the function are 
0 and 2. 
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Demu.—The student will readily deduce these results from the relation versa 
=1—cosz Thus when z= 0, vers0 = 1 — cos = 1 — 1 = 0, ete. 





40. Prop.— Covers 0° = 1, covers 90° = 0, covers 180° = 1, covers 
270° = 2, covers 360° = 1, and the limits of the real values of this 
function are 0 and 2. 


Demw.—The student should he able to give it 


eens coment 


#212. GENERAL Scno.iem —It is important to observe that in the case of 
each of the above functions tf chanyea its ayn hy paasang through 0 or a. Tn fact 
itis assumed, in mathematics, thats varying quantity which passes from + te 
—, does so by passing Uhrough @ ora. The converse, however, is by no means 
true; viz, that whenever a varying quantity passes through Oo at oa, its shea 
necessarily Chianges.® 
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turves mn, min’, min” ' ; 

tre drawn by erecting ; 
at every few degrees ty | 
from A. a lines equal ; 
te the tangent of the in tg | 
same: gomber of de- K 2 i 
pre-e, ahore tte line r t i j 
AE whin the tauvent ts 

+, and helio AE when Fia 8. 
the tangent ia —- Thus 

Aa = 45° ta length, and ad = tan 45°; Ac = 135°, and ed = tani%%*. Such lines as a, ed. ote., 
are called ordinates of the carve. The law of change in these ordinates is manifestly the cama 
as the law of change tn tangents. We see that ae we pase from i* to %°, the ordinate (tan- 
erat) passes fromitn + 2. Ao‘éy* the ordinate itanzent) jabxtA + and —, 1.4, 2m. Ho aleo at 
7.0", and at other almilar pointe. A similar device Wluslrates the changes in the other triguuo- 
metrical functions, Some may see the propriety of distinguishing © as + and —, who, never- 
theless, do not see why it ls necessary to make the same distinction in the ease of 0. Bat a 
moment's reficetion will show that one distinction involves the uther, since = an 0 are mate 


ally reciprocals of each other. 
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cn. The resulta of the preceding discussion of the signs and limits of 


the trigonometrical functions, 24 to 41, are exhibited in the annexed 


42. 
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FRIGONOMETRICAL FUNCTIONS OF NEGATIVE ARCS (OR ANGLES). 


43. Prop.—Changing the sign of an are (or angle) changes the 
sign of tts sine, and consequently of ifs cosecant; t.¢. sin (—2) = 
— sin 2,* and cosec (— x) = — cosec 2. 


Dew.—Ist, If the angle (or arc) is numerically leas than 90°, and +, it ends in 
the first quadrant, and hence its sine is + ; but, if the angle (or arc) in numeri- 
cally daa than 90° and —,itends in the fourth quadrant, and henee its sine Is —. 
That is, x being numerically lesa than (0°, sin(— sz) -c — sing 2d, If x ie 
between 00° and ISO° in numerical value, the are ends in the second quadrant 
when 7 is +, and hence its sine is +; but when sis —, the arc ends {n the third 
quadrant, whence its sine ix -—. ©. In this case, also, sin (— 2) — sin. 8d, 
It z is between 180° and 370° in numerical value and 4+, the arc ends in the 
third quadrant, whence sin zis —, (— sin 7); but it the are is —, it ends in the 
eccond quadrant, whence its sign ia +,[+ sin(— 7) ). 0. In this ease - sine 
- sin(— a2), or sing <= — sin(—7). 4th, In ke manner the student will observe 
that — sin 2 = ain (— 7), or kin 2 =z — sin ( — 2), when 2 ia between 270° and 860°, 
Moreover, since this order will recur as we puss around again, we learn that 
in any case the sign of the sine of a negative angle ja the opposite of that of an 

re a . 1 | = 1 
equal positive angle. Finally, cosec (— 7) >: jai) a die eee 
cosecz. QE. D. 


44. Prop.— Changing the sign of an angle (or arc) doca not 
change the siqn of tts coxine or secant; t. ¢@, Co’ (—~ 2) == coax, and 
sec (— 7) = Keer. 


Des.—ist, When 2 < 90° and +, the are ends in the first quadrant, and hence 
jis cosine is + ; 80, also, if z < 90° and —, though the are ends in the fourth 
quadrant, its cosine is still +. 0. cag (— 2) = cos, (The student can supply the 

1 I 


en See MCT. QUO DL 
COB (-- 2) CONS 


other three cases.) Finally, sec (— 2) = 


45. Prop.—Changing the sign of an angle (or arc) changes 
the sign of tts langent, and consequently of tta cotangent; t @., 
tan (— z) = — tan z, and cot (—z) = — cot z. 


Pom 








© The etudent should be careful to note the exact meaning of this expreseion. It ia read 
“gine minos z = mings sine 7," and means that the sine of a negative angle (or arc) le equa 
(asmerically) ty the sine of the same positive angie (or arc), bat has ihe opposite sign. 
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Dex.—This is an immediate consequence of the fact that changing the sign 
of the angle (or arc) changes the sign of its sine, but not of its cosine. Thus, 





in (-- — sing Kin Z 1 
tan (~ z) = in (- 7) ee dai =— —— = ~—tanz. Also, cot (— em ont 
cos (— 2) COs z Cos z tan (— 2) 
cos (—2 cos 2 CoOsz 
ee a Mo —cotz; or cot(—z) = Los (2) = ee 
—- tun z tan z sin (—~2) — siz Sin 2 


a COLL, 


Scu.—The proper sign ofa function of a negative angle can always be ascer- 
tained by observing in what quadrant the measuring arc ends, in & manner 
altogether similar to that in which the signs of the functions of positive angles 
are determined. 


CERCTULAR FUNCTIONS, 


46. Circular Funetious are angles (or ares) expressed as 
funetions of sines, cosines, tangents, or other trigonometrical lines. 


Invs.——In the expression sin, we designate a atic, ¢oe, a right line, merely 
using the orto tell dard sine, as the sine of 207, of 1352, ete, But we often wish 
to speak of anoangle (or are) whieh has a particular sine, taugent, or other trigo- 
nometrical dine. “Thus, we say, the angle (or are) whose sine is 4,“ the angle 
(or arc) Whose tangent is 3," ete. Tn diis form of expression, it is evidently the 
anide (or are) Which is the thing miadnly thought of; and it is conceived us de- 
pendent upon ite trizonometrical line. 


47. Notation.- The circular functions are written sin vty, eos7 ia, 
fanctz, ete; and are read “the angle (or are) whose sine is y,” “ the 
angle whose tangent is z," ete. 


Iun'a—The expressions 2 o- sin-'y, and y = sin z, are ultimately equivalent, 
since the first is or = angle whose sine is y.” and the second, “ y -2 the sine of 2." 
The only difference is, diat in the first form the avg Gr is the thing thought of, 
and the sine (y) is used merely to tell whaéangle; but in the second form, the ine 
(y) is the prominent thing, and the angle (ry) is used simply to tell what sine. This 
mutual relation has caused the circular functions to be called also Zaverse Fune- 
tiona., 


Scem—This notation is rather an unfortunate one, inasmuch as it is the same 
as has been already adopted in the theary of exponents. The student will how- 
ever observe that the signification in) this instance is altogether different from 
the former. Thus, since we write “ the square of sine z," sintz; according to the 


theory of exponeuts, sin-*z would be 5 oe » So also sin~r should mean = : 
sin?z sin z 


Now, the former of these expressions would actually signify as indicated (though 
it were better to write it (sin z)-*), while the latter dves not mean at all what 
the theory of exponents would make it Unfortunate as the notation is, it is 
probably best to retain it. It, doubtless, was suggested thus: If we have 
y = @*2, we may write zt = a-ty, so also y = a7, may te written z= a-'y. 
This affords a parallelism in form, but not in 
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EXERCISES. 


1. What is the complement of 150° 21° 13'.4 2) What the sup. 
plement? Give the complements and alse the supplements of 
125° 15’, 283° 2V 11", 36° 05' 02", and 89° 00" 12". 

2. Tow many degrees in the angle (erare) e In je? In the 
are 27? Inde? In l je? 

3. How many times is the radius contained in 1os8*?) Flow many 
times in 272 How manyin 460°? Tow many in 210° 

4. Radius being taken as the measure of the are, by what are 45° 
represented 2? By what 0°?) By what Tsa°? By what 225°? 
Hfow many degrees does 1 represent, radius being the measure ? 

& Find the length of a degree of the meridian upon a globe of 18 
Inches diameter. 

6 Express 12° 22513" 1 05" in °, "and decimals of a second, 
So also express 53°51) n°. ete. 

7 How many degrees, minutes, and seconds ino an are equal to 
twice radius? three times radius? Show that 27° is eqrivalent= to 
3,7. ‘That 10° to radius 10 ft. = 1.05 PL What radius gives 1 
inch? 

Ss. Draw anv angle, and construct its sine, cosine, tangent, or any 
other trigonometrical funetion, and then determine is nearly us prac- 
tieable the numerical values of the function by actual measurement 

SoLiution.—-Given the anyvle MON, to find the numerical 
value of the tangent as near as practicable by measurement, 

Taking any convenient unit, as OA, fora radius, and striking h 
the arc Aa, draw AT tangent ‘0 dA at A. Now apple OA to : 


AT and fine their ratio (Part [T, 36). In this case AT 14 a mM. 
approximately, “. tan MON = 14. | N a 
{Nore.—The student should practice upon sneh exam Pa A 
ples, finding the values of all the functions until the process, 50-7 
and the meaning of the numerical value of any fanetion 0 
of an angle, are clearly seen. 
Vie. 9. 


9% Construct an angle whose ging ja §, t¢, sin 


Soiction.—Let 0 be the required} angular point, 
and OA one side of the angle, Lay off trom O on 
OA 3 mensnres of any convenient length, making 
Oa. Using Oa as a radius, describe the indefinite 
arc aM. Erect OC perpendicular to OA and take 
OC = 34 of Oa. Through C draw CP parallel to 
OA. Finally, draw OB through P, AOB is the 
angle required, since Oa being 1, the sine cf 
AOB, PD, is 3. AOB -: sin-'}. 
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10. Construct an angle whose cosine is 3. That is, cunstruct 
cos}. 

8ug.~—The construction is the same as in the last example, except that instead 
of OC being drawn to limit the arc, a perpendicular is erected to Oa at 3 (the 
second point of division) from O, and the point P located where this perpendicular 
Intersects the arc. 


11. Construct an angle whose tangent ig 2. That is, construct 
tan” "2. 


Sca.—-To constrict this at O on the line OA, Fig. 10, take any convenient ra- 
dius, Oa, and strike the indefinite arc. Then erect at @ no tangent, and make it 
equal to twice the radius used. Through the extremity of this tangent and O 
draw a line, and the angle between this and OA is tan7'2. 


12. Construct see 2; cot-'3; cosec1$; an obtuse angle sin-'} ; 
tan-'(—3). 


Sva.—To construct sin}, see Fig. 7 Let OA be one side of the angle, and 
O the vertex, With any convenient radius draw the semicircumference AaB, 
and draw the perpendicular Oda. Biseet this perpendicular, and through the 
point of bisection draw a parallel to AB, intersecting the arc in the 2d quad- 
rant. ‘Phrough this intersection draw a lince,as OP’, Then AOP’ (assuming the 
constrnetion as specified, and not as in the figure) = sin"). 


13. Construct the following: tan “'l;  tan-'(—J);  tan7"Z; 
tan’ '(—2);  tan-'(—4)3 cos'(—9)3) seem'(— 2); cosee™"(— 3) ; 
versina'}; versin7’ 1}. 

14. From the fundamental relations (27) deduce the following : 


eh ON A aM An hme oe 


gins 4/] —costr; cog aes 4 1l—sin2r; tana cot rls tanz Cosr=sINZ; 


copa a BU gine cx COB. sere 1 
Smee BINS ce Hd SN sen CORTES OS. 
tanz ” cota ’ y/1 4 cot%r V/1 + tan*z’ 
; BOC Fr r 
tanz = sing secr; cotr = cosr cosee ts; tam az = - ---—3 8ing = 
: COSCE ZL 
COB 2 secr—1l  coseer—catz —sin2e 
sso} Vere Pe a me ert V1—s ee 
4/cosec'z — l sec Z cosece x sinz 


15. Given tanz = }, to find the other trigonometrical functions 
of 2. 

Resulis:; Secx = $; cos z= $; sin z = 3; cosecz= 4; cote 
= $5 vers r = 4; covers z = }. 

16. Given sin z = %, to find the other trigonometrical functions 
of x. 


17. Given sec z = 2, to find the other trigonometrical fanctions 
of a. 


18 Given tan z = — 1, to find the other trigonometrical functions 
f 2 
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Resulis.—Cotz = — 1; seer = 4/2; cosce zx = £49; sin 2 
=s+t v2; cst = = 4/2; versin 2 = 1 & 4V 2; coversin & = 
la v2 

[Nore.—Observe closely the signs of the functions in Ex. 18.) 


19. In the preceding examples the constructions required have 
been limited to angles less than 180°, but it is evident that an infi- 
nite number of angles (or arcs) according to the more comprehensive 
trigonometrical view, correspond to the same function. What angles 
or arcs have their tangents a 12 What, each —1? Construct an 
angle between 180° and 270°, whose sine is —§. What other angle 
Jess than 360° has the same as 

20. Having given a sine, how many angles less than 180° corre- 
spond to it? Construct the angle or angles less than 180° whose aine 
is. [low many angles less than 180° have the same cosine? tan- 
gent? cotangent? (In each of the last three cases on/y one.) Con- 
struct y == cos™'b; y == cus "(- $). a are these angles related 
to cach other? Construct y = tan’33 ys tan (- 3). Tow are 
these angles related to cach other? aad the constructions and 
questions in this example to angles Jess than 180°.) 


a Given y = sinvy, show that coay == 4/l—2*; tany - 
] 


ee inl * SOU y ea egaretes Genaenoa a y =z COBEC ~ i: > vers a ] V1} | a : 
bocass, ASS ares g 25. . 7 «ones — bs a r o¢ 


os 1-3 
y= we’ >) 


~. What are trigonometrical functions of 450°?) Of 1350°? Of 
Pee 


23. Show that the following are true for all integral values of n, 
including 0: sin 4n* = 05 sin (4a + 1); == 15 ain (4n + 2)5 = == 0; 
sin (4n + 3) = == — 13; cos 4n5 = 1; cos (dn +1)= 3 0; cos (4n +2)5 
= — 1; cos (4n + 3)5 = 0; tan ans = 0; tan (2n + 1)5 =0. 

24. What are the signs of the several trigonometrical functions 
of —110°? Of —35°? Of — &00°? Of — 2000? 


25. Prove that sin 30° = 4, Cos 30° =—_ V3, tan 30° = 44/3, and 
cot 30°= 1/3, sec 30°= $+/3, and cosec 30°= 2. 


Sca.—Obeerve that the chord of 60° = 1, and that the sine of 80°= } the 
chord of 60°. Make the figure. 
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26. Prove that sin 45° = $+/2, cos45°= 44/2, tan 45°= 1, cot 45° 
= 1, sev 45°= V2, and cosec 45°= +2. 

Suc.—Observe that sin 45° = cos 45°; hence sin’ 45° + cos? 45° = 1, becomes 
2sin® 45° = 1. 


Scn.—The viulues obtained in the last two examples should be retained in the 
memory, us they are of frequent use, The functions of 30° and of 45° are 


always assumed to be known in any trigonomcetrical operation. 


—— + e—— 
SECTION TI. 


RELATIONS BETWEEN THE TRIGONOMETRICAL FUNCTIONS OF 
DIFFERENT ANGLES (OR ARCS), 


(a) FUNCTIONS OF THE 8UM OR DIFFERENCE OF ANGLES 
(OR ARCS), 


AS. Prop.—The sine of the sum of two angles (or arcs) is equal 
to the sine of the first into the cosine of the second, plus the cosine of 
the first into the sine of the second, Thus letting x and y represent 
any two angles (or ares), 


sin (r+ y) = sins cos y 4 cos 7 sin y. pie 

Dem.—Let AOB and BOC be the two angles a Red 7 
represented respectively by z andy. Draw the A ‘ nee 
measuring arc @P' and: the sines PO, and P’E of _ [" \ 
the angles. AOC = AOB + BOC, is the aum of Pugh ae 

; - porn: ' ‘ SY” ce 

the two angles, Draw P'D' (2 sine of the aun, i 
of the two angles. Then POD - sins, P’E | sin y, ou Oo BET 


OD = coxz, OE = cosy, P’D’ =: sin(e 4 y), and 
OO’ = cosa (zt + 4). 

Now sin(r + y) = P’O’ = EF + P’L. But from the similar triangles EOF, 

and POO, we have ée = ans or on — 02) EF = sinz cosy. Also, from 

. , Pt _ OO ,, PIL _ cosz 

the similar triangles P’EL. and POD, we have PE = op’ o" sia y= 1 

- PL =sensrsiny. Substituting these values of EF and P’L, we have 
sin (et + y) = sinzcoyy + coszsiny. Q BE p.* 


fut en maielenearen' 





® Thie demonstration may eeem defective, since the sum of the angles 7 and y, as represented 
in the diagram, i» lees than B®; nevertheless, in the General (Analytical) Goometry, we con- 
stantly proceed in a manner entirely analovous; viz., Gret produce the equation of a locas 
from some particular Agure, and then make it gencral in application. The demonstrations tn 
casce in which the eum of the angice is greater than 90°, etc., are similar, and some of them 
will be given in the Exgnctaxs at the close of the section. It is not thought best to cumber the 
punly Cheorctical part of the sabject with auch matter, 
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Cor. Sin(90°+z)= coax. Sin(180°-+2)=—asinz. Sin(270° +2) 
= —cosz. Sin(360° + xz) = ain. 


Dem.—From the proposition we have, ‘ 
sin (90° + #) = sin 90° cosz + cos 90° ain # = cosa; 
since sin 90° = 1, and cos 90° = 0. 
In like manner, 
sin (180° + x) = sin 180° cosz + cos 1X0° sin z -= — sina; 


since sin 180° = 0, and cos 180° =: — 1, 
[The student will readily produce the other forma. | 


49. Prop.—The sine of the difference between leo angles (or, 
ss equal to the sine of the first tuto the cosine of the second, minua the 
cosine of the first into the sine of the second. Vhus, letting 7 and y 
represent the angles, 
fin (2 — y) = BIN Cosy — Cos RIN, 
Drac—In sin (r + y) cr sinrcosy + cose sing, aubstituding -- y for y, wo 


have, sin(s — y) ss fina Cos(-- yy) & cos sing-- y)- sine cosy — come ainy 5 
since cos (— y) = cosy, and sin(— y) - — sing, (4.3, #4.) 


Corn, Sin(Q0%—r) = cosa Stn( sam ar) ss stn Stn 270? — 2) 
= — cos Sin(3O0° — wr) = — Ree, 

Desw.—This is simply an application of the proposition, as the preceding 
corollary is of its propootion. (The student will make it) Or we may deduce 
the results from the corollary under the preceding: proposition by merely sub 


atituting — 2 for az. Ths, sin (0° — 2) -+ cos (-- 7) > con; min (ISO'— 2p 
— Bin (— 2) = — (— sind) = BIN ZS ete, 


50. Prop.— The cosine of the stm of fimo angles (or arcs) t# equal 
to the rectangles of their cosines, minus the rectangle of their ainea 
Thuy, letting 7 and y represent the angles, 

Cos (£4 Y) 2 coer voxy — Me BIN YY. 

Drw.—Taking the formulasin (7 — yy = sin 2eowy — con z wing, and anbatl- 
tuting 90°— 2 for z, we have, sin (90° — 2 —y) win CY — 2) Com Ym coon (FOP 
— zysiny. Now 90° — 7 — y -= We? — (7 4 yy; and nin [90° -- fz + yy} -: the 
sine of the complement of (7 4 y), or confer + yj. Also ain(90° — 2) = comz 
and cos (00°— z)=sinz. .. Substituting, cos(z 4 y) = cosz cosy — sin z sin y. 

Cor. (Cos(90° +r) = —asinz. Cos(180° +2z)= —cosz. Cos(270° +2} 
=sinz. Cos(360° + x) = co: 

Dew.—Apply the proposition. 
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51. Prop.—The cosine of the difference of two angles (or arcs) 7 
equal to the rectangle of their cosines, plus the rectangle of their sines, 
Thus, letting z and y represent the angles, 

cos (z —~— y) = cosa cosy + sina siny. 


Dem.—In cos (t+ y) = cosz cosy — sin2 sin y, substituting —y for y, wa 
have, cos (z — y) = cos z cos (— y) — sin z sin (— y), or cos(z — y) == cosz COB y 
+ sin 2 sin y; since cos (— y) = cos y, and sin (— y) = — siny. [Netice that the 
last term becomes — sin #(— sin y), which equals + sin 2 sin y.] 


Cor. Cos(90°—z)= sina. Cos(180°—xz)= —cosx. Cos (270°—z) | 
= —sina. Cos (360° — z) = cos x 


Deu.—Apply the proposition. 


52. Prop.—The tangent of the sum of two angles (or ares) 1: 
equal to the sum of their tangents, divided by 1 minus the rectangl 


of their tangents. Thus, z and y being the angles, we have, 


tan (z + y) = _fanz F fan y 

1 — tans tan y 
sin(r +) sins cosy + coszsin y 
cos(¢ + y) ~ cose cosy — sing sing’ 
ator and denominator of the last fraction by cos 2 cos y,* we have, tan (z + y) = 
sin? = siny sin? sin ¥ 
cos cosy cost "cosy _ tung + tany sing 


yo - =. -——————" : gince ---- = tang, etc., and 
psn rsiny | sing siny 1 — tang tany COs Z 
am ae are ; re 


Dem. Tan(c + y) = Dividing numer- 


cos Tt Cos y COsr Cus Y 
singsing xine | sing 


S Cental ave = a . Q. K. D. 
Coa F cos Y CaaS cos y 


Cor. Tan(90°+.r) = —cotx. Tan(180° +2z)=lanz. Tan(270° +2) 
= — col x. Tan (360° + xr) = fanz. 


‘cine 8 bats ishiaenahises © metver > eras mee . eee atid RELAY 91 — 92 nN net meeps CRSP AEA AER ey AimRttn meth 


@ The three following &orms may readily be obtained by dividing respectively by ein z sin y, 
cot y + cots lecotztany 
cot z coty —1 : 


ein 2 cosy, and cov reiny: viz. tan (2 ¢ y) = tan (2 + y) = 


cot z — tang 


tan zcoty + 1 


tan (2 + y) = coty ns Any one of these may be reduced to the one given in the prup- 


oaition, by substituting in it as for cof, and reducing. Notice that the form in the Prop. 1s is 


terms of the tangents. Aleo obecrve why dividing by a certain term givey a particular form, 
and by which tu divide to get a required form. 
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Dax. Tan (90° +9 eas SO = — cote Tan (180° + a = 


sin (180° + +z) —sinz 
cos (180° + 2) 7 mae . 


53. Prop.—The tangent of the difference of two angles (or arca) 
ix equal to the difference of their tangents, divided by 1 plus the rect- 
angle of their tangents. Thua, x and y being the angles, 

_ ban z— tan ¥ 
i a as 1+ tan ztan y 


_Sin(z — yy) sin rcox y -- con rainy 


DemonsrnatTion. Tan (4 — y) = = : a 
cos (2 —y) 9 cose cosy + ain 2 sin y 


sin cosy cos sin y sine osin y 
cose C8 I Con r Cos cost com y tan rom ty 
COSY use Liaiee Y os oo meee oceeetneenaenamantimesntn os Lone - Q. K, 2, (Sve 
COs F COS yo sin sing 1 inst, ny L¢ tans tiny 
renee oo ee nw ten oe nate 
Cos 2 Cos y COs FON Y COM & cos y 


foot-notes to preeeding proposition.) This proposition da also readily deduced 

tun f+ tan y , 
f-nateny 
—~—y for y, and remembering that tan(— y) = — tan y. ‘ 


from the preceding by substituting in the formula tan qe 4 y) 


Corn, Tan(u?-- ar): cot, Tan(is0°—2) 2 —lan zx. Tan(270° — 2) 
=cotx, Tan (300? — 4) = — lane. 


sin (90° — 7) cos 7 


dem. Tan (90° — 2) = voem seme 2 OLR = Tan (80° — 2) 
( cos (VO" ~— 2) sing ( ) 
—Tr RINT ain ae a — COME 
sin (180° 2) wee oe tans. Tan (270° — 2) ay alld . iv ee 
cosa (18u°— 2) cose com (2 -- tf) —saing 
sin (360° — 7) —ains 
Tan (360° — +r) = ‘wa cee Oe 
oe ‘ a cos { 300” —~ “t) CORE 


a ee Te 


® These and the kindred formuisa may be prodaced by a dircet application of the propoultion, 


tan OF ¢ tanr tan 9° 1 
Met p--J ee tae + taee — eee we. ree - ¥ t 
Thue, tan (20° + 2) (ae woul = ar aa Ga colz. iThe reason fos 
dropping tan z and | is that they arc Onite terms connected with infnitios, as tan 90" ~ @. Or, 
tans tanz 
tan OP + tanz ge rs Be ae 1 
TF. 
otherwise, an + z=) Coa tne car ak RENE Pee eince a 


—tanzg --~tanz 
@ 


iat 1A0* + tan 2 PD dead 
= ae " 
a AES tur tanzx. TT 


finite divided by an infinite equals 0. Again, tana (160° + z) = - 
tan x, since tan 180° = 0, etc., etc 
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54. Prop.—The cotangent of the sum of two angles (or arcs) is 
equal to the rectangle of their cotangents minus 1, divided by their 
sum. Thus, x and y being the angles,‘ 


cot z coty —1 


cot (z+ =, 
(7 +9) cot y + cotz 
cosrcosy  sinzsiny 
cos(z + y)__ cosrcosy — sine siny _ sinz siny — sinz sing 
Dem. Cot(z + Y= AE ee ree ea ee eo" en 
sin(t +y) sinecosy +coszsipy sinzcosy  cosxsiny 
sing siny = sina: sipy 
conn Cony 





ain Kinny cot z coty— 1 : 
aint“ siny mae Q. FE. D. Or we may deduce it thus, 
COnY CONE coly + cots 
King | Aine 
1 
1 _ 1 -- tan r tang  cCotaecoty cots coty— 1 
cot (> + y= borers 2 u aces iy sa = colr coly — t ; 
tan (ray) lan e+ tan y 1 1 coty + cotr 


cote cot y 


q KD. 


tangenta Thus, cot (90% 4 2) -- 


Cor. Cut(go° -4- r) soo fener. Cof(1so° ts r) —cot x. Col(270° + z) 
2 — flan Cot (360°-+ x) = col x. 
Des. Divide cosine by sine, or take the reciprocals of the corresponding 


1 me 1 


nt o- +--+ oc — tana, etc. 
tan (QU 44) 0 =. Cols ’ 


* 


55. Prop.— The catanyent of the difference of two angles (or 
ares) 1s equal to the rectangle af their cofanygents plus 1, divided by 
their difference. ‘Thus, rand y being the angles, 


cot x coty + 1 
t(¢—-y) = —--—" os? 
i ¥) coly — cots 


Dem. Substitute — y fory,in the preceding formula; or, divide cos (2 — y) 
by sin (7 — y) and reduce ; or, take the reciprocal of tan (z — y), and substitute 


a tor fan, 
Cor. Cof (90° — 7) = fern ar. Cod (LS8U0" =r) =z = col er. Cot (270° — 2) 
fan x. Cot (300°— x) = — col z. 

Dem. Same as above. 


Secu. 1. The formula for the secant and cosecant of the sum and of the 


difference of two angles (or arcs) are not of sufficient importance to warrant 


their introduction here; some of them will be given in the exercises, as also the 


extension of those already given to the case of the sum of three or more angles, 
ar arca, 
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Scr. 2. The results reached in this discussion are so important that we will 
eollect them into a 


TABLE. 


(A) sin (2 + ¥) = sinrcosy + coss sin y. 
(B) sin (zr — y) = sin r cosy — cosr sin y. 
(C) can (2 + y) = cos pcos y — sins sin y. 
(D) cos(z — y) = coszr cosy + sins sin y. 
= r ad fan ye 
—tans tinny 

a r—tiny 
1+ tan stan y 

cot r cot vy—-! 

coty + cota” 

cob cou + 1 


(HT) cot (2 — y) = esi ca eee 


(E) tan (4 + y) = 
(F) tan (24 — ¥) = 


(G) cot (rz + y= 

















7 { i 
( z Pm ro FOF} INS TN 4 OP TT .- r | QT + ry WY | O° + 2 
t t ' 
[tems . AS gf Sgtteemeeua. Ss 
i make i cose | coma ein 3 — ein | - comer ~ ton -- ata | sine 
H 4 i 
3 t 4 ; { 
' : H d 
' comne i elor I —Hinr —CoH Pr — CoM 7 | —erelnsr ait toner 5 Come 
ee ies 
4 » 
{ i 
tanyeut | cols | —colr —~tanes tan + cols | —colr -—tans | tao 
| <a ee! ecesle, ward Sates Se we! 
{ { i ' 
ou cotangent | tauzr i —tanr ~cotsr cotr ot tans f— fans o- cole; cols 
: i I 


_ ts wee ~ ‘7 o . . mame one . ~e . 2 te Oy) ene 


It will not be found diMeult to memorize and extend set (2p, if the atudent 
observes, that, when the number of whole quadruits is odd Gas i, 2702, ete), 
the function chanyea name (as from sin to cos, from cos losin, ete ps but, when 
the number of whole quadrants is ern, the function retaing the same name. 
The sign of the sine and cosine is readily determined according to findsamen tal 
principles by observing where the arc ends assuming 2.005. Thus 180" + 2 
ends in the third quadrant; henee its sine (which in numerics) vabie bs sin 2) is 
—, and its cosine is also —. Ag the signs of the tangent and cotangent of the 
same are are alike, we have only to observe whether the sine and cosine, in any 
given case, have Jike or unlike signs, in order to determine the sign of the tan- 
gentand cotangent. For example, what is cot (600° +z )equalte’ The nam- 
ber of quadrants being odd (7), the function changes name, and since the arc ends 
in the fourth quadrant, its sine is —, and ste cosine +; therefore cot (630" + 2) 
= —tanz, If in any given cane z > 90°, determine the character of the function 
as above, on the hypothesis z < 90°, and then modify the result for the partic- 
ular value of z. Thus in the lust case, if z was between 90° and 190°, Iw tan- 
gent would be —,and for such a value cot (630° + z) = tanz. Or, we may 
consider at first whore the are ends, taking Into consideration the given value 
of 2. 
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(3) FUNCTIONS OF DOUBLE AND HALF ANGLES. 


56. Prop.— Letting x represent any angle (or arc), 


(K) sin 22 = 2sin z cos z; (M) tan2z = a 
{ 
(L) cos 2z = cos’z — sin’s = 


2cus*z—1, orl—2sin’ x; 


Dem. These results are readily deduced from (A), (C), (E), and (G) Thus, in 
ein (z + y) = sin zcosy + Coszsiny,if we make y =2, we have sin2z= 
sin z covz + cos Zsinz = Qsinzcosz. (In like manner produce the others.) 


Y. Prop.— Letting « represent any angle (or arc), we have, 


(O) singc = +V4 foc (Q) 


1 — cosx 


Dem. From (1), 2sintz =: 1 — cos 22, or sin cs tb yh — Cos Br). Putting 
$2 for 2, this becomes sin pa =: va () ~ cosz). In like manner, from the same 
formula (L), 2cos*2 221 4+ cos 22; whence, cos jc = + Vy dc + cost). Again, 

sinbr gd cone 1 coer 
tan tos ae 4 seem ee 268 . and cot Lome a gee " D. 
Coe $x t 1+ cosas’ ; tan 9o +4 tame 


Rea. The sign of the function in the case of cach of these is + if z < 180°; 
but can only be determined by the value of 2 in any given case. 


EXERCISES. 


1, Prove from / ig. (a) that sin (z + y) = sin z cosy + coszainy, 
when z and y are cach < 90°, but z + y 
> 90°. 


2 Same as in #r. 1, from (d), when 
z< 90°, z+ y> 90°, and < 180°, and 
y > 90° and < 180°. 


Sve. in this case, in (z + y) = P’'O’ = PL —- 
EF. In other respects the demonstration 
identical with the preceding. This gives 
sin(z + y) = coszaing — sinzcosy. But the 
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— sign is accounted for in the general formula, 


ain (z + y) = sinz cos y + coazsiny, by notic- 
ing that cos y is —, when y > 90° and < 180°. fy 
3. Same as in the preceding, when [. an 


r> 90°,y < 90". and (4 + y) © 180”, x = 


Bua. Here sin(2 + y) = P’D’ -. EF —- PL In 
all other respects the demonstration is identical 
with the other cases. The — sign im this case 
arises from x being between 90" and 180°, 
whence cos 2 is —. 


[Norg. A number of other cases may be 
devised, but the mbove illustrate the varictics.] 


4. From -At%q. 01, Art. 48, demonstrate 9 ~ 
geometrically the formula cos (2 4: y) =- 
coszcosy—sinzsiny. The same for 
each of the cases in Ex'’s 1, 2, and 3, 
above. (¢). 


Sca. In Fig. 11, cos (2 + y) O00"... OF — 


LE. OE = ne or OF = cos 4 cos y Le ‘ ao or LE - sina ain y. 


5. Prove geometrically the relation sin (2 —y) 
= gin 2 cos y — Cus c sin y, “f* 
L * 
“yy 2G 


Bue. LetaP = 2, and xince y is to be subtracted we sd 
measure it back from P, and y -= PP’. Now sin (2 — y) : ry 
= PO'.- EF — P’L. ' | \ a 

0 Offa a 





®&. Prove from sig. (dd) that cos (z — y) = 
COs 2 COs ¥ + 81N Z BIN Y¥. 


7. Given sin 45°= 4/9, and sin 30°= 4 to find sin 75°, and sin 15% 
Algo tan, and cot. Resull, sin 75° = .97, sin 15°= .26, nearly. 


Sue. Use formula(A .... H). 


8 Given sin 30°= }, to find sine, cosine, tangent, and cotangent, 
of 15°, 7°30’, 3° 45’, and 1° 52'30". Resulés, sin 15°= .2588, cow 15° 
= .97, nearly. 

Sco. Use the formula in (567). Compare resulta with those found in the 
Table of Natural Sines, etc. 

9. Of what angles may the trigonometrical functions be found 
from sin 45°= 34/2, by means of the formula in (57)? Wow ? 
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10. Prove that sin (a + y + 2) = sin 2 Cos y Cos # + COS sin y cos 
+cosz cosy sinz— sing siny sing Also, cos(t+y +2) = 
cosz cos y cos z — sine sin y Cos z — sin z Cos y sin 2 — Cos~ sin y sin z 

_ tana + tany + tanz — tan z tan y tanz 
Also that tan (2 +y +2)= 1— tanz tan y — tan a tanz — tany tan z 


Sue. Sin(z + y + 2)=sin[(z + y) + 2] =sin(@ + y) cosz + cos (@ + y)sinz. 


Scu. Since if (7 + y + 2)= 7, tan(z + y + z2)=0, we have from the last 
form, tanz + tany + tang = tanz tany tang; ¢. ¢., if a semicircumference be 
divided into any three parts, the sum of the tangents of the three parts cquals 
the products of the tangents of the same. 


BEC @ BCC ¥ COSEC X COSEC ¥ 


Phe Ove et ee eee Cosec % COseC yY — Bec Z SEC YY” 


12. Prove that sin 32 = 3sinz — 4sin’z. Alco that cos 3z¢ = 


; 3tan « — tan®z 
4cos'x — 3cosz. Also, tan 3x2 = —— . Also, cot 3z = 


tera? mw 


Sin de = xin (Qr + 2) = sin 2r cosz + cos 2r sin z = 2sin z cos 2 cosz2 
+ (1 2sin’y) sine <= Qsin zr cos?z + sin z — Qsin? z= 2sinz (1 — sin? z) + sinz 
— Qsin® az = Bsin ae — 4sin® vr. 


tan 27 4+ tans 


eo oe ——, In the latter substitute for tan 2z ite 
1 — tan le taug 


Tan Br = tan (Qe + 2) = 


value in terins of tan z. 


13. Prove that sin 4 = 4(siu 2 — 2sin’ r) cos x. 


9 


mm ares 


2tan gr 
4. Prove that sina = -- -- J =e 
a l+tun* gr cotgr + tan ge 


gees 
Pe eosdr = Qtan dr Ztan dr 
wee VDeos ~— mee > quemeepenme Tm eee ene 
Sua. Binz = in yr cosgr = = = mec gr sec g Patent ie 


To 


" ; tan pr 
produce the last form divide numerator and denominator of ————- by 


— C08 Z 1 + cosz 


15. Prove that tan 47 = : - . Also cot jz =. 
si x sin z 


Sve. From (L), (36), Isin® $2 = 1 — cos z, and from (K), 2sin 42008 }z = sin 2. 
Divide the former by the latter. 


FORMULE ADAPTED TO LOGARITHMIC COMPUTATION. ae 


16. Find the trigonometrical functions of 18°. 


Sotutror.—Letting 7 = 18°, 3r = 36°, and Sz = 34°, hence ain Qe =: cos Se 
But sin 27 = Qsin z cos zr; and cos Sr == fcos® 2 — Scoa zr; hence Ylnz cons? = 
4cos’ zr — Scos z, or Jsin z = dcoa* x — 3 = 4 ~— 4aint es — 2 From which din’ 2 
afi — 1 


VAD en 


neglecting the — root, since sin 18° is +. From this, cos 18° <= | {/ 10 + dys 


+ Ising =1. Solving this quadratic, we have sinz, or sin 18° = 





These inay be put in approximate decimal fractions. 


17. Naving given the functions of ES°, and 14° (x. 8), flnd those 
of 3°; then of 6°, 12°, 24°, ete. 


Compare the results obtained with the valuea as given in the Table of Natural 
Sines, etc., obtaining all the values in decimal fractions, 


renner sri ED e «== es 


SHOTION TIT. 


FORMULE FOR RENDERING CALCULABLE BY LOGARITHMS THE 
ALGEBRAIC SUM OF TRIGONOMETRICAL FUNCTIONS, 


38, Since multipheation, division, invelntion, and evolution are 
the only clementary combinations of number which we ean elect by 
means of logarithis, if we wish ta add or Kcubtract trigonometrical 
(or other) quantities, Wwe have first to discover what products, 
quotients, powers, or roots, are equivalent to the proposed) suma or 
differences. 


59. Prop.—To render sins © sin y, and cos x + cos y calculable 
by logarithms. 


SoveTios. From (55, Scan 2) we have sinlzs + y) sin cosy 4 coaz 
siny, and sin {z — y) =: sing coi y -~- @oa et any. Adding these formulas 
sin(e + y¥) + sinfz — y) = 24inzicosy Now patting 24 y -4,andz~yay'- 
whence r= Ar’ 4 yy) and yo hr --y);, we havesin 2 4 sing’ = Quin (2 + y') 
coe giz) — yy’); oF, dropping the accents, a4 the resulta are yencral, 


(A’) sinz + sin yg = Qsin $(z + y) cos fz — py). 

Again, by subtracting formula B (55, Scm. 2) from formula A, and making 
the same substituticns, we have, 

(B’) sin z — sin y = 2eus Hz + y) sin i(z — y). 
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In like manner adding cos(z + y) = cos 2 cosy — sin 2 sin y, and cos(¢ — y) = 
cos z cosy + sing siny, and making the same substitutions, we have, 
(C’) conz + cosy = 2cos $(z + y) cos 4(% — y). 
Finally subtracting formula C (65, Sc. 2) from formula D, and making 
the same substitutions, we have, 
(D)) cosy—cost= sin ia + y) sin i{(z—y), or 
cos 2 — cosy = — 2sin iz + y) sin 4(z — y). 


GO. Cor. 1.—The sum of the sines of two angles ts to thetr differ- 
ence, as the tangent of one-half the sum of the angles is to the tangent 
of one-half their difference. 


Demu.—Dividing A’ by B’, we have, 
sina + siny sin A(v + y) cos4(e@—Y) _ sin 4(z + ¥) cos (2 —y) 


sintg—siny cosd(z+y)sini@—y) cosi(a@+y)' sind(az—y) 


Zaye __ i _ tania + 9) 
tan 4(z + y) cot h(z — y) = tan H(z + y) x nye yo nde). Q. FE. D. 





61. Cor. 2.—The difference of the cosines of two angles divided by 
their sum is numerically equal to the product of the tangent of one- 


half the sum of the two angles into the tangent of one-half ther 
difference. 


Drem.—Dividing D’ by C’, we have, 
cone — cosy _ — sin Ae + sin dz —y)__ singe + ») | sind — ») 


CUB t + COSY ~ COS aCe + y) cos 4(a’ — YY) —s cos d(x + y) = cos 4(z —y) 
tan 4(z + y) tan (7 — y). Q. E. D. (Observe the opposition in signs.) 





G2. Prob.—To render tanz + tan y calculable by logarithms. 


gin 2 sogin sin 2 cos cosz sin sin (z 
Dem.—Tanz + tany=- - siny _ sing cosy + cosz sin y _ sin (t+ y) 





cosas ~ coRy Cos £ COS ¥ ~ cos # cosy 
Q. BD 
EXERCISES. 

Let the student deduce the following relations: 

_ Sin (z + y) 
1. Cot z + coty = aneaag" 

_ cos j(7 + y) con H(z — 9) 
2. Sec z + secy = Saas oon y ; 


isis moe 2sin }(z + y) sin $(z — 9) 


C08 Z COBY 
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4.1+cosz = 2cos*jx (See 57.) 
& l—cosz = sin’ jr. 

sing +siny _ er ere ee 
reer ose tan $(z + y). (Divide A’ by 0’, 59.) 
sinz —siny 
cosz + cosy i(z— 9). 


sinz+siny 
cosz — cosy cot a=): 





g Sinz—siny 
9, aes coy cot 4(z + y). 


‘niet i i ER © GER eres 


SECTION TV. 
CONSTRUCTION AND USE OF TRIGONOMETRICAL TABLES, 


| Notre.—In order to read this and the subsequent sections, the student needs 
4 knowledge of the nature of logarithima, and the method of using common 
logarithmic tables. If he is familiar with the Jast chapter in Tak Compnete 
ScnooL ALGEBRA of this series, he is prepared to po on, Tf he has not this 
knowledge, he should read the introduction preceding the table of Logarithins 
before reading this section. } 


63..A Table of Trigqonometrical Functiona isa table 
containing the values of these functions corresponding to angles of 
all different values. Tn conseqnence of the incommensurability of 
an arc and its functions, these results can be given only approxi- 
mately; yet it is possible to attain any degree of accuracy which 
practical science requires. 

G4. There are two tables of trigonometrical functions in common 
use, the Zable of Natural Functions, and the Zable of Logarithmic 
Functions. 

G5. A Table of Natural Trigonometrical Functions 
is a table in which are written the values of these functions for 
angles of various values, the radius of the circle being taken as the 
measuring unit, and the function being expressed in natural num- 
bers extended to as many decimal places as the proposed degree of 
accuracy required. 

66. A Table of Logarithmic Trigonometrical Func- 
tions is the same as a table of natural functions, except that the 
logarithms of the valucs of the functions are written instead of the 
functions themacly +s, and to avoid the frequent occurrence of nega 
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tive characteristics, the characteristic of each Jogarithm is increased 
by 10. For example, sines and cosines being always less than unity, 
except at the limit (3.3), and tangents of angles less than 45° and 
cotangents of angles greater than 45° being also less than unity, the 
logarithins of all such functions have negative characteristics. To 
obviate the necessity of writing these with their sign, the charac- 
teristic of cach logarithm is increased by 10. 


GF. Prob.—To compute a table of natural triqgonometrical func- 
finns for every degree and intnute of the quadrant. 


Sonurion.--It is evident that an are is longer than its sine, but that this 
disparity diminishes as the are grows Jess. Thus, in a cirele whose radius is 
Linch, the length of the sine of an are of 1 would not differ appreciably from 
the arc, Mueh less should we be able to distinguish between the sine of 1” and 
the are, Now, since when the radins is Toa semicircumference =: aw = 3.1416926, 
and also sz ESO), or 180% 60. 10800, Wwe luave the Jenyth of an arc of 1! = 
Bs 
10800” 
*btain the cosine thas, 


> 0,.0002908882 npproximately., Assuming this ng the sine of 1’, we 


cos Mss W 1 — sin? eo Ut sin hyp x © sin 1’) 2 671 O02 008882 x QUDTODTIIE 
== O.DOVDIIIG 77. 

Having thus obtained suffleiently accurate values of sin 1 and cos 1’, we can 
coutinue the operation as follows: from the formidn sin (2 + ¥) + sin(z =— y= 
2 sin 2 cosy, and cos (et 4+ y) + cas (ft — £) > 2 cos cos ¥, We have 

sin (r+ y)> Qsin reos y — sin (er — 9), 
cos (24 y) so Qeos 2 cos y — cos (4 = yy). 

Now letting y remain constantly equal to Ly and letting z take successively 
the values 1’, 2’, 3’, cte., we have 

(sin 2’ = 2cos 1 sin 1 — sin 0 = 0.00058177 
cos 2’ = 2cos L cos 1! — cos = O.9R990008308 
Forr=2. $ sin 3’ = 2co8 1’ sin 2’ — sin 1 = 0.0008726646 
* (eos 3! <= 2cos V cos 2’ — cos 1) = 0 190006193 
sin 4 = 2cos 1’ sin 3 — sin 2 = 0.0011635526 
For z = 


Fors = 1’, 


cos £ = 2cos L cos 3’ — cos 2’ = 0.9999993232 


F “’, (sin 5 = 2cosa 1’ sin 4° — sin 3’ = 0.0014544407 
ian cos 5) = 2 cos 1’ cos 4’ — cos 3° = 0.9099980425 
vtc., ete. 


These operations present no difficulties except the labor of performing the 
numerical operations. 

Of course 60 operations are required for every degree, and for 30°, 1900. But 
having computed the sines and cosines for every degree and minute up to 30° 
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we can complete the work by simple subtraction of valucs already fonnd Far 
example, letting z = 30°, the first formula used above becomes 


Sin (30° + y) = cos y — sin (30° — y), 
and from cos (r + y) — cos (r — y) =: — 2 sin r sin y, we have 
cos (80 + v)-. cos (30° — yx) -~ sim y. 
Now making y successively <2 1,2‘, 3’, cte,, these zivo 

§ sin 30° 1 =: cos Vo -- sin 20° 99 

(cos 30° Vo cose a0.) sind 

i sin 80° 2": cos 2 — sin WO? GN’ 

(cos 30° 2’) cos [VGN | sin 2’ 

qsin 80° 3" - cos 8) = sin 20° 67" 


(cos 307 cos DU" OT -- sin Oo! 


e%c., etc. 

All of these values which eecur in the sceond members having been deter 
mined in reaching sin sO) and cos 30°, those in the firs¢i members can be found 
by performing the requisite subtractions, 

Proceeding in this way till we reach 457, Ore nimerieal values of ald sine and 
cosines become known, since the sine of any angle between 44° and OU", being 
the cosine of the complementary ane, will have been computed ino reachbag 
45°.) And so also the cosines of angles between 44° and vO* will have teen 
computed as sines of the complementary angles below 45°, 

The sines and cosines being computed, the corresponding tangents, cotan 
rents, and, if need be, the seeants, cosecants, verscd-sines, ad coversed: 


; mitt ct 1 Com? 
sines, can be calculated from the relations tans ,cotr or, 
COR ZL fin Mit we 


sec r= - : ~, COSCO TT <7 ~, vera se 1 — coss, and covers. + 1 sin. 
Cost nin st 

GS, Scu.— (fit is desired to obtain the natural firetions of angles cath 
mated to seconds, it is vecessary Chat the values in the tables compited as above 
be extended to 7 decimals atleast, Prom sucha table we tony take diterpa- 
Jations for seconds with sufficient neeuracy fer most proctical ends, except 
for values near the limits, where the disparity between the variiion of the are 
and that of the function changes very mpiddy. Por example, let it be required 
to find sin G4? 2491727 from Che diate sin be? 24% -- 4049670, asl ain a? 20" -- 
4052070. We observe that an inerease of Toupon the angle of G8 24° maken 
an increase of .5052070 — 44649670 - 0002400 in the sine, Tener an increase 
of 12", or & of 1, makes an inerense of 4 of .0002400, oF 000044), apprare 
mately. Adding, we have sin 34” 24° 12" = 46450150. The stadent miet be enrofal 
to notice whether an increase of the angle makes a nimenical Increase or ade 
crease of the function, and add or eulfruct as the case may require. 





69. Prob—To construct a table of logarithmic trigonomelrical 
Sunclions. 
So.ctiox.—Comipute the natural sines and cosincs as in the precoding prob 


lem. Take the logarithms of the values thus obtained, and add 10 Ww each 
3 
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vbaracteristic. The results are the ordinary tabular logarithmic sines and co- 
sines, For example, we find from the table of natural functions that sin 34° 24’ 
-z 6640670, The logarithm of this uumber is 1.752028. Adding 10 to the char- 
acteristic, we have log sin 34° 25’ = 9.752023, as usually given in the tables. In 
like manner the cosines are obtained. 
sin z 
cos 2 
log tan z = log sinz — log cosz. If we now take the log sin z from the table as 
computed by the preceding part of this solution, and from it subtract the cor- 
fesponding log cos z, the result is the true log tan 2, since the extra 10 in the 
tabular log sin and Jog cos is destroyed by the subtraction. Therefore, to this 
difference we must add 10 to gct the tabular log tan, as above explained. For 
example, the tabular log sin 34° 24’ = 9 752023, and log cos 34° 24’ = 9.916514. 
Henee, the tabular log tan 34° 24’ = 9.752023 — 0.916514 + 10 = 9.835509. In 
like mapner the tabular log cotz = log cos 2 — log sinz + 10. 

If the Jogarithmic secants are required they can be obtained from the relation 





To obtain the tabular logarithmic tangents, we have from tan2 = 


1 e . e 
eecz = which gives log sec r = 0 — log cosr7. In applying this by means 


of the tabular functions, it must be observed that the log cos z, as we get it 
from the table, is 10 too great; hence, the true log seer = 0 — log cos z + 10. 
In tabulating log sccanta and cosecants, it is not necessary to add 10, since, as 
these functions are never less than 1, their logarithms are never negative. 


70, Scu.—The interpolations for seconds are usually made in the same way 
when using the logarithmic functions, as expliined above for the natural fune- 
tions. But to facilitate the operation, the approximate change of the logarithm 
for a change of 1” of the angle is commonly written in the table, in a column 
called Zabular Differences, aud marked D. 


EXERCISES. 


1. Find from the tables at the close of the volume the natural 
trigonometrical functions of 25° 18’. 


SoLUTION,— To find the sine and cosine we look in Table IT., and find 25° at 
the top of the page. In the extreme left-hand column we find the minutes, and 
passing down to 18, find opposite, in the columao headed N. sin (natural sine) 
2736; also in the column N, cos, we find 90408. Now, as these are the lengths 
of the sine and cosine as compared with radius, we koow they are fractions, 
. Bin 25° 18 = .42736, umd cos 25° 18’ = .9O408. 

Tv find the tingent we turn to Table 1V., and finding 25° at the top of the page, 
pass down the column of minutes, on the Icft-hand of the page, to 18, opposite 
which, and under the column headed 25°, we find 2608. To this we prefix the 
figures 47, which stand in the same column, opposite 11’, and belong to the tan- 
gents of all the angles from 25° 10° to 25° 19°, and are omitted in the table sim- 
ply to relieve the cye and to economize space. Thus we find tan 25° 18 = .472698, 
the number being known to be a fraction because the angie is less than 45° 
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To find the cotangent we look at the bottom of the page in the same table till 
we find 25°, and then passing up the minutes column at the right hand, tlad 
cot 25° 18" = 2.11552. 

Uf the secant were required we should be obliged to obtain it by dividing 1 by 
the cosine, as our tables do not include this function. Thus acc 26* 18! = 


1 ] 
= 1.1001. 


cos 25° 18’ ~ .vO408 








{| Norge.—Tables of sccants and cosecants are sometimes given, but they are 
not of sufficient importance to justly their introduction inty an elementary 
text-bovk.] 


2. Show that sin 37° 43! = .61176; cos 37° 43! = .79105; tan 37° 43 
= 6773353; cot 37° 43! = 1.20307; see BT AS c= 1264142; cosve 3% 
43’ = 1.634698 5 vers 37° 43! = 20805; cove maT 4 3’ =: 38824. 

3. Find that sin 64°36" = 903345; cos 64° 36! 2: 428045 tan 64° 
36’ = 2.10600; cot 64° 36' = ATAS3D ; Bee G4° 36! = 2.931328 5 cosea 
64° 36’ = LIOTO0S; vers 64° Sb = .OT106; covers G4° 3b! z= 0066, 


Svo.—In looking for sines and cosines of angles above 45", seck the degrees 
at the doffom of the page, and be careful to observe that the columns of sines and 
cosines, as named at the top, change names when read fromthe bottom. The 
foundation of this arrangement will be readily perceived. Thus, turning ta 
Table IL. to 24° 32’, we find sin 24° 32) = 41522. But sin 34° 32’ >: con (QU — 24° 82’) 
= cos 65 28 =: 41522. Thus the degrees and minutes read from the bottom of 
the page are the complements of those read from the top. 


4. Find that sin 42° 27° 12” = .67499; cos 42° 27/12" = 73783; 
tan 42° 27 12" = 9148345 cot 42° 27 12" =: 1.09309, 


Scu.—Sin 42° 27’ = .07495, and sin 42°28’ :. G7516. .. An increase of 1 fo 
the angle makes an increase of 21 (hundced thousandths) in Use sine, and 123” 
will muke 48 or } as great an increase, approximately. Observe that in Uic case 
of cosine an increase of the arc makes + decrease Of the function. 


5. Find that sin 143° 24’ = 0.596225; cos 151° 23' = .877844; 
tan 132° 36’ = 1.08749; and cut 116° 7’ = 490256. 


Suo.—Sin 143° 24’ = sin (180° —143° 24°) = sin 30° 30°. Also the trigone 
metrical function of any angle is numcrically equal wo Whe same function of iw 
supplement (56). 





6. Find the logarithmic trigonometrical functions of 32° 15 22° 
from the tables at the cnd of the volume. 
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SOLUTION.—Turning to Table II. we find 32° at the top of the page, and 
spposite 15’, and in the column L. sin (logarithmic sine), we get 9.727228; 1. ¢., 
log sin 82° 15’ = 9.727228, Now from the column of differences, D. 1’, we learn 
that an increase of 1” of the arc at this point makes, approximately, an increase 
of 8.84 (millionths) in the logarithm of its sine. Hence, we assume that an in- 
crease of 227 makes 22 « 3.94 = 73(millionths).  .°. log sin 32° 15’ 22" = 9.727228 
+ 000073 = 9.727301. Ina similar manner we have log cos 32° 15’ = 9.927231. 
An increase of 1” in the arc makes a decrease of 1.83 (millionths) in the log cos, 
“. an increase of 22” makes 29 (millionths) decrease in the log cos, and log coe 
B3° 15/22” = 9.927202. Log tan 32° 15’ 22” = 9.800100; and log cot 32° 15’ 22" = 
10,199001. 


7 Find that log sin 24° 27°34" = 9.617051; leg cos 26° 12' 20" = 
9.952807; log tan 26° 12° 20" = 9.692125; log cot 126° 23' 50” = 
Y.S67579. 


Sua,—Observe cot (1267 23° 50°) = cot (180° -— 1267 237 50") = cot (53° 36 10°. 
Also that angles above 457 are found at the bottom of the taole ; and remember 
to subtract the correction for co- functions, if an increase of are is assumed. 


8. Given the natural sine 45621, to find the angle from the tables. 


SoLution.—Looking for this sine in the table of natural sines, we find the 
next less sine to be 44606, and the angle corresponding, 27° 8’. Now, at this 
point, an increase of Loin the arc makes an tacrease of 26 (hundred thousandths) 
in the natural sine, But the given sine 45621 is only 15 (hondred thou- 
sundths) greater than .49608, the sine of 27° 8’. Hence the required angle is 
but $$ of 1° or 60" =35", greater than 27° 8’... sin7'.45621 =: 27° 8 85", 
and its supplement 1629 61 25°, which bas the same sign, and these area in- 
ervased by every multiple of 27, 


9. Bind sin7'.62583; cos-'.342U8; tan—.468531; cot~-.S76434. 


Resulls. Sin’*.62583 = 38° 44°35", and 141° 15’ 25"; and these 

arcs increased by every multiple of 2. 

cos—'.34268 = 69° 57’ 36”, and 360° — 69° 57’ 36” = 
290° 2° 24", and these arcs increased by every 
multiple of 2x. 

tan~'.468531 = 25° 6’ 16’, and 180° + 25° 6’ 16” = 205° 
06’ 16”, and these arcs increascd by every multiple 
of 2x, 

oot'.876434 = 48° 46’ 3”, and 180° + 48° 46’ 3” = 
228° 46’ 03”, and these arca increased by every 
multiple of 2. 
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8va.—Observe that an facreaae of the arc makes a decrease of ita co-finctions 
{n the table of tangents as given, Table IV., the proportional parte given at the 
bottom of each column are the approximate changes which the functions 
undergo for a change of 1" inthe function. Thus, in fluding cot7'. 876434, we 
Gnd cot~? 876462 = 48° 46’; and at the bottem we find that a change of 8.646 
{millionths) in the function makes a change of 2" inthe angle. Henee, as the 
given cotangent is Y8 (millionths) /eas than the cotangent of 48° 40’, the angle 
required is 28 + 8.64 = 3 (seconds), yrvater than 44% 40", 


7 Ff. Scn—Itis usually best to take from the table that finction which is neareat 
in value tothe given function, and then increase of diminish the correspouding 
are as the case may require. Tf we always take from the table the next lew 
finetion than that given in the example for site, taawent, amd secant, and the 
next greater fer the cosine, cotangent, and cosccant, corrections for seconda 
Will require always te be added. [we always take from the tables the fune 
tions nert fesa than the one wiven, the Corrections for seconds auint be added for 
sine, tament, and secant, snd ecktracted for the eefunetions Tf we were nlwaye 
to take from othe tables the next greater function Uian the one given, dhe 
seconds corrections would be added for the coefunctlonsa, and audbtructed for the 
others. 


[Nore.--It is very important that the pupil become ao familiar with the 
nature of these tables as tocuse them intelligently, and pot mechanienally, For 
this reason we refrain from giving the usa specific, mechanioent directions for 
their use, and substitute Hlustrations showing how they are used ino accordanee 
with the principles upon which they are constructed J 


10. Find sinw'(— 34256); cos™'(— 62584); tan "(= 3.41621); 
cot'(— 1.21648). 


Resulls. sine?(—.34256)-° 2007 TSS) and 339" 68702") and these 
ares inereased by every multiple of 2, 
cus (=U 2554) = 1 to PE OS and 251915522" and these 
ares inereascd by every multiple of Ye, 
tan'(— 3.41627) =: 106° 18 57%, and 2467 18 57", and 
these ares ipereased by every multiple of 2. 
cot7(— 1.21648) = 1407 54°42", and 3207 34 42", and 
these arcs increased by every multiple of 2. 


Sca.—To obtain these results the pupil will need to reed) the principles tn 
the corollaries to (48--5.3). Thus, to find cot "¢ ~— 1.2164%), we flud from 
the table that cot—"(1.21648) = 29° 25’ 18"; and fron nee con, we jearn that 
cut (180°— z) = — cote, 6. Cot (= L2iGd%y =< 180" BU" 257 18! oe 140° 340 48", 
7 from the same aioe we Jearn that cot (360° 2) = — cot 2, 

Cot—"(— 1.21468) = — 30° 25° 1s =: 320° U4’ 42”, 





11. Given the logarithmic sine 9.451234, to find the corresponding 
angle. 


« 
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So.orton.—The next nearest log sin found in Table IT, is 9.441204 = hoy 
sin 16° 25’. Now we learn from the tabic that an increase of 1” iu the angle at 
this point, makes an snerease in its log sin of 7.14 (millionths). But the given 
tog sin, 9.451234, is 30 (millionths) greater than log sin 16° 25’... The required 
angie is 30 + 7.14 = 4 (seconds) greater than 16° 25’; aud we have sin 16° 25’ 4” 
o: 9.451234. Again, as sin 16° 25' 4° = sin (180° — 16° 25' 4’) = sin 163° 84’ 56" 
the latter angle haa for ita log sin 9.451234. Finally, cither of these angles in, 
creased by any muitiple of 27 has the same logarithmic sine. 


12. Show from the table that the angle whose log cos 18 9.778151, 
ie 63° 7 49”, and also 306° 52’ 11”, and each of these angles increased 
hy any multiple of 2«. 

13. What angles correspond to the logarithmic cosines 9.246831. 
and 9.889372 ? 

14. Find from the table what anglcs have for their logarithmic 
tangents 9.895760, 10.531004, and 11.216313. 


Resulls. The first two are the log tans of 38° 11/20", and 73° 
35’ 43”, and also of 180° + cither of these angles, and cach increased 
by any multiple of 2¢. 


15. Find the angles corresponding to the logarithmic cotangents 
10.008688, 9.638336, and 9.436811. 


Results. he first two are the log cots of 44° 25' 37", and 66° 29° 
54”, and also of 180° + cither of these angles, and each increased by 
any multiple of 2«. 


72. Scu.—Strictly speaking, negative numbers have no logarithms; since 
ao base can be assumed, such that all negative numbers can be represented by 
aaid base affected with exponents. It is therefore customary to say that nega- 
tive numbers have no logarithms. Nevertheless, tee dv apply legarithina lo neya- 
five trigunometrical functions, Thus, if we have — cos z, the — sign is inter. 
preted as simply telling in what quadrants 2 may end; while, in other respects, 
4he function is treated exactly like + cos z. 


16. Given log (— cus r) = 9.346251, to find z. 


So.ution.—The logarithmic cosine 9.346261, considered independently of its 
eign, corresponds to 77° 10° 35°. But the — sign requires that the arc shall end 
dn the 2d or 3d quadrant, for such angles, and such only, have negative cosines. 

*, The angles required are 180° ¥ 77° 10° 35" = 102° 49’ 25°", and 257° 10° 35", 
and thexe increased by entire circumferences, as all these angles have logs- 
cithmic cosines, which are numerically equal to 9.346261, and the cosines them- 
selves are negative, 


17. What angle less than 180° has a negative cosine whose tabu 
lar logarithmic value is 9.653325 ? Ans. 116° 47° 4” 
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18, What angle less than 180° has a negative tangent whoae tab ig 


lar logariihmic valuc is 9.884130 ? Ans. 142" 33’ ne 
19. What angle less than 180° has a negative sine whose t+ 
logarithmic value is 9.341627 ? i) 
20. What angle less than 180° has a negutive e 
tabular logarithmic value is 9.504299 ? ak 


21. Find valucs of z < 180° which fultil the following: Co \ a 
log (— cos 2) = 9.562468; log (— tan zr) = 10.764215; 
log (— sin x) = 8.886482; log (— cot 2) = 1L1S2161, 

Resulés. 111° 25’; 99° 45’ 545 none; 175° 58! 14", 

22. Having at hand only the common logarithmic tables of trig- 
onometrical functions, and the table of logarithms of numbers, I 
wish to find the number of degrees, minutes, and seconds carres 
sponding to the natural tangent 2.16140. How is it done, and what 
is the result? 

Answer: Find the logarithm of 2.16145, to this add 10, und find 
the angle corresponding to this tabular logarithmic tangent. Tho 
angle is 65° 10' 20". 

23. From the same tables as above find the natural cosine of 
35° 23’. Also what angle corresponds to natural tangent 2. 

24. From the same tables as above find the angle corresponding to 
natural tungent — 1.82645. Also to natural cosine — 42006, 

25. Why isitin the table of logarithinic functions that the sine 
of an angle minus its cosine + 10 gives the tangent? Why that cosine 
— the sine + 10 gives the cotangent 2) Why that the sum of the tan- 
gent and cotangent of any angle = 207 Why is but one column of 
tabular differences necded for tangents and cotangents, while the 
gincs and cosines require cach a separate column ? 





FUNCTIONS OF ANGLES NEAR THE LIMITS OF THE QUADRANT. 
TABLE III. 


{Notz.—This subject may be omitted in an elementary course, the first time 
going over, if thought best.) 


73. Failure of Table If,—The method which has been given 
in the preceding pages for finding the logurithmic functions of angles 
involving seconds, by means of the Zabular Differences, Table IL, in 
sufficiently accurate in most cases fur practical purposes, but is 
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itirely too rude for the sincs, tangents, and cotangents of angles 

‘ar the beginning of the quadrant (those less than 2° or 3°), and 
for cogines, tangents, and cotangents of angles near the close of the 
quadrant (those between 87° or 88° and 90°). An example will 
reuder this clear. Suppose we wish to find log sin 1’ 12”. We find 
from Table II., log sin 1’ = 6.463726; and also that the average 
increase of the log sin between 1’ and 2’ is 5017.17 (milliontl.s) for 
every second increase of the angle. But this averaye rate of increase 
of the function during the minute is much dess than its real rate of 
merease tn the first part of the minute, as from 1’ to 1112", and much 
greater than the real rate of inercase in the latter part, as the angle 
upproaches 2’, In fact, we see from this table, that we should use 
2934.85 as the increase of log sin 2’ for 1 increase of the are. Now, 
in our proposed example, we want the increase of the log sin while 
the angle is passing from I’ to 112". This, as shown above, is con- 
siderably more than 5017.17 (millionths) for every second. 

’ The cosine being the sine of the complement. is subject to the same 
law of change near the close of the quadrant, that governs the sine 
at the beginning. 

The case of the /angent of a small angle is similar to that of the 
sine; and since the cotangent is the reciprocal of the tangent, it 
has the same dat of change, only that the one increases as the other 
decreases. Thus, since doubling a small are, as 1”, doubles its tan- 
gent (approximately), it divides its cotangent by 2. 

Finally, while the law of change in the sine is very different nea 
the close of the quadrant. from what it is near the beginning, the 
sine Changing very rapidly at the beginning and very slowly at the 
close, and the cosine is Just the opposite, the tangent, and cotangent 
have the sume law of change at both extremities of the quadrant. 
Thus, if near the beginning of the quadrant a certain small inercase 
of the arc facreases the tangent at a particular rate, it decreases the 
cotangent at the same rate, since these functions are reciprocals of 
cach other. Moreover, since tan 1° = cot (90° — 1°) = cot 89°, 
cot 89° changes according to the same law as tan 1°; and tan 89 
changes reciprocally with cot 89°. 


74. Description of Table ITIT.—The first page of the table 
enables us to find the sines of angles less than 2° 36’ 15" (and con- 
sequently the cosines of angles between 87° 23’ 45” and 90°) with 
very greataccuracy. The columns headed Angles contain the degrees, 
minutes, and seconds of the proposed angles, and the columns at 
their right give the same angles in seconds. ‘The columns headed 
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Diff. coutain the corrections to be used according to the following 


problems. The second and third pages answer a similar purpose 


with reference to tangents and cotangents of arcs within 2° 36° 20" 
of the limits of the quadrant. 


75. Prop.—Letting x represent any number of seconds less than 
2° 36' 15", we have, 
log sin 2” = 4.685575 + logz — Dit 


Dem.—The length of 1 of an are to radius unity is S.14150265558070 (the 
length of the semicireumterenee) -- G4A8000 (Ube number of seconds in ES0°%), and 
:2 QUOUOASHSI2, For practical purpeses this fraction may also be tuken as the 
sine of 1. Though, actually, the sine is less than the are, the expressions for 
arc 1 and sine (7 rerree to as many places of decimals as we aave here. Again, 
for these small ares the sine increases at nearty the same rate as the are, aa Uae 
sind => QOOOOISISI2D x 3 nearly: gin Lal’ MMOUESEST? « LO2 nearly ¢ Ueno 
results being slightly in excess of the true values, Tt ois the correction for this 
excess that is furnished by Table THD in the colurans marked Jf Bat this 
table is alapted to logarithmic computation; hence we laave low sine’? log 
gin 1’? 4 loge —- Dil In thisenpression bow sina’ ds the lescithi of the aac 
ralsine of 2’ (not increased by 10, as each fanetion in ‘Table Tb iy; dow sing’ 
+ lows, thatis, the Jogarithmie sine of Vo plas the logarithm of the number of 
seconds, corre-ponds to multiplying the sim bP’ by the nuiober of seconds, and 
gives the logarithm of the product, or stricty, the Jowarithon of thie length of the 
arcofa”’. Now, the sine of 2° heing less Chan the are, it4 lowarithin te less thin 
the logarithm of the length of the are Just how touch fess the table tells, Thia 
difference, therefore, between the lowarithi of the are and the lagarithin off pla 
sine, Which is given in the table, is te be sulitracted, Finally, to muke this 
result agree with Table Thowe mast add dO to the result Now, log ait i" = 
log .00000484812 = 6.655075, and adding 10, we have 4685575, 

’ log sing’ = 4.690970 + logs — DUE, 


s result which agrees with the logarithmic functions in Table (LQ B.D. 


76. Cor. 1.— 70 obtain the log cos ofan angle belween S7° 23! 45! 
and 90°, from this table, take the logy sin of its complement. 


YF. Cor. 2.— 70 obtain the log tan of an angle less than 2° 36' 20", 
from this table, use the formula, 
log tan 2" = 4.655574 + logz + Diff 


Deu.—For as small an arc as 1”, sine, arc, and tanyent are practically 
equal; hence, log tan 1" = log sin 1” = 4.685575 (10 being added) Moreover, 
for these small arcs the tangents increase (like the sines)in nearly the same 
ratio as the arcs; hence, we add louz. Finally, the tangent ix ao little In excess 


of tbe arc, Which excess is given in the table, and is to be added. Q & D. 
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78. Cor. 3—To obtain the log cot of an angle less than 2° 36' 18’, 
from this table, use the formula, 
log cot 2 = 15.314425 — log 2 — Diff. 





i Fr ' 
Demonstnation.—Since cot 7’ = Far’ log cot 2” = log1— log tan 2 


= 20 — (4.085375 + log z + Dill.) = 15.314425 — log z— Dif. The 20 arises 
from adding 10 twice to log1(=0). One 10 is added because 4.685575 is 10 in 
excess of the true log tan 1"; and the other 10 is added in order to make the 
log cotz” agree with the ordivary tabulated value, as in Table Il. Q. EB. D. 


9. Cor. 4.—To obtain the log tan of an angle between 87° 23' 45" 
and 90°, dake the log cot of its complement ; and to obtain the log cot 
of an angle bel ween the same values, take the log tan of its complement. 


80. Prob.—TTaving given a log sin less than 8.657397 (the log 
ein 2° 36 15"), fo yind dhe corresponding angle. 


So.ution.—From log sin 2” == 4.685575 + log z— Diff, we have, log z = 
log sina’ — 4.685505 4 Dil Hence, if from the given log sin, we subtract 
4.085575, and then add the proper correction as furnished by Table LIL, we have 
the logarithm of (he number of seconds sought. But we cannot tell what Diff 
to take Ul we know the number of seconds. To meet this difficulty, find the 
angle corresponding to the given log sin from Table IL, and reduce it to seconds 
This will be suflcicutly accurate to furnish the required Dif. 


87. Cor. 1.—HMaving given a log cos less than 8.657307 (the log cos 
of 87° 23' 45"), fo find the corresponding angle, treat tt as if tt were a 
log sin, and having found the corresponding angle, take ils comple- 
ment. 


82. Con. 2.—For log tan and log cot, the formula in (77, 78), 
give, 
logz = log tan 2" — 4.685575 — Diff, 
and, log z = 15.314425 — logcot 2” — Diff. 


These are applicd as in (SQ); that is, the Diff. to be subtracted is 
found by getting from Table Il. the required angle in seconds, as 


near as may be, and then take from Table III. the corresponding 
Diff. 
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EXAMPLES. 


1. Find the log sin, tan, und cot of 1° 11' 15”. 


Sovution.—Log sin 1° 11°15" cz 4.085575 4+ log 4375 — 000081 .- B31G480. 
11° 18° = £270". Since 4275" is between 4250" and 4300, the Dit, is 1 
imi)lionths). 


Log tan 1° 119 15" = 4.085575 4+ log 4275 + .000062 =: 8.916573. 
Log cot 1° 11710" s 15.314425 — log 4275 — 000002 = 11.683427. 
Or, log cot can be found by subtracting log tan from 20, 


2 Verify the following by using Table HL: 
log sin 56! 26" = 82152425 log tan 56° 26" 82153013 
log cot 56° 267 = 11.75 1609, 


8. Verify the following by using Table HL: 
log cos 58° 17" 44" = 8.AT3306; log tan s8° 17 44" = 1L526412; 
log cot 88° 17" 44" = 8.473588. 


4. Having given the logarithmic sine 7.216481 to find the angle. 


pm he 


SonuTtion.—From Table If we find 6°34" 365° as the angle. But thie fn 
subject to the inaccuracy exhibited in (73). To obtain the correct result from 
Table I1]., we have (8), 

log rz: 7.246442 — 4685575 + 0 -: 2.500000. 
2 863.8; or the angle is 6) 8" B. 


5. Given the logarithmic tangent 7.505187, to find the correspond. 
ing angle. 


SoLuTION.—Tuble IL. gives 21' 58’ 3 -- 1318 Saxthenngle, From Table UL 
the Diff. corresponding to this is 6 (millionths) Hence, 
Jog z =: log tan” — 4.685575 — Dif, (82) 
becomes, log z = 7.805487 — 4.695575 — 200006 -- 3.119906. 
*, 2:7 1318; and the angle bs 1318" c 21 SH", 


6. Given the logarithmic cotangent 12.197148, to find the corre- 
sponding arc. 


Table II. gives the angle 21' 49".8, but the true angle as given by 
Table [1]. is 21' 50”. 
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SECTION YV. 


TRIGONOMETRICAL SOLUTION OF PLANE TRIANGLES, 


3. There are six parts in every plane triangle: three sides and 
shee angles; one side and any other two of w ater being given, the 
remaining parts can be found by means of the relations which exist 
between the sides and tabulated trigonometrical functions, ‘To 
exhibit these highly important practical operations is the object of 
this section. We shall treat first of right angled plane triangles, and 
then of oblique angled plane triangles. 


OF RIGHT ANGLED TRIANGLES. 


Prop. 84A.—The relations between the sides and the trigonomet- 
rical functions af the oblique angles of a right angled triangle are as 
follows: 


hypotenuse 
side opposite? 
bypotentse 
side adjacent’ 
side adjacent 


.. cotangent = oS uae 
7 side Opposite’ 


side opposite 
hypotenuse 


side uljacent 
(2) cosine = - “3. secant = 





(1) sine 3% Cosecant = 


i 


hypotenuse 
kide apposite 


! 


(3) tangent 


side adjacent’ 


WEM.—Let CAB, Fiz. 12, be a triangle, right 
angled at AL Let aM be the measuring arc of the 


c anile B, PO -: sinByand BDO = cos B. From the 
Se similar triangles POB and CAB, we have oa = 

grt. : a 
e m CA, i esi = side opposite _ since BP = 1. 

a BC hypotenuse 

2 es a ace 
o¢ A From the same triangles BO — BA - t. e., cos B = 
eo" 6p .66°.°* 
ide adjac 

Fig. ® elle SA sCene: Tangent being equal to sine divided 


hypotenuse | 
skle opposite ~ side adjacent side opposite ' 
hypotenuse “hyy protenuse side adjacent 
other flincuons being the reciprocals of these three, are as given in the proposi- 
tien. Fally, as a similar construction could be made about the otber oblique 


angic, ©, this demonstration may be considered general. Q. BD. 


by cosine, we nave tan B = 
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Sen. 1.—These formula are so important (hat it fs well to have them fixed 
in the memory, not only as written above, bat also as follows: 


® ‘ } y %. 
(1). Side-opp = hy x SIN, or re or tan x side-adj, or nide-ay | 


cart 
9) Side-adj <=: hy hy ; alde opp 
(2). Side-adj = hy x cos, or eth cot x side-opp, or ee a 


of which the relations side-opp = hy « sin, and side-ndj = hy x cos are of the 
most frequent use. 

Sem, 2.—The six ratios given in this proposition are frequently made the def. 
tnitions of the trizonometrical Ranchons., Thus, referring toa right angled th 
angle, 9 sine of an angle may be defined to be the ratio of the side opposite to 
the hypotenuse; the cosine as the ratio of the side adjacent te the hypotentse, 
etc. 

Sem. 3.—The student will be aided in remembering these important relations 
by observing that the side opposite the angie is analogous to the sine, and the 

, ‘ ‘ is satiehecrue 

side adjacent to the cosine, Now,the sine - ig Jand so also the co- 
sine. Tangent cquals sine divided by cosine, and bn (his case it be the: port 
annlogons to the sinc, divided by the part analovotus to the cosine. One alouhd 


hy 


net make the blunder of saying that sin >= J aince that would make 


bhile opp 
the sine always more than 2; but we have seen that it never can eseced 
Similar checks against error may be made in the case of the other relations, 


EXERCISES. 


{ Notr.—The first five of these exercises are mainly designed to illustrate the 
propisition, and familiarize the mind with the relations. ] 


lL. In aright angled triangle whose sides are 3, 4, and 5, what are 
the trigonometrical functions of the angles 2 What are the functions 
when the sides are 6, 8, and 107 

2. Inaright angled triangle the hypotenuse ia 12, and the angle 
at the base sinv'f. What are the sides? What is the sine of the 
other angle ? 


Sva.—Represent the angles by 8, A, and C, A being the right angle, and 


i 


b 
the sides opposite by 8, a, and ¢«. Then sin 8 = a b= —; whenee, b= 6 


Bin C = cosB = 34/3, ¢ = 01/3- 


oe 
te 


3. In a right angled triangle whose hypotcnuse is 12, and the 
angie at the buse tan~'2, what are the other parts? 


Ans. Cos'3o/5, 43/5, and ty, 
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4. The sides of a right angled triangle are 20 and 32. What are 


the angles and hypotenuse? Obtain the hypotenuse by means of 
the secant. 


Ans. Tan~'§, tan~ §, and 44/89. 

5. The hypotenuse of a right angled triangle is 120, and one 

side 100. Show that the angle opposite the latter is tan" 8, / 11, the 

adjacent angle cosec™y%, 11, and the remaining side 204/11. Obtain 

these results in the order given. Use a trigonometrical function to 
obtain the lust. 


EXAMPLES. 
(a) BY MEANS OF TIE TABLE OF NATURAL FUNCTIONS. 


1. Ina right angled triangle ABC, the hypotenuse BC is 235, and 
the angle B is 43° 25’, Find the angle Cc, and the sides AB and Ac. 
C = 46° 35'; AB = 170.735 AC = 161.52, 


So.uTion —7o find C, we have but to remember that the angles of a right 
angled triangle are complements of each other; whence, C =: 90° — B = 40° 854. 


A spe ’ ~~? 
To find AB, we have cos B a or AB = 235 « cos43° 25’. Now, from the table 
of natural functions we find cos 43° 25’ = .72637; whence AB = 235 x .72637 


= 170.7, To find AC, we have sin BB: B& ; whence AC = 295 x .6873 = 161.52. 


2. Ina right angled triangle ABC, the hypotenuse AC is 94.6, and 
the angle C is 56° 30", Find the angle A, and the sides AB and Bc. 

A =-J33° 30’; AB =78.88; BC = 52.21. 

3. In a right angled triangle BOF. the hypotenuse BF is 127.9, and 


the angle B is 40° 10°30". Find the angle F, and the sides BD and 
OF. 


F= 49° 49' 30"; BD = 97.72; DF = 82.51. 
4. In the triangle CDE, right angled at E, given the side DE 75, the 
side CE 50.59, to find the other parts. 
Iypotennse = 90.47. 
5. In tho right angled triangle CDE. given the hypotenuse Cp 264, 
the side CE 135.97, to find the other parts. 
DE = 2206.28. 
6. Given the hypotenuse 435, and one of the acute angles 44°, to 
find the other parts. 
%. Given the hypotenuse 64, and the base 51.778, to find the other 
parts. 
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8. Given the hypotenuse 749 fect, and the base 548.255 feet, to 
fied the other parts. 
9. Given the hypotenuse 125.7 yards, and one of the acute angles 
75° 12 23", to find the other parts. 
10. Given one side 388.875, and the adjacent angle 27° 38" 50”, to 
find the other parts of a right angled triangle. 


(5) BY MEANS OF A TABLE OF LOGARITHMIC FUNCTIONS, 


11. Inanght angled triangle, given an oblique angle 54° 27 39", 
and the side opposite 50.293, to find the other parts. 


SonutTion.—The other oblique angle is 907 — 54" 27’ 99" = 35° 92° 21", 
AG QIN Hh 2033 
To find the hypotenuse, we have sin 54° 277 307 ~ OT NY om om eee 

fi A] si hy? . mind 2a te” 
Applying logarithins to facilitate computation, leg dy ~ log 46.200 —- log 


Co i Aa 


gin 54 27730" 4.10. The 10 is added since the log sin OF 277 a0" found in the 
table is 10 too great. Now, looking in Table 1, we tind log 50.208 << 17454; 
and io Table IL., log sin 54° 277 397 =: OG1ONTS. Hence, 

log Ay -=: 1.750454 — 0.010474 4 10-- 1.839980, and Ay os 60.18, 
erry or tan 54° 27° 30" = 


To find the other side we have, tan angle >> 
( aie cael) 


66.203 whence side adj ane Applying Jogarithina, log atde adj 
- = meme , e e ¢ 1 . ¢ bad ae ei 5 x 4 ' ' . y : ’ 
site adj ' tan O4 27 ou ee ’ 


= log 56.203 — log tan 54°27) 39" + 10-2 1.750454 — 10 11G10$ + 10 - 1.004350, 
. Side adj = 40.2115. 


12. In aright angled triangle asc, the hypotenuse AC is 340, and 
ihe side AB is 200. Find the acute angles A and C, and the perpen- 
dicular BC. 

= 53° 58'6"s C= 36° Vk. BO ITA OS. 

13. In a right angled triangle ABC, the perpendicular AB is T3625 

and BC 500. Find the acute angles A and C, and the hypotenuse AC, 
A = 34° 10° 40°53 C = 55° 49 10°; AC = 800.02, 

14. In aright angled triangle BOF, the perpendicular BO is 246.32, 
and DF 380.07. Find the acute angles € and F, and the hypote- 
nuse BF. 

B = 57° 3’ 11"; F x 32° 56' 49"; BF = 452.91. 

15. In a right angled triangle asc, the side aB is 249, and the 
angle A is 29° 14’. Find the perpendicular BC, and the hypotenuse 


ac. 
BC = 139.37; AC = 285.34L 


48 PLANE TRIGONOMETIY. 


16. In a right angled triangle ABC, the hypotenuse AC is 95.75, and 
the side BC GO. Find the acute angles A and C, und the perpen- 
dicular AB. 

A = 38° 48’ 7”; ¢ = 51° 11' 53”; aB = 74.62. 

17. In a right angled triangle ABC, the side BC is 364.3, and the 
angle Ais 50° 45’, Vind the perpendicular AB, and the hypotenuse 


AC. 
AB = 297.645; AC = 470.433 


(Nore.—The first ten examples may be solved by logarithms if additional 
exercises are needed, or these by means of the natural functions, Also any one 
of the examples will afford several others by giving and requiring different 
parts. Thus, from /e. 17, we can give AB = 297.045, A = 50° 40’, and require 
the uller parts, etc. }. 


GENERAL APPLICATIONS, 


1. Find the area of a parallelogram whose adjacent sides ure 28 
and 30 fect, und the included angle 75°. 


S8va.—First find the altitude, 


2. A ratiroad track 463 feet 3 inches in length has a uniform grade 
of 3° Show that the verticul rise is 24 feet 3 inches, nearly. 

& A railroad track makes a vertical rise of 150 feet, by uniform 
grade, in 3,000 feet cf track. What is the grade ? 

4. Find the apothem and radius of the circumscribed circle of a 
regular heptagon one of whose sides is 12 feet. 

5. Find the area of a regular dodecagon inseribed ina cirele whose 
radius is 12. 

6. The angle of elevation to the top of a steeple is 47° 30’, ae 
measured from a point in the same horizontal pline as its base, and 
at a distance of 200 fect from it} What is the height of the steeple ? 

Ans. 218.26. ft. 

%. A tower 103 feet high throws a shadow 51.5 feet long, upon the 
horizontal plane of its base: what is the angle of clevation of the 
sun ? 

& The angle at the vertex of a right cone is 52° 23’, and the 
slant height 126 fect: what is the diameter of the base. and what 
the altitude ? 
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9. In Fig. 13, letting EO rep- 
resent the eurth und M the 


moon, the radius of the earth j~Ro- Lo ‘ aX 
a rate f gine ean here cee ; 

EO = 3956.2, and the angle Kd ae  pooty 

EMO * = 57’, required to find \ : 

the distance OM, — being a 

right angle. Fia, 13. 


The distance of the moon from the earth, as qiven by this compr- 
talton, ts 238,613 miles. 

10. In fig. 13, letting ON represent a tangent to the moon's dise 
at N, the angle NOM is readily measnred, being half the moon's 
apparent diameter, The apparent diameter of the moon being 
31°20", and its distance from the earth as found in the hist example, 


what is the diameter ? 
Jus. 2176 miles. 


OF OBLIQUE ANGLED PLANE TRIANGLES, 


IMPORTANT RELATIONS EXISTING BETWEEN TILE SPDES AND Tieao- 
NOMETRICAL PUNCTIONS OF THE ANGLES OF OBLIQUE ANGLED 
PLANE TRIANGLES, 


85. Prop.— The sides of any plane 
triangle are proportional to the sines of 
the angles opposite. 





Deu.—Let ABC be any plane triangle. Let ae p * 
fall from cither angle, as C, a perpendicular = A SEP tas a) 
upon the opposite side, or upon that sido Cc 
produced. Designate the angles by A, B, and wef | 
Cc, the sides opposite by a, 4, and ¢, and the per- 4 uae 4’ 
pendicular by P. ae 7. j 

Now, from the right angled triangle AOC =~ ee 
we have P=bain A; also fron COB, P= QO Seg fe) 
a sin B; sin ABC in the second figure being = 
sinCBD. Hence, equating the valucs of P, Fre, 14. 


b sin A=-asin B, ora: 6d :: sinA : sin B. QB D. 





® This angic la called the moon's horizontal parsliaz, and is readily mrasured, Some rade 
potion of the manner in which parallgx becumes apparent, may be yot frum cuonevdering the 
diference in direction from two observers to the moon, one obecrver standing directly ander 
the moon, as at F, and the other at E, @ceiny the moon in hie borizon. The angular displace 
ment of the moon dac to these different pointe of ohmervation is borizental peraliss. 


4 
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86. Prop.— The sum of any two sides of a plane triangle 18 10 
their difference, as the tangent of half the sum of the angles opposite 
ts to the tangent of half their difference. 


Demw.—Letting a and} represent any two sides of a plane triangle, and A 
and B the angles opposite, we have a: b 2: sin A: sin B. Taking this both by 
composition and division, we have a + b : a—b i: sin A + sin B : sin A— sin B, 
But from (GO), sin A + sin B : sinA —sinB:: tanj(A + B); tan 4(A — B). 
. @+6:a—b:: tanj(A + B): tun (A—B). Q. ED. 


87. Prop.—The tangent of half of any angle af a plane triangle 
equals &, divided by half the perimeter of the triangle minus the side 
opposite the angle ; in which kis the radius of the inscribed cirele, 
and equals the square root of the continued product of half the peri- 
meter minus each side separately, divided by half the perimeter. 


Diw.—Let ABC be any plane triangle. 
Represent the angles iv A, B, and C, the 
sides Opposite by a,b, and ¢, the perimeter 
by p, and the segments of the sides made 
by the radii of the inscribed circle, by 2, y, 
and 2, as in the ficure, 

Then a + 6 + e@ = Or + Qy + 22 = p, or 
C+ Y + @ oc Ap. 

Whence rez ip—a,ymip—) and ¢g 
= {p—e;sincey + @=a,r4+2 = bande + y — 








—@ 
kok ee 
18 = 5" plr and tan 4C = eo ine. 


To find k. 4A 4+ 4B 4 3C = 00'7,or JA = aap + {C); whence, tan 3A 





_* bes ae = 1—tan 48 fan 3c 
= = tan {90° — (9B + 4C)] = cot (7B + 4Cy= — tan ,8 4 tan ic (54, Dew). 
og 
k t ie 
Substituting for tan 4B, and tan jC, . and zy we have = - ; whence 
y"s 
P= HOTS = 5 (2 + y + sk = sys; and k= 4/ —*_-_. In this value of k, sub 


s+y zr+y+s 


stituting for z,y, and s their valucs, we have £ = y/ Gp — 9) Up = Hp = 9, 
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88. Sc. 1.—These three propositions (85, 86, 87), furnish the moat 
ecgant and expeditious means for finding the unknown parts of ay oblique 
angled plane triangle, when a sufficient number of parts are given or known (88) 


89. Scn, 2.—Important Practical Suggestiona, 


Ist. Two angics of a triangle being given, the third is known by implicadon, 
it being the supplement of the sum of the other twa. 


2nd. When two of the known, or given, parts are opposite cach other, the 
rst proposition (83) effects the solution. 


8rd. When two sides and the included angle are given, the solution is effee*ed 
by means of the second proposition (SG). 


4th, When the three sides are given, the angles aro found by the third 
proposition (87). 
EXERCISES, 


1. In the plane triangle CDE, given the angle 0 = 15° 19’ 51", 
C= 72° 4405", and the side c, opposite ¢, 
? 


90.4, to find the other parts. © 
af Tato, 
SoLuTion.— First, E = 180°-—(D + C) - 01°50" 04" d= @ ee “y 
S89, 181). 


Second, To find side d opposite angle O (8&9, nil). 
sin C : sin OD ::¢: d,or 
sin 72° 44°05 : sin 15 19 GE 2: 2500-4: ab. 
This proposition may be solved ford, by taking the nataral sine of 15° 19° G1", 


multiplying it by 2904, and dividing the prodact hy the natural sine of 
T2° 44°05", or, more expeditiously, by Jogarithins, ws follows: 


Jog 250.4 = 6 ew ee ee ee ew + RUNGE 


log sin 19 SI cz ee elke ot ok ae at Aa 
log sin 72° 44’ 05" (ar. comp ue me We ces 0.020024 
logd= ... ‘ ae ee ae { 1.840907... d = 60.328. 
Third, To find side c oanouite angle € we 2nd). 
gin © : sin © :: ¢: ¢,or 


sin 72° 44’ 05” : sin 91° 50’ OA": : 250.4: «@ 
Making the computation by logarithins, 


log 250.04 = 6 6 ew we ee ww tw we RSIRGBA 
log sin 91° 56 O4"$ 2 www ee we we BBUNTSR 
log sin 72° 44’ 05’ (ar. comp.) = . . . . « NOWO24 


ee = we ee eee we we ww ww BALBKIO .. @ =: 262.006. 
e See Intradecdiaw to o Table I. (n. 
¢ The etadent mast bear in mind the fact that afl the log. trig. funcs. are 10 (00 large, and 
mast eve exactly what corrections to make io his rusulia,on this accoust. In thie cuse tae 
ar. comp. 9 10 foo small, since the ingarithm we took frum the table fur jog sin 72° 44 05’" wae 
19 too lasze. But our log ein 15° Ly $1” is 16 foo large, and just corrects the latter. Leace, we 
have to reject only 10 frum the entire stm 12.890007, and this on account of the usc of ar. comp, 
t Take the sinc of the supplement, of the cosine of the given angie minus 80°. 


ee Aran ep anne NERS NRT eee set aa ti eR 
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2. In the plane triangle ABC, A = 35° 42’, B = 76° 27’, anl AB = 
142. What are the other parts ? 

Ans. © = 67° 51's AC = 149.05; BC = 89.47, 

3. Given two angles of a plane triangle, 23° 40’ 32” and 69° 39’ 51”, 
and the included side 100, to find the other parts. 

4. In a plane triangle ABC, the side AB is 254.3, the side AC 396.8, 
and the angle B 94° 20°. Find the angles A and C, and the side BC. 

A= 45° 48’ 21"; c= 39° 42’ 39"; BC = 285.37. 

Bua's.—To find the angle C, we have 

$06.8 : 254.3 :: sin 04° 29’ : sin C. 

From this proportion we get log sin C = 9.805443. Now, as we have seen 
before, there are an infinite number of angles corresponding to any given sine, 
how shall we know what one to take in this case? First, no angle of a triangle 
can excecd 180°; hence, there are but feo angles, one an acute angle, and the 
other its supplement, which can come into consideration in the solution of plane 
triangles. But which of these two are we to take? Thus, in this case, both the 
angles 39° 42’ 39" and 140° 17’ 21” correspond to log sin 9.805443. In this ex- 


ample the ambiguity is resolved by observing that the given angle B is obtuse, 
snd a plane triangle can have but one obtuse angle... C = 30° 42’ 39’”, 


5. In a plane triangle BOF, the angle B is 40°, the side BD is 400, 
and the side OF 350.) Find the angles D and F, and the side BF. 


Suvu’a, —To find F, we have 
35) : 400 :: sin 40° : sin F, 
from which log sin F = 9.860059, and F = 47° 16° 28", and its supplement 
132° 43° 82", How are we to determine which of these to take? The given 
angle is 40°; hence, as far as that is concerned, cither of the two will meet the 
conditions. There are, theretore, doo angles, F = 47° 16’ 28" and F = 132° 43° 83’, 
which fulfill the conditions. We therefore solve two triangles, one having two 
D of its sides 400 and 350, and the angles 40°, 

7° 16’ 28’, and 92° 43’ 32°; and another triangle 
with the same given parts and the two required 
angles 133° 43’ 33”, and 7° 16’ 28". This is readily 
illustrated geometrically. Thus, lay off OBF’ = 40°. 
Take BO = 400. Then from DO as a ceutre, with 
radius 350 describe an arc cutting BF’, Itis evident 
that if B is an acute angle the following cases may arise depending upon the 
value of DF; 

lst. If OF is leas than the perpendicular p, the problem is impossible. 

2nd. If OF = p, the triangle is right angled at F. 

Srd. If OF > p and <BD there are two triangles, one with an acute angle at 
F’, as OF’S, and the other with an obtuse angle at F, as OFB, both of which 
fulfil the conditions of the problem. 


4th. If OF > OB there is but one triangle which fulfills the conditions, viz. 
the one with an acute angle at F’. 





Fie. 16. 
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The results in the above examples are, for triangle OF’B, angle OF'8 -= 
47° 16’ 28", BOF’ = 92° 43’ 82”, and side BF’ = 543.80; for triangle OFB, 
angle OFB = 132° 43’ 82”, angle BOF = 7° 16’ 28”, and side OF = 6804 


90. Cor.—ZIn applying trigonometrical formula to the solution of 
triangles, tf the pari sought is found tn lerms of tte sink, the resulé 
ts ambiguous, and we are to determine thether there really are treo 
solutions to the problem in a geometrical sense, by certain geometrical 
considerations, or else by trying both values for the angle determined 
by tts stne. This ambiguity arises only when an angle ta determined 
by tls sine, as will appear hereafter. 

6. Given two sides of a plane triangle 201 and 140, and the angle 
opposite the latter 36° 44") Find the other parts. 

Results. —There are two triangles. 

Parts of the tirst, 120° 4y° 4°) 22° 26" TL", and 89.54; 
Parts of the second, 59° 10° 117, 540-5 497) and 23.84. 
7. Given two sides of a plane triangle Tso, 100, und the angle op. 


a0 


posite the former 127° 33’, to find the other parts. 

There ia but one triangle, and the parts are 26° 77 49", 26° 191", 
and 100.65. 

8. Given two sides of a plane triangle 30.8 and 54.12, and the 
angle opposite the latter 36° 42° 11", to find the other parts. Why 
but one trinngle ? 

9 Given two sidea of a plane triangle 600 and 250, and the 
angle opposite the latter 42° 12’. Find the other parts 





Svo.—Attempting to get the angle opposite 600, we find log sin = 10 207400, 
which is impossible. It is fo some such way that @ trigonometrical soluden 
shows a geometrical absurdity. 


10. Given two sides of a plane triangle 1337.5 and 493, and the 
angle opposite the former 69° 46. Find the other parts. 





11. In a plane triangle, given two sides 1686 and 960, and the in- 
cluded angle 128° 04’, to find the other parts. 


Cc 
SoLvcTion.—Let a = 1686, 6 = 960, and 
C = 128° 04’. (See 89, 3rd.) The sum of a Ne a 
the angles A and B ia 180° — 128° 04’ = ia ae pdapaeeee Se 
61° 56’, and (A + B) = 25° 38’. From (8G) A é ) 
we have, Pre. 17, 


a+b:a—b:: tani‘A + B): tan HA — B), or 
2646 : 726 :: tan 25° 58’ ; tan 4(A — B). 
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Making the computations by logarithms, we find log tan 4(A — B) = 9.125887 
Hence, 3(A — B) = 7° 80’ 40’, the angle found in the table, or its supplement 
But } the difference of two angles of a triangle is less than 90°; conscquently 
4a(A foo B) = 7° 36’ 40”. 

Now having }(A + B) = 25° 58’, and 34(A — B) = 7° 80’ 40”, we find A= 
83° 34’ 40’, and B = 18° 21’ 20”. 

The side ¢ can be found by (83) as two opposite parta are now known. 
@ == 2400. 


12. In a plane triangle ABC, the side AB is 304, BC 280.3, and the 
included angle B is 100°, Find the angles Aand C, and the side Ac. 
A= 38° 3’ 3"; © = 41° 56° 57”; ac = 447.856. 

13. In a plane triangle ABC, the side AB is 103, AC-126, and the 
included angle Ais 56° 30’. Find the angles B and C, and the side BC. 
B= 72? 20 15"; C = 51° 9 45"; BC = 110.267. 


14. In a plane triangle ABC, given the three sides, a = 3459, 6 = 
4209, and ¢ = 6030.4, to find the angles. 


So.Lurion.—Applying (87), we have, 
(QP ~- ) (Ap — 4) (ip ais o) or 
p 
logk == 4 {log (ip — a) + log (ip — 4) + log (4p — e) — log jp}. 
_ & . & a _ & 
Also, tan iA == ree tan 4B = voy and tan 4C =j or log tan 4A 


—¢ 


k= 4/ 





:~ log & — log (4p — a), log tun 48 -: log & — log (ip — 0), and log tan {C -. 
log & — lug (dp — ¢). 


COMPUTATION. 
as: 8459 
&’= 4200 
e= 6030.4 
2s bon 


dp = 6849.3 (ar.comp.) log = 6.164360 
ip-a= 899002. . . . . log = 3.590226 
ap —- Ob= WiOd. . . . .log = 3.421687 
ip—e= BI188. . . . .log = 9.913178 
2)6.029401 
log k = 3.014700 
log tan JA = log & — log (jp — a) = 9.484474». A= 83° 50’ 10'S 
log tan 48 = log & — log (jp — 6)= 9.593003 .. B= 42° 47° 25°.3 
log tan 4C = log & — log (ip — ¢) = 10.101523 ~. C = 103° 16’ 24°32 
Proof, A + B + C = 180° 00' 00” 
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15. In a plane triangle ABC, the side AB is 95.6, BC is 27h, and AC 
300. Find the angles A, B, and ¢. 
A= 65° 47 55"; B = 95° 42’ 52"; © = 18° 29° 13", 
16. In a plane triangle Bor, the side BO is 500, DF is 403.7, and 
BF 395.75. Find angles B, DO, and F. 
= 52° 0' 3"; D = 50° 34! 45"5 F = TT? 25’ 12”, 


OBLIQUE ANGLED TRIANGLES SOLVED BY MEANS OF RIGUT 
ANGLED TRIANGLES, 


[Notrr.—Articles 91-94 inclusive, may be omitted in an elementary course, 
if thought desirable. Or Mf and its applications may be taken instend of SB~ 
88. 86 should be included in any course. It is too elementary and important 
to be omitted ] 


91. Prop.—All cases of oblique angled plane triangles may 60 
solved by the solution of right angled triangles. 


Dem.—Of the three given) parts we may affirm that they are, Tet, All 
adjacent; 2n4, Two adjacent and one a-parnted; or 3rd, All separated, 

Ist. When the gicen parts are all adjacent, toe, when they are Gro adea and 
the fucluded angle, or tro angles and the in- C 
Cuded aide. To solve the first let fall a perpen- 
dicular from the extremity of one of the given 
sides upon the other piven side, or upon that 7 iP 
side produced. There will thus be formed two oa 
right angled triangles which can be computed, a Po algae ads ‘e 
and from the parts of which the parts of the 
required triangle can be found. Thus, let A be 4 
the given angle, and b and e¢ the piven sides. ae | 
In the rightangled triangle AOC there are given ae @ ?° 
A and 4, whence AO, P, and angle ACO, can be 2 < . 
computed. Then passing to triangle COB, we 07 a D 
know P, and OB isince we have ¢ given and a 
have computed AO). Hence, we can compute B, Pio. 16. 

a, and OCB. Thus, the parts of ACB became known . 2... When the given 
parts are two angles and the included side, find the third angle by taking the 
supplement of the two given, Let fall a perpendicular from one ¢ xtremity of 
the given side upon the opposite side. The two right angled triangles thos 
furmed can then be computed. Thus, if A, 6, and C are given, having found B, 
let fall CD. The triangle ACD has the angle A and side & known, whence its 
parts can be computed. Having computed P we can pass to the triangle COB, 
and knowing P and B, can compute it Thus the parts of ACB be ‘ome known. 
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Qnd. When two of the given parts are adjacent and one separated ¢ t. e, when 
two angles and a side opposite one are given ; or two sides and an sngle oppo- 
siteone are given. The first of these cases is virtually the same as the last given. 
To solve the other, let full a perpendicular from the angle between the given sides, 
and two right angled triangles will be formed which can readily be computed. 
Thus a,b, and A being given, and CD let fall from C, the trianzle ACD can 
first be computed, and then COB. This is the ambiguous case, but it is easily 
determined. Having computed P, if the given side @ is less than P there is no 
solution ; if << to P, one solution (a right angled triungle); ifa> P and < 3, there 
are two solutions, te, it will go in detwcen CD and AC, and also beyond CO; if 
a> P and alsu > d there is only one solution, as it will not go in between CD 
and AC. 

3rd. When the three giren parta are all separated frum each other. This is the 
case in which the three sides are given to find the angles. It is readily solved 
by letting fall a perpendicular from the angle opposite the greatest side, upon 
that side, us CO upon AB. Then compute the segments AD (which call m), and 
DB (1), from the following relation (Part I], Ex. 12, page 162): 

m+eana(ore):b+¢a::b—-arm—n. 

Knowing mand n,the angles of the two right angled triangles ACD and 
COB can be computed, and these make known the angles of ACB. @. £ D 


[Norr.—A few additional examples are here given which the pupil can use 
to illustrate the theory presented in (97). If more are needed the preceding 
can be used: these may also be used to apply the methods before given, Again, 
a very great variety and number of examples may be made from these by as- 
signing different parts as known.| 


EXERCISES. 


1. Ina plane triangle BOF, the side BF is 123.75, DF 500, and the 
included angle F 120°. Find the angles B and D, and the side BD. 
B = 49° 12' 4"; p= 10° 47’ 56"; BD = 572.006, 
2. In a plane triangle aBc, the angle A is 70° 21', the angle B 
64° 22’, and the side BC 125. Find the angle C, and the sides aB 
and AC. 
C = 55° 17’; aB = 109.1; ac = 107.88. 
3. Ina plane triangle aBc, the side AB is 98, the side BC 95.12, 
and the angle C 33° 21... Find the angles A and B, and the side ac. 
A = 32° 14 65"; B= 114° 24 5; ac = 162.33. 
4. In a plane triangle DAC, given AD = 450, AC = 309, and 0 = 
27° 50, to find the other parts. 
C = 137° 9' 86", or 42° 50’ 24"; a = 15° 0/24", or 109° 19° 36"; 
OC = 171.36, 01 624.5. 
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COMPUTATION. 


it will give definitencess to the stu- 
dent's thought, if he first sketch the 


A 
figure geometrically. Thus, lay olf a™ 
D = 27° 50’, and taking AD = 450, ee Sy 
let fall the perpendicular AP. we : eS 
‘ 24 
Ist. Zocompute p. a 4 bw 
_ ° _— 5 * ave ene PP 4 ae 7 _ “, 
y=: ¢ sin D = 450 sin 27° 50’" owe Oe 4 er 
log 450 = 2.658213 opr Ramee p en 
log sin 27° 50’ = 9.660225 
log p =: 2.822438. 0. p = 210.106. Fig. 19, 


Knowing p, we see by inspection that AC can lie in both the positions AC 
wd AC’, and hence that there are two solutions. 

2nd. Zo compute C, from the triangle ACP, in which @ and p are now 
cnown. 


Pp 210.106 
Sin C= 4 = joo 
log 210.106 = 2.32: 
log 3U9 = ee 480054 
log sin | = U8524N0, Cle 42° 50! 24, and C -2 197° 9° 80", 


Sra. Tu find he angle A, DAC >: isu? — (0 4 ACD) 180" ~- 184 50 98" = 
15° 0’ 24’. DAC’ == 180° — (D + AC’D).. 180° — 70) 40" 24 cs 100" 19" 86". 

4th. Jo find OC. Compute OP and CP from the triangles APD and APC. 
DP —CP = DC, and OP + CP = DC’. 


5. Ina plane triangle ABC, the side AB ie 460, BC is J40, and AC 
230. Find the angles A.B, and C. 
A = 47° 23/16"; B= 37° 18’ 31"3 C= 45° 18) 18", 


6. The sides of a plane triangle are 40, 34, and 25 feet respect 
avely; required the angles. 
38° 25! 20", 57° 41 24" 83 8 16", 
% The sides of a plane triangle are 390, 350, and 270 feet reapect- 
‘vely; required the angles. 
42° 22' 06", 60° 52! 33", and 76? 45’ 21", 
8 Given two sides of a plane triangle 450 and 540, and the in- 
cluded angle 80°, to find the remaining parts. 
Angles, 56° 11’, 43° 49’; and the side, 640.08, 


9. Given two sides of a plane triangle 76 and 109, and the in- 
cluded angle 101° 30’, to find the remaining parta 
Angles, 30° 57° 30", 47° 32! 30"; and the side, 144.8. 
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FUNCTIONS OF THE ANGLES OF A TRIANGLE IN TERMS OF THE 
SIDES. 
92. Prop.—Any side of a plane triangle equals the sum of the 
products of each of the other sides into the cosine of the angle which it 
makes with the first side. 


Drem.—In the first figure AB —AD + DB. 
But AOD = bcos A, and OB =a cosB, .. e= 
bcos A + acos B. In the second figure AB = 


& AD — DB. But AD = 0b cos A, and DB= 
ZL. Sei Be: as \. a cos CBD = ua (— cos CBA) = ~acosB, .. ¢ 
Le) = b cos A -- (—a cos B) =b cos A + a cos B. 
“ In like manner, we have a = 0} cos C + ¢ cos- 
a a B, and J=acusC +ccos A, Collecting and 
ee fa —|P arranging. 
oe P (1) a =: dbcosC + ¢cosB; 
- a ere. D (2) bo =acosC + ecosA; 
(8) ¢ =acosB + bcos A. QE. D 
Fie. 20. 


93. Con.—The square of any side of a plane triangle equals the 
sum of the squares of the other tivo, minus fwice their rectangle into 
the cosine of their included angle. 

Duat.—From (3) (92), we have by transposing and squaring, 

a® cos’ B =: c® + 0? cos! A — 2be cos A; and 


from (83) a® sin? B == b* sin? A. 
Adding, a = + bt — Whe cosA. 
In like manner, 2? 2 a? 4+ ce — Que cos B; 
and ec -.a7 + 8% —QaubcosC. QE. D 


94, Sca.—These formula afford another means for finding the angles of a 
plane triangle when the sides are given. Thus, 





_ st 
(11) cos A= ie a 
(21) cos B = EA, 


(3:1) cos C = Pee a 
3ad 


These formula give directly the natural cosines of the anglea in terms of 


the sides, To adapt them to logarithmic computation, we transform them as 
follows: 


Subtracting cach member of (1,) from unity, 1 — cos A= 1— ee eee 


cemeanmmmemnttnaatttitdiinde ds ciate] 


a) 
a* — Bum e* + he _ (bart _ {a + (b—¢)t fa —(d el cyt _(a + h—¢)(a + e—b) 


we We be ; ~ Bbe 


> ¥ 
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But 1— cos A= 2sin*jA (57, O); anid letting p= a+ bte,iate b~o} 
=jp-—ec, and {a@+e—b=jp—d2 Whence, substituting, dsin" iA — 
ip —e)(ip— >) 9. 

2be i] 


(1s) sin gA= Vie ss Oye en a) Io like manner, 


(2s) sin 4B = / ees and 


ac 


(3s) sin gC = y/\ GP peek ae =9 


In a manner altogether similar, by adding each member of (1-) to unity, and 
reducing, we get 


(1s) cos fA = / GES and from (3,) and (3), 


(2.) cos 4B = Vv One p 4), 


ac 
par te 
: C= fe paankaee 
(33) Cos 4 = 


Dividing (1.) by (13), (22) by (2,), upd Ch) by (5), we bave. 
“Up -- “= C) top b), 
aa s 


(1,) tan jA = = ee 


€ a Gp — Gp ay, 
2) wane = 4 


‘ap ~ eB) (ip a) 
$) nie ay/ Ce 
(3,) i }plip ~ ¢ 


EXERCISES. 


{(Nore.—In order to render these furmula familiar, and to give the student 
exercise in applying formula, a few examples are appended. If necessary, any 
which precede can be used. ]} 


1. The sides of a plane triungle being 49, 34, and 25, flud the 
angles. 


Sotction.—Dy natural function. 
Let the sides be represented by a, 5, and e in order, and the angics opposite 
by A, B, and C; then 
+A —a* 1150 +625 — 1690 


« cae 722 P7 td F 
We ey = 10017. .. A= &3° 68’ 10, 
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There is no ambiguity in this case, since the cosine is +, and hence the angle 
The same angle is found by logarithmic computation, thus: 


a= 40 ...log = 1.602060 | log (ip — c) = 1.389166 

b=: U4... log = 1.531479 | log (Jp — 6) = 1.190332 
e=25 .. log = 1.897040 | ac. logo = 8.468521 
p90 .. log = 1.095635 | ac. loge = 8.602060 

ip = 40.5... .log = 1.694605 2)1.650079 
po—asz U5. . log = 0077724 ee ee 
i —b=15.5.. log = 1.190882 aie 
qp—e = 25... log = 1.380166 | log sinjA = = 9.825039. 


°. $A = 41° 56’ 38” and A = 83° 53’ 16”. 





In like manner the other angles may be found. 


2. The sides of a plane triangle being 6, 5, and 4, find the 
angles. 
The angles are 82° 49° OU", 55° 46' 16", and 41° 24’ 35". 
3. The sides of a plane triangle being 8601.5, 4082, and 7068, find 
the angles. 
The anyles are 5A® B85" 127, 28" 4 44, and 47° 207 4. 
4. The sides of a plane triangle being 2123864, 353871, and 
3090507, find the angles. 
The angle opposite the last side is 36° 18’ 10".2, 


AREA OF PLANE TRIANGLES, 


95. Prop.—The area of a plane triangle is equal to half the 
product of any two sides into the sine of the included angle. 


Deu.—Let ABC be any plane triangle. and 3 and 
¢ any two sides with Aas the iucluded angle, From 
the extremity of one of these two sides remote from 
A, ict fall a perpendicular p, upon the otber side 
Now, 





Area ACB = tyr. 


But, from ACO, p=dcin A, .°. Area ACB => 
Fre. 81. te sin A. Q. EK. D. 


96. Cor.— The area of a plane triangle is equal to the square root 
of the continued product of half tts pertrieter into half its perimeter 
minus each side separately. 
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DemM.—From the proposition, and since sin A = 2singA cos yA. we have, 
Area = jbe sin A = bc sin }A cos} A = be y/ Gp = Gp =>) yf wie a) ag 
EA EET ie = a en Ys oot be be 
a/ tp (ip —a)(ip—d)(ip—c). QE D. 


EXERCISES, 


1. Given two sides of a phine triangle 125.81 and 57.65, and the 
included angle 57° 25’. Find the area. 
wl reai=— 3045.%, 
2. Given the sides of a plane triangle 103.5 and 90, and the 
included angle 100°, to find the aren. 
Area = 4586.74, 
3. How many square yards are there ina triangle whose sides are 
30, 40, and 50 feet ? 
Areas. 664. 
4. Find the area of a triangle whose sides are 20, 30, and 40. 
Area. 208.4997, 
5. What is the area of a triangle whose sides are 30 and 40, and 
their included angle 28° 57’ ? 
Area z= 290,427, 
6. What is the number of square vards in a triangle, of which the 
sides are 25 feet and 21.25 feet, and their included angle 45° ? 
Area = 20.8694, 
%. Find the area of a triangle in which two of the angles are 80% 
and 60° respectively, and the included side 32 feet. 
Area = 679.33 square fect. 
8 Find the area of a triangular field having one of its sides 4% 
poles in length, and the two adjacent angles, respectively, 70" and 
69° 40’. 
Area = 1378411 square polea. 
9. Find the area of a triangular piece of ground having two 
angles respectively 73° 10’ and 90° 50’, and the side opposite the 


latter 75.3 poles. . 
Area = 748.03 square poles. 


PRACTICAL APPLICATIONS. 


{Nore.—The following problems are inserted, not as any part of s treaties 
upon the subject of trigonometry as pure science, but as affording the student 
rood mental exercise, and valuable and interesting information.) 
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1. To find the length (in miles) of a degree of longitude at Ann 
Arbor, Mich. 

So.uTion.—Let NESQ be a meridian section of 
the earth, EQ the equatorial diameter, and EL the lati- 
tude of Ann Arbor, 42° 10’ 48.3. A degree of longi 
tude at L is 31, of the circumference of the circle 
whose rndius is LO. CL the radius of the carth at 
this point = 3957.* Now in the right angled triangle 
LCD, we have CLO = ECL = 42° 16’ 48'".3, and CL = 
3057; whence, LD == CL x cos 42° 16’ 48’.3, and LD 
== 2027.6... A degree = 61.1 miles. As a degree in 

Via, 22. longitude makes 4 minutes difference in time, 51.1 
miles cast or west on this parallel is equivalent to 4 minutes difference in time. 





Queny.—How docs it appear from the above solution that the length of a 
degree of longitude varices as the cosine of the hititude ? 


2. To find the distance of a planct from the earth at any par- 
ticular time. 


SoLutTIOoN —To render the problem us simple as possible, we will suppose two 
observatories on the same meridian, at N, and 
N’o and that when the planet P is on the same 
meridian, the angles ZNP, and Z’N’P (the 
zenith distances) are measured. With these 
datas and tbe radius of the earth, CN, CN, 
known, the problem comes quite within the 
scope Of the present study. The process is 
as follows: The arc NN’ being known, the 
angle NCN’ is known. Then in the triangle 
NCN’, two sides and the included angle sre 
known, whence the other parts can be found 
Now, knowing the angles PNC, PN’C, and 
Fro. 23, CNN’, CN’N, we enn find the angles PNN’, 
PN’N. Thisatfords sufficient partsof the triangle PNN’ to determine the triangle, 
and we find PN, or PN’. Finally, in the triangle PNC, we know PN, NC, and 
the included angle; whence the other parts can be computed. But PC is the 
distance sought, 





3. Suppose in case of the moon, the angles PNZ, and PN’2’, being 
measured, are found to be respectively 44° 54/21", and 48° 42’ 57", 
the distance between the points of observation N and N’ is 92° 14, 
and the radius of the carth is 3956.2 miles; find the distance to the 


moon. 
Distance = 237,954.098 miles. 





* The equatorial radius of the earth is $969.8 miles; bat in comeequence of the flattening ta 
the direction of the polar diameter it le less bere. 
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4. Required the height of a 
hill b above a horizontal plane 
AB, the distance between A and 
B being equal to 975 yards, and ad é 
the angles of elevation ut A and ad ot ! 
B being respectively 15° 36° and 5 RO Be a 
2c 20. 





OC = OST.61 yards 

5. Find the area of a regular hexagon, and also of a regular 
octagon, whose sides are cach 10 feet. 

-Areas, 200.8, and 482.84 square feet 


6. Find the arca of a regular pentagon, and also of a recwar dec. 
agon, Whose sides are cach 12 feet. 
Arcas, 247.74, and 1107.96 square feet. 


?. Wishing to know the length of a certain pond of water, I 
measured a ding 100 yards in dength, and at each of its extremities 
observed the angles subtended by the other evtremitw and a couple 
of trees at the extremities of the pond. Phese aucles were, atone 
end of the line, 32° and 98°, and at the other, S77’ and Tle’; what 
wus the length of the pond ? 


Draw the horizontal line AB equal te 100; Cc en ID 
innke the angle BAD 32°, BAC os ABC 87°, 00 6” we 
and ABD LIS’, ‘The intersections of (he lines a of 
AC and BC, AD and BO, determine the ev tremi- — a 
tics of the pond; the straight line CO in the \ ye 
length of the pond. DS a 7 

CD = 161.988 yards. A caeerasomad 8 


8 The distances AB, AC, and BC, het ween 
the points A,B, and C,are known; viz, AB = 
800 yds. AC = 600 yds, and BC = 400 yda. 
From a fourth point P, the angles APC and BPC 
are measured; viz. APC = 33° 45, 
and BPC = 22° Bu’. 

Requir:d the distances AP, BP, and CP. 
AP = 710.193 yds 
Distanees,4 BP 034.291 yda 
CP = 1042.522 yda. 
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Bra’s.—Conccive the circumfcrence passed through A, B, and P, and AD and 
OB drawn. In the triangle ADB, angle DAB = the given angle OPB, and OBA 
= APD. Hence, all the parts of triangles AOB can be found. Again, since the 
sides of the triangle ACB are given, its angles can be found. Then, since angle 
CAB — DAB = CAD, there are two sides and the included angle known in 
triangle ACD; whence angle ACD can be found. Thus we reach the triangle 
ACP, in which there are now known AC and the angles, 


9. From the top of a mountain, three miles high, the angle of 
depression of a line tangent to the earth’s surface is ¢aken, and 
found to be 2° 13' 27". What is the diameter of the earth, considered 
as u sphere ? 

Ans., 7958.3 miles. 


10. Taking the sun’s mean apparent diameter as 32° 3".4, and his 
distance from the carth 91,430,000 miles, show that, if his centre 
were coincident with the earth’s, his body would extend in all diree- 
tions nearly 200,000 miles beyond the moon. (See Ex. 3.) 

Sun’s diameter = 852,574 miles. 


11. Assuming the height of the Great Pyramid to be 486 feet, how 
fur off may it be seen across the desert ? 
Ans., 2% miles. 
12. What was the perpendicular height of a balloon, when its 
angles of elevation were 35° and 64°, as taken by two observers on 
the sume level, at the same time, both on the sume side of it, and 
in the same vertical plane; the distance between the two observers 
being 880 yards ? 
Ans., 935.757 yards. 


13. Given two sides of a parallelogram 60 and 80, and a diagonal 
100. Is this the longer or shorter diagonal? What is the other? 
What are the angles of the parallelogram ? 


14. A balloon being directly over one of two towns standing on 
‘he same horizontal plane, at a distance of eight miles from each 
cther, the angie of depression to the more remote town was observed 
by the wronaut to be 10°. What was the height of the balloon ? 

Ans., 1.41 miles. 

15. The most recent observations make the sun’s horizontal par- 
atlax 8’.94, and the earth’s equatorial radius 3962.8 milea Show 
that the distance of the sun from the earth is nearly as given in Ex. 
10, instead of 95 millions of miles, us it bas been heretofore con- 
sidered. 


CHAPTER IL 


SPHERICAL TRIGONOMETRY. 


INTRODUCTION. 
PROJECTION OF SPHERICAL TRIANGLES. 


97. To Projecta Spherical Triangle on a plane surface 
is to draw the triangle on that surface so that it will present the 
same appearance to the eye, situated ata particular point, as when 
drawn on the surface of a sphere. 


98. The Simplest Method of projecting o gpherical triangle 
x to project iton the plane of one of tts sides, the eve being supposed 
situated in the axis of the sphere perpendicular to this plane, and at 
an infinite distance from it. The plane is called the /lane of Pro- 
jection ; and its intersection with the sphere ix called the Prinitive 
Circle, and is the base of the hemisphere ou which the triangle is 
conceived a8 situated. 


99. Fundamental Propositions,—ist. When the parts of 
a spherical triangle are each conceived as leas than U0, any auch 
triangle can be represented on a hemiaphere. 


2a. The primitive Circle has ita arte, and consequently ttx pola, 
projected al tla centre. 


3d. The semi-circumference of any circle of the aphere, perpendic- 
ular tothe Primttive Circle, in projected in the chord representing 
the intersection of the circles ; and, if the perpendicular circle be a 
great circle, tls semi-circumference is projected tn a diameter of the 
Primitive Circle. 
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I11.'a,—These propositions are direct consequences of the fundamental con- 
ception. Thus, let ABA’B’ represent the base of the hemisphere on which the 
triangle is conceived as situated. This is the 
Primitive Circle, and the cye is supposed situated 
at an infinite distance, and in a line perpendicular 
to the plane of the paper at P. The pole of the 
Primitive Circle being in this line is projected 
(seen as) at P. As all great circles perpendicular 
to the Primitive Circle pass threugh its pole and 
include its axis, the cye is in all such planes, and 
any lines of these planes, as the semi-circumfer- 
ences of the great circles in which they intersect 
the sphere, are projected (appear to the eye) as 
diameters of the Primitive Circle. Moreover, 
since the cye is at infinity, it is to be conceived as in 
the plane of any small circle which is perpendicular to the primitive, and which 
is therefore projected In a chord, as CC’, 





Fia. M4. 


PROJECTION OF RIGHT ANGLED SPHERICAL TRIANGLES. 


100. Prob, 1.—To project a right angled spherical triangle on 
the plane of one of its sides, when the two sides about the right angle 
are given.® 

Ro.ution.—Let the angles of the triangle be represented by A, B, and C,A 
being the right angle. Let the sides opposite these angles respectively be rep- 

resented by a, 3, and¢; whence 6 and ¢ are the 

given sidex, Draw the primitive circle and the 

\y’ ; a | diamcters BB’, NN’ at right angles to each other. 

‘4 | = From B Jay off BA =e Let the right angle be 

\p A: whence the side > is perpendicular to the 

| : primitive circle, and projected in the diameter AA’, 

ip a Fe Tou project the vertex C, conceive the semi-circum- 
Jk Ps | ference, of which AA’ is the projection, to revolve 
is \- on AA’ until it falls upon the semi-circumference 
—T ot? ABA, then will the point C fall atd. Hence make 
Ae Ad = d. In like manner revolving the semi-cir- 
ad cumference, of which AA‘ is the projection, until 
it falls upon A‘B‘A, the point C will fall at d. 

Fro. $5. Hence make Ad’ =}. The point C will de- 

acribe the semi-circumference of a small circle 

perpendicular to tic primitive circle, and whose projection is dd. Now, as the 


2h RE AD A YR a 








aces ae ARMIDALE Am Smee AMT E NT WHINE tb Ym 


*In thie treatise the discussions embrace only such triangles as have cach part lees than 
190°. 

¢ For the purpoees for which we shall nee these projections, an arc can be laid off with 
eafficient accuracy by obeerving its relation to 90°, 60°, *, or some aliquot part of the circum 
ference, which ie readily obtained on geometrical principics. 
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projection of the vertex of the triangle € fs at the same time in AA‘ and dd’. it 
must be at their intersection. Finally, the hypotenuse a is projected ina ance 
passing through B, C, and B’, since two great circles intersect at the extrenitics 
of adiameter. This curve is really an ellipse, but for our present purpose it 
may be considered as the are of a circle passing through B,C, and B’. There- 
fore, BAC is the projection required. 


QvERies-—Will a solution of this problem be possible for all valuca of 8 and 
¢? Wow does it appear from the projection ? 


FXAMPLES, 


1. Having given } = 110°, and ¢ == 60°, to 
project the triangle. See Fig. 26. 

2. Having given d :~ 50°, and ¢ 2- 10", to 
project the triangle. 

3. Waving given b=. 90°, and e 22 30°, to 
project the triangle. 


4. Having given @ = 90°, and ¢ := 90°, to 
project the triangle. 





101. Prob, 2.—To project a right angled spherical 


when the hypotenuse and one aide are given, 


SoLuTiIon.--Using the common notation, Jet ¢ represent the dneown aide, 
Drawing the primitive circle and the conjugate * diameters BB’, NN Iny off 
BA == ¢, and draw the diameter AA, The projec- 
tion of 8 will Jie in AA’, and the projection of the N 
vertex C will fall somewhere in this line, Now gers 
the arc a lies in a semi-circumfercence passing 
through 0 and 8B’. Conceive this semi-circumfer- 
ence to revolve on BS’, as an axis, till it coincides, 
first, with BNB’, and then with BN'B. The point 
C will trace the scmi-circumference of a small 
circle perpendicular to the primitive circle, and 
whose projection is dd’. Hence, making Bd = Bd 
==: @,and drawing dd", the projection of the vertex 
C lies at the same time in AA’ and dd’, and is there- 
fore at their intersection. Passing an arc of a 
circle (strictly an ellipse) through BCB’, we huve 
ABS, the projection desired. 





* Two diameters of a circle which are at right angles to each other are calied 
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Qouenrres.—Will a solution of this problem be possible for all values of a and 
¢® Ifa had been greater than ¢ in the above case, would the solution have 
been possible? Will dd’ and AA’ always intersect, whatever may be the relative 
values of a and ¢? 


EXAMPLES. 
1. Having given ¢ = 75°, and a = 64°, to project the triangle. 
2. Having given ¢ = 45°, and a = 136°, to 
project the triangle. 
3. Having given 6 = 110°, and a = 85°, to 
project the triangle. See Fig. 28. 


4. Having given 6 = 110°, and @ = 120°, 
to project the triangle. 


5. Having given ¢ = 90°, and a = 75°, or 
a = 120°, to project the triangle. 





Query.—If one side of a right angled spherical 
Fra, 98. triangle is 90°, what must the hypotenuse be ? 
Why? 


IZ. Prob. 3.—To project a right angled spherical triangle 
when an oblique angle and the hypotenuse, or the oblique angle and 
the adjacent side are given. 


So.ution.—Draw the primitive circle and the conjugate diameters BB’, NN’ 
aa usual, To construct the given angle B, we observe that this angle is 
' measured by an arc of the great circle which is 
projected in NN’. Hence, lay off Nd =Nd = B, 
ro and draw dd’; then is NO the projection of the 
a arc which measures B, and the projection of 
a lies in the are passing through BO8’.* Having 
the angle B projected, if the hypotenuse @ is the 
other given part, find the proycction of C by 
taking Be = Be’ = a, and drawing ce’. Com- 
plete the projection by drawing AC through P. 
When the adjacent side c is given, take BA = e, 
and draw AC as before. [The student will be 
able to give the reasons. } 





Fie. 9. 103. 8cu.—As OP is the cosine of the angle 
ABC, the point O may be found by measuring 


* Aw hae deen remarked, thie are is really a semi-ellipse. This fact. together with the 
the correct projection of the hypot 
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from P (towards N if 8 < 90°, and towards N’ if B > 90°) a distance equal to 
the natural cosine of B. 


Querv.—Is the solution of this problem possible for all valucs of the hypot- 
enuse or adjacent side, and the angle? 


EXAMPLES. 
1. Having given B = 65°, and the hypotenuse a = 120°, to project 
the triangle. See Fv. 30. : 


2. Having given C = 45°, and the adjacent 
side & = 50°, to project the triangle. 


8va's.—Project the angle C as the angle B of 
the preceding, and lay off 6 = 50° from its vertex 
on the circumference of the primitive circle. 


3. Having given C = 170°, and hypote- 
nuse a = 160°, to project the triangle. 





Fig. 30. 
4. Having given 8 = 150°, and ¢ = 40°, to project the triangle. 


104. Prob. 4.—To project a right angled spherical triangle 


when an oblique angle and side opposite are given, 


SOLUTION, — Project the given angle at B, Figs. 31, 32, as in the last problem. 
Then, from any point in the circumference of the 
primitive circle, as N, take NO’, in the diameter 
passing through that point, equal to the projection 
of the given side. (This is done by taking Nd == 
Nd’ = },as in Prod. 1, and drawing dd). Now, 
with P as acentre, and radius PO’, describe a cir- 
cumference cutting BOB’. One extremity of the 
given side 5 will be projected in this circumference, 
since this circumference contains the projections of 
all the points in the surface of the hemisphere 
which are at a distance 6 from the circumference Fie. 81. 
BNB'N’. But the vertex C is also projected in the 





eotec, belong toa treatise on Conic Sections. In thie case, 8B’ and 2OP are the azes ¢ 
eviper, and the cerve can be constructed by taking BP as a redias. and striking arce from O 
&i& centre. cattirg BB’. There intersections are the fori of the required ellipse. Then teke 
a string eqcal in length to 88’. and. fastening its ends to the foci. piace @ pencil against the 
ating, and keepirg the string tight. carry the pencil around the carve. 
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arc BOB’; hence, it must be at the intersection, 
Cc, C’. Drawing the projections of the perpendic- 
ulars CA, and C’A’, the projection is complete, 


Querms.—When will there be two triangles 
fulfilling the given conditions? When but one? 
When nonce? When there is but one triangle what 
kind of a triangle is it? If B > 90°, must d ba 
greater or less than B in order to have two soln. 
tions? If B < 90°, how is it? If B > 90°, can d be 
pee, less? If B <90°, cand > 90°? 





EXAMPLES. 
1. Given C = 120°, ¢ = 150, to project the triangle. See Fy. 33. 
2. Given C = 80°, ¢ = 60°, to project the triangle. See /%g. 34. 


\ 
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Fie. 3B 


3. Given B = 70°, 6 = 70°, to project the triangle. See Fivg. 35. 
4. Given B = 64°, 6 = 75°, to project the tnangle. See Fig. 36. 


i! 





Fou. 8. Pre. 38. 
' §. Given B = 160°, 3 = 110°, to project the triangle. 
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105, Sca.—When the given parts are the two oblique angles, the projection 
js most readily effected by first computing one of the sides. The projection in 
this case will be considered in connection with the numerical solution of Ure 
case, in the next section. 
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106. Prob. 1.—To project a spherical triangle when two aidas 
and the included angle are given. 


So.ution.—Let a, ¢, and B denote the given parts. Project the given angle 
Bat some point in the circumference of the primi- 
tive circle, as B. Lay off one of the given sides, as 
e, from Bon BNB’. Let BA=c¢, Determine the >”, 
extremity Cof the projection of the other given side al . ; 


ad, as in Prob, 2, ete, and drawing the diameter / ‘oo cm 
AA’, pass the are through ACA’; BCA is the pro- éi 
jection sought. \ ae , ; 
ie we : C A 
QveEry.—Is this projection always possible, what B ween / 
ever the relative magnitude of the given parts % Be 
Db YZ 
Fiu 39 


EXAMPLES. 
1. Given A = 130°, ¢ ~ 85°, and & = 100%, to project the 


2, Given © = 40°, a = 37°, and & =: 80’, to projcet the triangle. 


107. Prob, 2.—To project a apherical triangle when woo sides 
and an angle opposite one of them are given. 


BoL_utTion.— Let the given parts bea, b,and B. Make the projection upon 
the plane of the unknown idee. Thus, drawing the pritnitive circle and the 
conjugate diameters BB’, NN‘, conceive ¢ as projected froin B un the arc BNB’, 
and project the given angle B as in preceding Nt am 
problems. On the arc BB’, take BC — the pro- 
jection of the given adjarent side a To deter. 
mine the projection of the opposite side 4, describe 
a circle about P, aga centre, with a radjus PC. 
Through C draw PO, and taking Od = Od -. 6 
draw dd’. Through the intersections 0, o of dd 
with the circumference of the small circle, draw 
the radii PA, PA’. Finally, passing arcs through 
the points A,C,A”, and A‘,C, A’, BAC, and 
BA‘C are the projections of tangles which fulfill 
the given conditions. The prujections of B and 
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@ were made upon principles previously established; and it only remains to 
show that AC, and A’C are projections of b. Since by construction OL is the 
projection of an arc equal to 4, the projections of arcs of great circles connect- 
ing O with o and o’ are projections of arcs equal to 6. But the figure DoP 
=: ACP, and Do’P = A’CP;; therefore AC = A’C = Do = the projection of 6. 


108. 8cn.—It is evident that this problem has one solution, two solutions, or 
no solution, according to the value of 6 as compared witha and B. Thus, if the 
projection of 6 = OC, «and o’ coincide, there is but one solution, and the tri- 
angle is right angled at A (which in this case falls at D). Also, if the projection 
of 6 is intermediate in value between DC and only one of the arcs BC, B’C, there 
is only one solution. If, however, as in the figure given, the projection of 5 is 
intermediate in value between DC and doth BC and B’C, there are fro solutions. 
Finally, if 0 is given of such value that the chord dd@’ does not touch the small 
circle, there is ro solution. The latter case occurs when B < 90°, if the projec- 
tion of ) < DC; and when B > 90’, if the projection of 6 > OC, as will appear 
from Higa. 38, 39. 


We may observe, also, that there ure feo solutions when o ando’ both fall on 
the same side of BB’ as ¢; one solution when 0 and o’ coincide, and when they 
fall on opposite sides of BB’ ; and no solution when o and o' are imuginary, ¢.¢., 
when dd’ does not touch the small circle, or when both fall on the opposite side 
of BB’ from ec. 


EXAMPLES, 


1. Given B = 110°, a = 120°, and 6 = 83°, 
to project the triangle. See Fg. 39. 
2. Given B = 110°,a = 120°, and d = 130°, 
_ © to project the triangle. 
Wy 3. Given ¢ = 64°, a = 120°, and c = 75°, 
to project the triangle. 
4. Given C = 80°, 5 = 60°, and ¢ = 40°, 
to project the triangle. 
5. Given C = 112°, B = 75°, and c = 150°, 
Foo, 38. to project the triangle. 





109. Prob. 3.—To project a spherical triangle when the three 
are given. 
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Sotuttox.—Drawing the primitive circle and the conjugate diameters, an 
usual, take BA = ¢, the side on the plane of which it is proposed to project the 
triangle. Take Be = Be’ = a and draw ee’; then 
as before shown, the projection of the vertex C 
lies in ee’. In like manner taking Ad = Ad’ = 8, 
and drawing dd the projection of C lies in dd’, 
The intersection of the chords ¢¢ ard dd’ is there- 
fore the projection of the vertex C. Finally, 
passing arcs through ACA’ and BCB’, the projce- 
tion is complete. 


Qverres.—THow does the projection show the 
impossibility when the sum of the three sides is 
greater than 360°% How when the sum of two 
sides is less thun the third side ? 





EXAMPLES, 

1. Given a= 100°, b= 80”, and ¢ ... 6 
to project the triangle. 
2. Given a = 108°, b = 120° and e .. * 
to project the triangle. See Fig. 41. 


3. Given a= 120°, 6 = 60°, and ¢ =: 
to project the triangle. 





4. Given a= 150°, & = 140°, and c .: 
170°, to pruject the triangle. 


SECTION 1. 
SOLUTION OF RIGHT ANGLED SPHERICAL TRIANGLES, 


110. Spherical Trigonometry treats of the relations be- 
tween the trigonumetrical functions of the sides and angles of 
spherical triangles, and of the solution of such triangles by means of 
these relations. 


111. 8cn.—In the present treatise we shall confine our attention 
none of whose sides or angles exceed 180°. 


>. The Six Parts of a spherical triangle are the three 
sides and the three angles: any three of these being given, the others 
may be found. 
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3. Bcn.—The last statement involves the assertion that the three angics 
of a spherical triangle determine the sides, whercas we are accustomed to say 
in Plane Trigonometry, that, at least one given part of a plane triangle must be 
a side, in order that the triangle may be determined. There is really no such 
difference as these two statements imply. For example, if we have the angles 
of a plune triangle given, we know the ratios of the sides to each other, since 
the sides are to cach other as the sines of the angles opposite ; but we cannot 
determine the absolute calucs of the sides. This is in accordance with the state- 
ment that mutually equiangular plane triangles are similur figures (not neces- 
sarily equal). Now these are exactly the facts in the case of spherical triangles, 
tf we do not limit them to the same or equal apheres. Thus, the angles of a spheri- 
cal triangle being given as 48° 30°, 1257 20°, and 62° 54, we solve the triangle by 
the rules of spherical trigonometry and find that the sides are 567 39° 30”, 
114° 20’ 58", and 83° 1276". But, so long as the radius of the sphere is unknown, 
these results are merely the relative values of the sides, not their absolute lengths. 
Morcover, consider two concentric spheres whose radii are me and x. Now, any 
triangle being constructed on the one, if planes are passed through its sides 
intersecting at the common centre, their intersection with the surface of the 
other sphere will form a triangle mutually equiangular with the first, and any 
one side of the one triangle is to the corresponding side of the other, as the radii 
of the spheres; hence the homologous sides are proportional, We see, therefore, 
that to determine absolutely a spherical trianele, itis necessary to hnow one of 
the sides in dinear extent as well as angular measure, or, what is equivalent, 
the radius of the sphere must be known, 


114. The Spectes of ax part of a spherical triangle is deter- 
mined by its relation to 90°. Pwo parts, both greater or both less 
than 90°, are of the same species two parts, one of which Is greater 
and the other Jess than 90°, are of different species. Thus, two parts 
Which are 58°. and 63°, respectively, are of the same species; two 
which are 160. and 115°’, are of the same species: two which are 
120°, and 48 , are of different species. 


Napier's Five Clreularv Parts are the two sides of a 
right angled spherical triangle about the right angle, and the comple- 
ments of the hypotenuse and of the oblique angles. These terms are 
merely conventional, and are applied exclusively to right angled 
triangles. 


Int.—In a spherical triangle ABC, right angled at A, the 
sides 6 and ¢, the complement of hypotenuse a, and the com- 
plements of the angles B and C, are the circulur parts, We 
may designate them 4, ¢, comp @, comp B, and comp C. 

[it is essential that this nomenclature and the statements 
of the two following paragraphs be clearly understood, and 
firmly fixed in the mind, in order that the phraseology of 
the fundamental rules may be intelligible.] 
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3. When five things occur in succession, as it were in a cirele, 
like the circular paris 4, ¢, comp B, comp a, and comp ¢, in the 
preceding figure (no account being made of A), it will be observed, 
that, taking any three at pleasure, one of the three may always be 
selected Which lies adjacent to each of the ethers, or separated from 
each ofthem. Ofthe three parts thus considered, the Middle Part 
is the one which has the other two adjacent to or separated from: it; 
while the latter are called the Lurtrentes, adjacent or opposite, as 
the case may be. 


Inu’s.-—Let the three parts under consideration be comp a, 4, and e; camp a 
is the middle part, and b and ¢ are the epposite extremes, Uf 4, ¢, and comp C 
are under consideration, } is the middle part, and ¢ and comp © are the adjacent 
extremes, 


117. Scn.—In solving a right angled spherical triangle, there are slwaya 
three parts under consideration at once, viz., the two given party and the part 
soucht, no mention being made of the rirht angie, Now, the first question to be 
settled in order to a solution is, Which op he three parts under consideration os the 
middle part, and are the extremes opposite ar adjacent? Beginners are very linhle 
to make mistakes by failing to use the eomplanciés of the proper parts; or by 
not correctly distinguishing the middle part, and the character of the extremes, 
as Opposite or adjacent. The student should practise upon such simple exer. 
cises as the following until the questions can be answered iastantly, and with- 
out : 


EXERCISES, 


1. In Fig. 42, given a and c, to find ©. What are the circular parte 
under consideration 2° Which ia the middje part? Are the extremes 
adjacent or opposite 7 

Ansieere-The circular parts are comp a,c. and comp C. ¢ in the 
middle part, and the extremes are opposite. 


2. Having C, and « given, to find & What are the circular porta? 
Which is the middle part? Are the extremes adjacent or opposite ? 

3. Having ¢, and 4 given, to find 6. What are the cirenlar parts? 
Which is the middle part? Are the extremes adjacent or opposite ? 

4. Having a. and 4 given, to find ¢. What are the circular parts? 
Which is the middle part? Are the extremes adjacent or opposite? 


5. Having B and C given, to find 6 What are the circular parte? 
Which is the middle part?) Are the extremes adjacent or | 
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¢. What are the opposite extremes when 6 is the middle part? 
What the adjacent extremes? Which are the opposite and which the 
adjacent extremes when c is the middle part? When comp B is the 
middle part? When comp c is the middle part? When comp a is 


the middle part ? 
Y. What part is middle part to comp C and ¢ as adjacent ex- 


tremes? As opposite extremes? 
Ans., 6, and none. 


8. In Fig. 43, M being the right angle, 

be O what are the circular parts? Given o and mM, 

M to find 0. What are the circular parts under 
consideration ? Are the extremes adjacent or 


opposite ? 


9. What are the opposite extremes to comp 
N O? What the adjacent? To comp m? To of 
Fra. 43. To n? 


NAPIER’S RULES, 


118. Rule I. Prop.—In any right angled spherical triangle, 
the stne of the middle part equals the pro- 
ae duct of the cosines of the opposite ex- 


fh. 
x ae fremes. 


JZ IN 
“s 


i a 


Dem.—In the spherical triangle BAC, right 


O<.. a ee ene «\ 
‘4 / angled at A, taking 4, ¢, comp B, comp C, and 
L _¢ comp @ in succession as middle parts, we are to 


fo prove that 





Fie. 44. 


sin } = cos (comp a) x cos (comp B), or sind’=sina sinB; (1) 


ain ¢ = cos (comp a) x cos(comp ©), or siue = sina sin C; (2) 
sin (comp B) = cos b x cos (comp C), or cos B = cosdeinC; (8) 
sin (comp C) = cose x cas (comp B), or cos C = cos cain B (4) 
sin (comp a) = cos 6 x cos Cy or cos a = cos é cose (5) 


To demonstrate these relations, let O be the centre of the sphere, and draw 
the radii OA, OB, and OC. The angles BOC, AOC, and AOB, are measured 
respectively by a, 6, and ¢, the sides of the triangle ; hence these angles at the 
centre and their measuring arca may be used interchangeably. From one of 
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the oblique angles, as C, let fall a perpendicular upon the radius OA. From 
the foot of this perpendicular draw DE perpendicular to OB, and join C and €. 
Now CDE is a right angle (Part IL, £26), CE is perpendicular to OB (Pant LL. 
399), and DEC is the measure of angle B of the triangle (Part IL, 538). 


CD = sin d, OD = cos db, CE = sina, and OE = cosa. 


From the triangle CDE, right angled at D, we have 
CO = CE x sinCED, or sind = sina sin B. (1) 


Generalized, (1) becomes, The sine of either side about the right angle - the 
sine of the hypotenuse into the sine of the angle opposite the side. Hence, from 
analogy to (1), we may write 

sine = sina sin C. (2) 


Or (2) may be proved in the same manner as (1), 
by letting fall from B a perpendicular upon OA, HO 
from its foot drawing DE perpendicular to OC, E \ Ne 
and joining E and B. Then BD -: sine, OD = ea ae 
ccs c, BE = sin a, OE == cos a, and angle BED = » \ 
angle C. From the triangle BODE, we have \ 


‘ 
D0 

8D = BE x sin BED, or sine = sinasinc. (2) ~-. 3S Wa 
8 


To prove (3), we have from the triangle CDE, 
Fig. 44, Fw. 4 


cos CED = nak or eo B= ED 
CE hind 
But from triangle OED, rightangled at &, ED = OD ~ sin DOE = cos b wine = 
[from (2)], cos 6 sina sin C. Substituting this value of ED, we have 
cosh sina sin 


: =: cosh sin C. (3) 
Bina 


cos 8 a 


We may write (4) from (3) by analogy, as (2) was from (1); or, better, let the 
student produce it from Fig. 45, as (3) was produced from Fis. 44. 
Finally, to produce (5), consider the triangle ODE, In cither figure, right 
angled at E. This gives 
OE =O0D »~ cos DOE, or cona =conh cose. (8) 


119. Rule 2. Prop.—In any right angled spher- 
ical triangle, the sine of the middle part eqnala the pro- Cc 
duct of the tangents of the adjacent extremes. 


avust.—In the spherical triangle BAC, right angled at A. taking 
b, ¢, comp B, comp C, and comp a, in succession as midjle ~**- 
we are to prove that, 
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sin b == tane x tan(compC), or sind = tane cotC; (1) 
sine = tand x tan(comp 8B), or sine == tand cot B; (2) 
ain ‘comp B) = tane x tan(compa), or cos B = cota tane; (3) 
sin (comp C) = tand x tan(compa), or cosC = cota tand,; (4) 


sin (comp a) =: tan (comp B) x tan(comp C), or cosa = cot B cot C. (5) 


Taking the formule of Rue 1st, and in the second member of each substitu- 
ting the value of cach factor ag found in some other of the set, we readily 
write the following 


; sin ¢ cas c _ sine — cos Cc 
sin db = sinasinB = c= = . .< stanecotC; (i) 
sin cose cose bin C 
: sin } cos B sind cosB 
sine — sinasine — -.- -- a—ee X -, -. cz tfandcotB: 2 
sin Beos} cosb ~ kin® ;  (@) 
. cos asin ¢ casas sine 
cos B = cosd sinc — peer ay x-—— = cota tane; (3) 
cose sina sind = cose 


ces a sind cosa sin b 
we Sao ge Oe 

cos & sina phat COs DB 
cosBeosC cosB case 


cos @ == cos 0 COS ¢ = ~~ 2 ee te KX Ow ee 2 COtB cotC. 5 
sinCsanB sinB sinc (5) 


cos C = cose sin B = = cota tanb; (4) 


Q. E D. 


120. Scn. 1.—It will be a good exercise for the student to demonstrate 
Reve 2d from the = an- 
nexeid tizures, as RULE Ist 
was from Figs. 44 and 45. 
The 5th is not as readily 
\\ obtained from the figure 
\ as the others. The stu- 


mr 


~s 


“en 


oN 
n“", . 
~ 
Ne 


lowing relations, some in 
one figure, and some in 
Fie. 43. the other. 


aye 
B 





OD _ _AD _ za } AD 
Cos a = OF “nog = bease. But, cot C = AE = and cot B = Ac 


sin Bb sin ¢ 
; whence, cot B cot C = <== cos b cose. «. cosa = cot B cot C. 


~ tan? land tanc 


£22. Scn. 2.—It is of much importance, especially for the purposes of 
Spherical Astronomy, that the student observe that the relations expressed in 
the above formule, and in fact all the relations between the sides and angles of 
spherical triangles, are also the relations between the facial and diedral angles 
of triedrals. Thus, ifa, 5, and ¢ represent the facial angles, and A, B, and C the 
opposite diedrals, all these relations can be established, and in exactly the same 
manner as above, withoul any ailusion to the epherical triangle. [The student 
should do it.) 


DETERMINATION OF SPECIES. 


DETERMINATION OF SPECTES. 


122. In the solution ef spherical triangles the determination of 
the species of a part sought becomes of essential importance, since 
any part of such a triangle may have any value between O° and 180°, 
Hence, when we have learned the numerical value of any function of 
a part, we have yet to determine whether the part itself is less or 
greater than 90°, 7. ¢, the species of the part. This may always be 
effected by some one of the following propositions. 


123. Prop.—If the part sought is found in terms of its cas, 
fan, or cot, its species can be deterinined by the alyrbraie siqus of the 
functions tn the formula used. 


{.—In each of the formula arising from the application of Napler’s rules, 
there are three functions, the ares corresponding to two of which are always 
known, hence the algebraic signs of their functions are known, and the algns 
of these two determing the sigu of the third or unknown fonction Now, when 
acos, tup,or cot is 4), the corresponding angle is tess than WO" Gf less than 
180°); and when one of these fupctions is the corresponding angle is preatog 
than 00°; ¢@¢., in a triangle, itis between 90° und 180), : 


124. When the part sought is found in terms of its sine, the 
species cannot be determined by the signs of the formula, since the 
part being less than 180° its sine is always +. The three following 
propositions dispose of such cases. 


125. Prop.—An oblique angle of a right angled spherical trt- 
angle and ttx opposite side are always of lhe same xpecies, 


t—From Napicr’s first rule we have, cos B co coxbain ©. But ain C is 
necessarily + ; therefore, ccs B and cosd always have the asine sien, und B and 
6 arcof the same species. In like manner, we see froin cos C -= cose sin B, thas 
C and ¢ are of the same specics. Q EK. D. 


3. Prop.— When the hypotenuse of a right angled spherical 
triangle ts less than 90°, the other two sides (and ~ 
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oblique angles) are of the same xpecies with each other. But when the 
hypotenuse ix greater than 90°, the other two sides (and consequently 
the oblique angles) are of different apecies from each other. 


Deu.—From Napier's first rule we have, cosa = cos} cose. Now, if 
a < 00°, coxa is + ; hence cosd and cos ¢ must have like signs, and 5 and ¢ be 
both less or both greater than 90° But ifa > 90° (and less than 180’, as it is), 
cos ais — ; hence, cos d and cose must have different signs, and 6 and ¢ be one 
greater and the other less than 90°. Finally, since the oblique angles are of the 
sane species as their opposite sides, they are of the same species with each other 
when @ < 00", and of different species from each other when a > 90°. 


127. Prop.—When a side and its opposite angle are given in a 
right angled spherical triangle, there is NO solution if the xine of the 
aide ix greater than the sine of its opposite angle; there is ONE 
solution and the triangle is bi-rectangular if the sine of the side 
equals the sine of tls opposite angle ; and there are TWO solutions tf 
the sine of the side is less than the sine of its opposite angle. 


Diem.—We have sind = sina sin B, or sina = uae Now, sind > sin B 
makes sin > 1, which is manifestly impossible. Sind — sin B makes 6 = B, 
since they are of the same species. But when the arc included by the sides of 
un oblique angle of a right angled spherical triangle is equal to the angle, the 
vertex of the angle is the pole of the are. Hence, in this case the other sides of 
the triangle are each 90°. Finally, if sind < sin 8, @ has two values, one 
greater and the other less than 00°. Hence there are two triangles. 


Sceu.—These relations between an angie and its opposite side may be 
observed directly from a figure. When B < 90’, the measure of it, that is 
= B,is the greatest included perpendicular which 
can be drawn to one side of the lune BAB’C. Hence, 
in this case, 6 cannot exceed 8B, which implics that 
sin 6 cannot be > sin B, as when the arcs are less 
than 90°, the greater arc has the greater sine. If 
sind = sin B, 3 = B, and BA = BC = 00’, and the 
side d can occupy but one position in the lune, thus 
giving rise to but one triangle BAC, which satisfies 
the conditions (or two equal triangles BAC and 
Fie. 49. B’AC) If 6< B, which, when B is less than 90° 
implies that sin 0 < sin B, the aide can occupy two positions in the lune, o’ and 
a” giving rise to two triangles, BA’C’ and BAC”, both of which fulfill the 
conditions. 
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Again, when B > 90°, the measure of it, f¢, 8B, is the Jevet included 
perpendicular that can be drawn to one side of the c 
lune. Hence, in this case we cannot have 4 ~< B, ~G sr ~ 
which implies that sin 3 cannot be > sin B. since the a : \ 
greater arc has the less sine. If sin d= sin B. f ee. & 

= B, and BA = BC = 90°, and the side 4 ean oe. BN > 
cupy but one position in the lune, thus giving rive B | 2 
to but one triangle BAC, which satisties the conditions 
(or two equal triangles BAC and B’AC) Ir4-- B, hae 
which implies that sin 4 < sin Bo the side & esn A’ 
occupy two positions in the June, as Ao and 4/, Fie. 90. 
thus giving rise to two triangles BA’C’, and BATC™, both of which satisfy the 
conditions. 


EX ERCINES, 


1. In arightangled spherical triangle BAC. A being the right angle, 
B= 80° 407, and a = 106° St. to project the trinnyde and conipute 
the other parts. 


Prosgection.*— Projecting the triangle upon the plane of the side ¢ 
we have, BCA, Fig. 51.) [The student should give 
the process. ] 


oN.—It i4 immaterial which of the re- 
quired parts we seck first, We will seek «Now 
the three circular parts under consideration are sc, 
compa, and comp B. Comp Bois middle part, 
and the extremes areadjacent ; hence, by Nuapier's 
second rule we have, 
cos B = tane cota. 





, cus B eos RO? 407 t. % 
or anec= = Sees? 2 ae 
cot 7 cot iGo) 4 Fia S11. 


Now cos 80° 40 is +, and cot 105° 30 is —. Therefore tan ¢ is ~, and ¢ 


Computing by logarithms, 
log cos S40’ 0.200002 
— jog cot 105° 34 = 8 444047 
== log tan ¢ = «1.765045 
Add 10 for tab. tan 14). 


i 


"em 140° 47 37". 


® It la recommended that the projection be yiven ¢ 
Is fs an excellent exercise, and give 
& 


82 SPHERICAL TRIGONOMETRY. 


To find b, sin b = sina sin B = sin 105° 34’ x sin 80° 40’. This makes 6 
known by means of its sinc, whence the signs of the formula do not determine 
the species of b. But 5 is of the same species as B (724), and therefore less 
than 90°. 


Computing by logarithms, 
log sin 105° 34’ = 9.983770 
+ log sin 80° 40 = 9.994212 
Deducting 10 = 9.977982 = log sind. .. 6 = 71° 54’ 38”. 


cosa cos 105° 34’ 


To find C, cos a = cot B cot C, or cotC = --—. = ———.., 
of ’ : naire cot 80° 4’ 


cot C is ~, and C > 90°. 


Whence 


Computing by logarithms, 


log cos 105° 34 = 9.428717 
— log cot 80° 40° = 9.215780 

Adding 10 = 10212087 = log cot C. .°, C = 148° 80° 54”. 

Scu.—It is expedient to flud each part directly from the parts given in the 


example, in order that an error in finding one may not extend itself through 
the whole solution. 


2. Given a = 86° 51", and B = 18° 03’ 32”, to project the triangle 
and compute the other parts. 


¢ = 86° 41' 14", b = 18°01’ 50”, © = 88° 58’ 25”, 


3. Given & = 155° 27°54", and ¢ = 29° 46" 08", to project the 
triangle and compute the other parts. See 
Fig. 52. 
a = 142° 09’ 13". ¢ = 54° O1' 16”, 
B= 137° 24 21". 


4. Given ¢ = 73° 41’ 35”, and Bg = 
99° 17’ 33’, to project the triangle and 
compute the other parts. 

c = 73° 54’ 46", & = 99° 40’ 30”, 
Foe. 2 ; a= 92° 42’ it. 





& Given B == 47° 13’ 43’, and ¢ = 126° 40’ 24”, to project the 
triangle and compute the other parts. 
& = 32°98'56", a = 133° 32’ 26", c = 144° 27’ 03”. 
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PROJECTION.—In order to project this case, f. ¢., 
when the two oblique angles are given (1098), it is 
most convenient to compute the base before pro- 
jecting. It is also expedient, when tiro angles are 
given, to project the larger at a point in the cir- 
cumference of the primitive circle, as at C, expe- 
cially if the smaller be quite small. In this case, 
projecting the angleCat C, Fig. 53, ceneeire BA as 
drawn through P (or, if desired, sketch it hypo- 
thetically), and then compute 8, from the relation 
cos B = sin C cosa 8, or cos 6 = si . 

rin C 
found 6 = 82° 08’ 56”, take CA = 2, and draw AB through P. 





Having 


6. Given B = 100°, and & = 112°, to project the triangle and come 
pute the other parts. 


Prosection.—Sce Fig. 54. 
NUMERICAL SOLUTION.— To find ¢, we have 
sin ¢ <= tan dcot B = tan 112° cot 100°. 
Computing by logarithms, 


log tan 112" = 10.393590 
+ log cot 100° == 9.246319 





Rejecting 10 ~ 9.639000 = log ain e. \ 
oO 28° §2' 33.4, or 194" O07" 26.6, 1. ¢., BA, or BA’. Pia. 64. 


Tov find a, we have 


b in 142° 
sin b= sina sin B; whence sin a = Oe. ge NN 


sin Bowin 100" 
Computing by logarithms, 
log sin 112° = 9.967166 
— log sin 100° = 9.903451 
Adding 10 = O.973815 = logeing. a -- 70° 18) 10°.7, or 109° 41 40°78, 
é¢., BC’, or BC. 


To find C, we have 
com B con 100° 


cos B =cos 5 sin C; whence sin = b oe 118" 


Computing by logarithms, 
log con 100° = 9.239670 
— log cos 112° = 9.573575 
Adding 10 = 9.666005 = logsinC. ..C = 27° 36 56" 
i«., BCA, or BC’A’. 
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Thus we see that each of the two triangles BCA and BC’A’ fulfills the con- 
ditions of the problem, 


%. Given one side of a right angled spherical triangle 160°, and the 
opposite angle 150°, to project the triangle and compute the other 
parts. 

Results, ee here are two triangles, The other sides of the first 
are 136° 50° 23") and 30° O40 5175 and the angle opposite the latter 
kide is 67° 09° 43°. "Phe corresponding parts of the other triangle 
are 43° 09" 87", 1407 55'09", and 112° 50! 17", 


&. Inthe spherical triangle per, right angled at €, given an oblique 
angle oy’, and the side opposite 64%, to project. the triangle and com- 
pute the other parts. 


9% In a right angled spherical triangle given an oblique angle 
165°, and the opposite side 112°, to project the triangle und com- 
pute the other parts. 


10. In aright angled spherical triangle given one side 65° 237 12”, 
and the opposite angle 65° 23° 127 to projeet the triangle and com- 
pute the other purts. 


ll. Given ¢ = 607 47° 24.3, B = 57° 16202, and a = 90°, to 
project and compute. 
Qa = OS" ne! 28' - 0, oe Ky oe 3.’ i ae | Ke and b — m1° 43’ 3070. 


12. Given ¢ = 116°, 6 = 16°, and the included angle 90°, to pro- 
ject and compuls: 


“TRIANGLES, 


129. A Quadrantal Triangle is a spherical triangle one 
of whose sides is a quadrant, or 90° Such a triangle is readily 
solved hy passing to its polar, solving it, and then passing back. 
The polar oe to a quadrantal triangle, being right angled, is 
solved hy Napier's rules. 


Ex. 1. Given @ = 90°, B = 75° 42', and ¢ = 18° 37’, to compute 
the other parts. 


Sva’s.--Representing the supplemental parts of the polar triangle by A’, B’, 
C’, a,’ and ¢’, we have A’ = 18)° — a = 90°, 6 = 180° — B = 104° 18’, and 
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C’ = 180° — ¢ = 161° 23", from which to find B’, a’, and «This being right 
angled, we find, by applying Napier’s rules, 8 = 04 SPo8r la. 6 at 1 
and ¢ = 161° 55° 20°.) Hence in the primitive triangle we have ) Isa) = e 
= 83° 28° 39”, A = 180° — a@ = 103° 34' dy", and © = 18v — © = IN O4 40", 


Ex. 2. Given @ = 90°, © = 42°10, and ac. 119° 20), to find the 
other parts. 
B = 54° 44/24) b= 64 BO 40, ee aT a 


SECTION 1. 
OF OBLIQUE ANGLED SPHERICAL TRIANGLES, 


130. All cases of oblique angled spherical Griangles can be solved 
by Napier’s rules and the following: proposition, 


137. Prop.—in any spherical friangle, if a perpendicular hr 
let fall from erther verter upon the opposite side or xade produced, 
the tangent of half the ston of the sequents® of that side ix ta the 
tangent of half the sum of the other two sides, as the tangent of half 
the difference of those sides ts to the tangent of half the difference 
of the segments. 


Dem.—In the triangle BAC let fall the perpen- 
dicular p, from C upon the opposite side, Let 
BD = », and DA = #. By Napier's first rule, 
Cop a = Obs pcos a, and cos b>. Cos p Com a. 

Comm COM 


Dividing the former by the Jatter, me 4 
. Cim b COm a 


whence, by composition and division, 





But by (64), , 
COR 8 — CORA 
Cus a + Con 6 = tan $(a + 6) tan (a — by, 
and Coa a — Com 4 yuna aay nea eee, 


fre 2 z muses ae 


* When the perpemdicolar falls withvat the base, as in Pig. . this term fs lo he ane 
ae meaning the distances from the foot of the perpendicular to each extremity of the 
BD and AD. This, iu fact, is the general elatement—epplying ae well lw the case v 


perpendicular falls yo the base. 
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. tan }(a+5) tan 3 (a — 3) = tan } (s + 4’) tan $(s—e’); 
or, tan }(s +s’): tan} (a +d) :: tani(a— 3) : tangi(s—e’) QED. 


132. Scu. 1.—Since from a point in the surface 
of a hemisphere two perpendiculars can always 
be drawn to the circumference of the great circle 
which forms its base, and since the feet of these 
perpendiculars are 180° apart, and no side of a 
spherical triangle can equal 180”, the foot of one 
perpendicular will always fall within the base or 
upon one extremity of it, and the other without 
the base; or both will fall without the base. If 
we take the foot of the perpendicular which fulls 

Fic. 56. within the base, or the nearer one when both fill 

without, the awm of the distances from the foot of 

the perpendicular to the extremities of the base is always Jess than 180’, 

te, 34" < 180°. When the perpendicular falls within, + + 6° makes up one 

side of the triangle, and hence is Jess than 180°. If hoth perpendiculars fall 

without, let D, Aig. 56, be the foot of the nearer one. Now OB + BD’ = 150°; 

but by hypothesis DA < BD’, ... OB 4- DA < 180°. When DA = BD’,DB + DA 

sz 180°. 

3.3, Secu. 2—As in spherical triangles the greater segment is not always 

adjacent to the greater side, it becomes necessary to determine the position of 
the segments. This can be done by the signs of the proportion 


tan } (¢@ + a’): tan $(a + 5) :: tan f(a — 4): tan § (s — #), 


D’”_— -——. 





lst. Tan § (s + a’) in always +, since, if 0 falls In the base, a4 a < 180°; 
and if D falls without, by taking the nearer perpendicular, s + a is still << 180° 
(132) .. 4 (a+ #) < 90°, and tan } (o 4+ 4) is +. 


2d. When a + 0 < 180°, tan ¢ (a + 0) in +; and when a + 56> 180°. 
tan $(a + 5) is —. 


3d. When a > b, a — 0 is a positive arc less than 180’, hence tan 4 (a — 6) 
is +; and when o<d, (a —'d) is a negative are and lesy than 180°, hence 
tan $ (a — 0) is —. 


4th. The signs of these terms being determined, that of tan 4 (¢ — &) 
known, Now, as $(¢— #) cannot be numerically greater than 90’, tan - 
is + when s> a, and — when 4a <a. 


Sth. When a + « = 180°, tan 4(2 + a')= ow. Nowas a — 3 < 180°, tan 4 (a—d) 
cannot be o, nor can tan 4(¢ — #) = 0 when the perpendicular falle without 
Hence to make the proportion possible, tan $(a + 5) must be o, or a + 5 = 180°. 
In this case we project on the plane ofa orb. Ifa+6 = 180°, and a+e = 180", 
we project on the plane ofa. If a+ = 180°, a+c = 180°, and d+¢ = 180°, the 
triangle is trirectangular. 


134. Son. 3.—If either aeginent is greater than the whole base, the perpen- 
dicular falls without the triangle. In this case the shorter segment Jies in an 
opposite direction from its angle to that considered in the demonstration, and 
hence is to be considered — ; and s + «' is in every case equal to the side upon 
which the perpendicular is let fall. 
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135. Prop.—In a spherical triangle, the sines of the sides are 
to each other as the sines of their opposite angles. 


Dem.—By Napier's first rule we have from either Pig. 55 or Fig. 56, 
sin p = sinasin B, snd sin p = sin b sin A, 
. sina sin B = sin dsin A, or sina :sind::sinA:sin 8. gk n, 


Scu.—This proposition is not introduced here because it is necessary for the 
adution of spherical triangles, but because of its essential importance. Tt is 
often contenient to use it in the solution of a triangle, but never necessary, as 
will appear hereafter. Zt affords a ready methat of determintag a@ part oPVros1rK 
a gtten part, provided the apectes of the part be determined by other « 


SOLUTION OF OBLIQUE ANGLED SPHERICAL TRIANGLES BY 
NAPIER'’S RULES FOR RIGHT ANGLED SPHERICAL TRIANGLES, 


136, The examples which arise in the solution of oblique angled 
spherical triangles are all comprised under the three following 
problems, each of which consists of two cases i-— 

1. When the given parts are all adjacent to each other. 

2, When two of the given parts are adjacent and one separate, 


3. When the given parts ure all separate from cach other. 


137. Prob. 1.—Given three adjacent parts of an oblique angled 
spherical triangle, to solve the triangle, 
CASE Ist.—-Giren (uo sides and the included angle. 


SonvTION.— Project the triangle on the plane of one of the yiren aden (108), 
and let fall a perpendicular from Ue angle Opposite Upon Uiis side or Upon 





Pre. 3%. 
this side produced, as the case msy be. There sre thus formed two right 
angied triangles, as BDC and OCA, each of which can be solved by Napier’s 
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rules, by first solving the one containing the given angle. Thus, in the triangle 
BDC right angled at D, a and B are supposed known; whence CD, BD, and the 
angle BCD, can be computed. As BA = ¢ is known, the segment DA can 
he found, it being the difference between ¢ and the arc BD. When the solu- 
tion of this triangle gives BD > c¢, it is evident that the perpendicular falls 
without the triangle, which will agree with the projection. Passing to the 
triangle AOC, right angled at D, we now know CD and DA; whence the 
other parts can be found. Finally, the angle BCA of the required triangle = 
BCO+ DCA when the perpendicular falls within the triangle, and BCD — DCA 


when the perpendicular falls without. 


Cask 2d.—Given two angles and the included side. 


So.ution.—The solution of this case is effected by passing to the polar 
triangle, projecting and solving it by Case Ist, and then passing back. 


138, S8cu.—A slight saving of labor is effected by using (7.35) in the solu- 
tion, Thus, in the triangle BCO, compute CO and BO as before, und (not com- 
puting angle BCD) then passing to the triangle OCA, compute 6 and A. Finally, 


compute C (the entire angle) from the proportion 
sind : sine :: sin B ; sin C, 


139. Prob. 2.- [In an oblique angled spherical triangle. given 
fur parts adjacent to each other and one separated from both of them, 


to solve the triangle. 
Case Ist—Cirven two sides and an angle opposite one of them, 


SoLution.~ Project the triangle on the plane of the waknown aide, with the 
given angle at B; and let fall the perpendicular from the angle C opposite the 
unknown side. Compute the triangle BOC, Having computed this triangle, 
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the side opposite the given angle, as 4, with the perpendicular and 
the arcs BC and CB’, «¢, with p,a,and 180°—a. If 6 = p there is but 
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one solution and the triangle is right angled, A falling at D. Ifdis inter 
mediate in value between p and both a and 180° — a, it can occupy two Positions 
as in Fig. 59, and there are two solutions. If 0 is intermediate in value iiween 
p and only one of the arcs @ or 180° — a, there is but one solution, When B iM) 
the perpendicular is less than any oblique arc; hence in this ease, if b p, there 
js no solution. But if B > 90°, the perpendicular is greater than the oblique 
arcs; hence in this case, if b > p, there is no solution. [These results should be 
obtained independently of the results given by the projection, and one de made 
a check upon the other.] The solution is now completed by computing the 
parts of OCA, and adding or subtracting the segments BO and AD, und the angles 
BCD and ACD, as the case may require. 


Case 2d—Civen two angles and a side opposite one of them. 
SoLUTiIon.—Pass to the polar triangle; solve it, and then pass back. © 


), Scu.—The relation established in (283) may alsa be used dno the 
solution of this problem. Thos, having projected the trianude, computer 
p, and determined whether there are one or two solutions, to find A, when 
ct, bo and B are given, we have, sins sina ss sin Bos sin AL Then computing 
the third side ¢ (or sides), by means of the ritt angled truangles BOO and OCA 
as before, we may tse the proportion (£35) to find the angle BCA and BCA, 
Bat the nse of this proportion gives no advantage except in cases da which 
there is only one solution, 


14. Prob, 3B.—In an oblique 
three parts all separated Tram eneh “ 


Cast Ist. Green He sides to find the antes. 
SoLution.—Project the triangde on the plane of one of its sides ade, Prom 
the proportion, 
tan died woctan dia e yc tan der. Ay stan wa ad 
© Thin case can be prejected and solved in a manner 


altovether similar te the first, withont passing to the 


polar triangle, Thns, jet B. a. and A be the given parta, ; ne 4 
Project the triangle on the plane of ¢.n« fu the fijure, a o. : ‘ 
Project B in the asual way, and make BC the projec: ‘ . 
thon ofa. Through ¢ draw OD’. and make BOO - the : 0. ,-) : 


projection of A. Drawing the emall circle with radiua 
FC. draw diameters through the intersections Q and QO’ 
Then will A and A’ be the vertices of the triangle re- 
quired. The student may prove thal the fares POD 
and PCA are equal, and ale» PO’D and PCA’, acd 
hence that angle BDO - A= A’. 
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find 4(¢ — s’). Then half the sum of the segments 
+ half the difference gives the greater segment, and 
half the sum — half the difference gives the less. 
Determine from the signs of the terms whether ¢ is 
greater or less than a’: and also determine whether 
the perpendicular lies within or without the tri- 
angle (2.34). Observe that these results correspond 
to those given by the projection. Finally, in each 
of the two right angled triangles BCD and DCA, 
there are two sides given; whence the angles can 
be found by Napier’s rules. If the perpendicular 
falls within, C = BCD + DCA, and A, of the re- 
quired triangle = DAC. If the perpendicular falls 
without, C = BCD — DCA, and -Aof the triangle 
= 180° — DAC. 


Case 2d.—Given the angles to find the 
sider, 


SoLution —Pass to the polar triangle; solve it, 
and then pass back. 


142, Scn.--Here, again, (2.38) affords a slightly 
Fia. 63 more expeditious solution. Having projected the 
triangle, found and located the segments, and com- 
puted one angle, as B, by the methods given above, the other angles may be 
found from the proportions, 
sind : sina ;: sinB : sinA, 
and sind : sine :: sinB : sin C. 





EXERCISES, 


1. Given 8 = 120° 30’ 30”, ¢ = 70° 20’ 20’, and A = 50° 10’ 10”, 
to project and solve the triangle. 


Prosrection.—See Fig. 64. 


: 7 | sy TRIGONOMETRICAL SOLUTION.—Ist. Jo solve the 
a \ \, triangle ABO, in which the two known parts are 
f ~ ee |\, Situated. 
= : (a) To find p, sin p = sine sin A. 


log sin 70° 2u' 20° 
+ log sin 50° 10° 10" = | 
Rejecting 10 = 0.859241 = log sin p 
“. p = 46° 19°01", the species being determined 
by the opposite angle (225). [Observe that the re 
sult corresponds with the projection). 
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(6) To find AD, cos A = cote tan AD, or tan AD = ce . 
log cos 50° 10° 10" = 9.806533 
— log cot 70° 20 20° = 9.553016 
Adding 10 = 10.253516 — log tan AD. .. AD = 60° 50’ 49", 
the species being determined by the signa of the formula. 


(c) To find angle ABD, cos¢ = cot A cot ABD, or cot ABO — 
log cos 70° 20° 20" = 9.526929 
— log cot 50° 10° 10° = 9.921204 
Adding 10 = 9.605725 =: log cot ABD. «, ABD = 68° 01' 53" 
the species being determined by the signs of the formula, 


CoLA’ 


2d. Jo solve the triangle DBC. 


{a) To find OC. Since AD < 4, the foot of the perpendicular fully in the base, 
and DOC = AC — AOD = 6 — AD = 120° 30 JO) — 60 50 49 =: Si BO 4D”. 
(2) To tind a, cosa =: cos p cos DC 
log cos 46° 19° OL e O.S8NI7 
+ log cos 59° 30 At" = 9. T8886 
Rejecting 10 -- 95426450 ~~ log cosa. 7. ao = 60° 34 50'”, the 
gpecies being determined by the signs of the formula. 


(¢) To find C, sin p = sina sin C, or sin = bi is 
sin @ 
log sin p - OP NOQS 
— Jog sin 69° 4 OB = MTT S20 
Adding 10 — WSS87421 =. log sin ©... C =: 50° 30° 08", the 
apecies being determined by the side oppusite. 
(2) To find angle OBC, sin p -: tan OC cot OBC, or cot OBC - Se ee 


log sin p = 8504 
— log tan 507 30° 410° = 10 232853 
Adding 10 == 9.626588 = log cot OBC... OBC -- 67° 03' 36”, 
the species being determined by the signs of the formula. 


Finally, B = ABD + DBC = 64° O01 55° 4 67° O3' 36° = 195" OF 20" 


Scn.-—We might have omitted the computation of angle ABD in the first 
part, ani! OBC in the second, and have found instead the entire angle Bo from 
sina : sind :: sin A : sinB. To compute this requires the looking out of but 
two logarithms, since sina is given in the second part (c), and sin A in the firat 


part (a). 


2. Given a = 97? 35’, 5 = 27° 08’ 22”, and a= 407 51’ 18", w 
project and compute the triangle. Between what limita must the 
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value of @ be assigned in order that there may be two solutions? Be- 
tween what limiting values of @ is a solution impossible ? 


Prosection. Sce Fig. 65. 


TRIGONOMETRICAL SOLUTION.—To find p, sin p 

= sin ) sin A. 
log sin 27° 08’ 22" = 9.659115 
+ log sin 40° 51 18" = 9. .B15675 
Rejecting 10 = 9.474790 = log sin p. 

p= 17° 21' 40". FTleasi for the species. ] 

We now observe that there is one and enly one 
solution, since the are a (97' 35) cannot lie between 

Fiy. &5. CD (17 21’ 40") and 6(27" 08’ 22"), but can lie be- 

tween CO and CA’ (180° — 4 = 142" ST 8s”), 





To find AD, co, A = cot 6 tan AD or tan AD = hares 
log cos 40° SV 18" = O.87T8733 
— Jog cot 27° O8 227 < 10.200226 
Adding 10 = 0.5»z007 = log tan AD... AD = 21°11 80°. 


“Goad 
To find angle ACD, cos) <= cotA cot ACD, or cot ACD = A : 
log cos 27° G8’ 22" =. WOAGtO 
— log cot 40° SE 18" =: 1.08: WT5 
Adding 10 ~. 9. SS62825 = log cot ACD. .. ACD = 52° 25° 01°. 


[Reason for the species. ] 


To find B, sin p == sin a ain B, or sin B = cee 
sin @ 
log sin p (as ne =z M.ATATOO 
— log sin 0° 3% = OANWIRS 
eee 10 2: 1.478005 = = log sin B. 2. B = 17° 31' 08". 
[Reason tor the species. | 
To find OB, cos a <= cos p cos DB, or cos OB = ne 
log cos 97° 35 =z $.120469 
— log cos 17° 21° 40" c= 9OTETIO 
Adding 10 = 9.140719 = log cos OB... DB = 97° 56° 51'°.3, 
[Reason for the species. } 


AB = AD + DB = 21° 11 30.6 + 97° 56° 51.3 = 119° 08’ 21°.9. 


To find DCB, sin p = tan OB cot OCB, or cot OCB = 


log sin p (as above) = 9.474790 
— log tan 97° 56° 51".3 = 10.855090 
Adding 10 = 8.619700 = log cot DCB. .. DCB = 92° 23’ 7".7, 
{Reason for the species] 


ACB =: C = ACD + DCB = 52° 25' 01” + 92° 23° 7.7 = 144° 48° 8.7. 
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Finally, we observe that, if any value were assigned to a between } (7° 08 2") 
and CD (17° 21’ 40°) there would be feo solutions; since for such values the side 

a could lie on both sides of CD. But, for any valuc of a less than CD UI? 21 40°), 
there would be x» solution; since CO is the shortest distance from C to the are 
ABA’. Also, for any value of a@ greater than the are CA (152 SE 88) there 
would be ne solution, as such an are would fall between CA and CD Uf not 
> CD), and consequently would make ¢ > 180’, 


Sen.—Such examples as this and the preceding can be more expeditiously 
solved by using pin each equation in solving the triangles ACO and OCB. By 
this means and using (7.345) to determine the side ¢, the solution can he effeeted 
with only 12 logarithms. Thus in Ex. 2. 


lst. To find p, sinp - wind win AL requires 3 dogarithnos 
2d. To find ACD. com ACD = cot A tan yp, requires 3 Ms 
ad. To flnd OCB, cos DCB .. cota tan p, requires 2 * log tan p being known). 


4th. To find g. tin p ~ sina win B. requires 3 (los elat pe betegy howe. 
Sth. Tofind c, sin A: sin Os: sina: sine requires Q - hoya ol min Af 
; tot ee: 
3. Given are T6° BN B67, b xe Se 10380", 
project and ie an triangle. 
PROJECTION, —See Pty. 66 
ae 
TRIGONOMETRICAL Soretion.—Iist. Too find the , ~*~ 
segments CD and OB, we have, \ we ‘ 
tan dia i+ at, cal 
or : \ a ; 
tun bao: tam dh a ey tam dtl ee tan ate aed. : 2 ; 
Mag ur Gp. OS 
Computing by logarithms. 8 i | 
- : Si ; 
a.c. log tan ja ~ Jowtan gs 1 4s oe . ra 
ab log tan bib + er): log tun 45 05 20 : . 
- ia 
+ log tan $i) — eyes Jog tan 405 10 sie 
Rejecting 10... Wuocsth doy tan} 


ee 


In order to determine whether aor a ic the greater,® we olserve the signa 
of the proportion, and finding tan bia > positive, know thata ea, 
Hence, a --: jfa 4 8) + Ham ae OM Te AM 27 44° 49 40°, 


and a ee 4s & ay ~_ din -o Pos ah* we 4“ a i Aa a : ee oy 4’. 


The angles sought are now readily fons by computing the two rigelst 
angled triangles ADC and ADB. 


iain te peekyeavenst _—-, - ifmines each facte an this, the epecios of parte, and 
the namber of solutions hn ambiguous cases, the student should not rely upon if, bat determina 
ith fact apon purely trigenametrical considerations, merely aalog the | 
a to the ¢ 
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Or, having computed C from the triangle ACD, we may find A and B more 
expeditiously by using the proportions, 
sine : sin d:: sinC : sin B, 
and sine: sina :: sinC : sinA. 
Theangles are C = 34° 15° 03", A = 121° 86’ 12", and B = 42° 15’ 18”. 


4. Given A = 128° 45’, © = 30° 35’, and a = 68° 50’, to solve the 
triangle. What values of A give two solutions? What none? 


eo BF 28! 20", b = 40° 09' 04", and B = 32° 37’ 58”. 


5. Given A = 129° 05’ 28", B = 142° 12’ 42”, and GC = 105° 08’ 10”, 
to solve the triangle. 


a == 135° 49’ 20", 6 = 146° 37°15", and ¢ = 60° 04’ 54”, 


6. Given a = 68° 46’ 02", 6 = 37° 10’, and C = 43° 37’ 38", to 
project and solve the triangle. 

A = 116° 22’ 22"") B = 35° 29’ 54", and ¢ = 45° 52’ 34”, 

v. Given a -= 40° 16", b = 47° 44°, and A= $2° 34’, to project 
and solve the triangle. What values of a give but one solution ? 
What none ? 

There are two triangles.—In_ the Let, ¢ = 53° 19° 20", B = 65° 16’ 
bo", and © = 70° 2°21". In the 2d, ¢ == 14°18’ 22", B = 114° 43’ 
20°, and © = 17° 39" 22", 

& (Given a == 62° 38’, b = 10° 13° 19", and C = 150° 24’ 12”, to 
project and solve the triangle. 

A= 27°31 44", B= 5° 17' 58", and ¢ = 71° 37" 06", 

9 Given a = 56° 40", b == 88° 13’, and ¢ = 114° 30°, to project 
and solve the triangle. 

A= 48°31'18", B = 62°55’ 44", and © = 125° 18" 56”. 

10. Given A = 50° 12’, B = 58° 08’, and a = 62° 42’, to solve the 
triangle. What values of A give but one solution? What none? 

There are two solulions.—I\st, 6 = 79° 12'10", ¢ = 119° 03’ 26”, 
and C = 130° 54’ 28’... 2d, 8 = 100° 47’ 50”, c = 152° 14’ 18”, and 
Cc = 156° 15' 06". 


11. Given A = 36° 25’,B = 42° 17’ 10", and ¢ = 95° 10’ 05”, to 
project and solve the triangle. 
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12. Given @ = 124° 53’, & = 31° 19", and ¢ = 171° 48° 22", to 
solye the triangle. 

13. Given a = 150° 17" 23", b= 43° 12°, and c= 82°50’ 12,” to 
solve the triangle. 

14. Given a = 115° 2010", 6 = 47° 30°00" and a ce 126" 37530", 
to solve the triangle. 

15. Given A= 109° 55’ 42") Bax 116° 38° 33") and ce 120° 43° 
37”, to solve the triangle. 


16. Given A = 50°, 6 =: 60°, and a = 40°, to solve the triangle, 


1%. Given a = 50° 45° 2077, 6 = GO 12 4077 and as 44" 22507, 
to project and solve the triangle. 


There are two solutions.—I1st, B= AT BA OE, © 18 BP BT, 
and ¢ = 95° 18°16. 2d, B = 122” 95" OU, Cm: 25" 447 32) and e¢ 
m=z 28° 45° 00"” 

18. Given & == 99° 40’ 48") 6 = 100° 497 307, and Ao 69° 33° 10%, 
to project and solve the triangle. 

aa G4" 23° 15, Bos 49" BN OAT and © 97" 26° 40", 

19. Given A = 48° 350", B 125° 20’,and Go 62°44", to solve the 

triangle. 
ae: BO? BI BAT, bh J14° 20°58") and e .. 8B 72" 06", 

20. Given C = 54° 15' 03", B 407 18° 13") and ae. TO" 30" 380", 
to solve the triangle. 

21. Given Aca 4T S421", c= GI ON SG", anda. 40° 31 20", 
te project and sulve the triangle. 

22. Given A = 50° 10" 10°, b . 69" 34) 30", and @ = 120° 30° 30”, 
to project and solve the triangle. 
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SECTION T/T, 
GENERAL FORMULE. 


([Notr.—This section is designed for such as 
make mathematics a specinity. The preceding 
sections are thought sufficient for the general 
student. | 


143. Prop—Iln a Spherical Tri- 
angle the cosine of any side is equal to 
the product of the cosines of the other two 
sides, plus the product of the sines of those 
sides into the cosine of thetr included 
anyle; that is, 





(1) cosa = cos db cose + sin’ sine cos A; 
(2) cos 6 = cosa cose -+ sinasine cos Bs pA, 
(3) coxe = cosacos 6 + sina sin &cos C. ' 


Dem.—From Fig. 67, we have, 
cos a = cox (¢ — 7) cos p 


cos 6b 


cos (¢ ~~ wt) cos) 
COs F 


COs & 


[since cos p = 


cos b cose cos 2 4 coed sine sin az 


‘xpanding cos(e — 
poe {expanding ( z)} 


f] 


p hee gin + z 
= cos dcose + cos db sine tans [ since ; == tan | 
COs & 


; : cos 6 tan 2 
= cos b cos ¢ + sindsine cosa A | since cos A = cot d tans = —— — m= | 


sind’ St 
In a similar manner (2) and (3) may be produced. 


144, Cor. 1—From set A, dy passing to the polar triangle, we 
have, 
(1) cos A = — cosB cosc + sin B sinc cosa; 
(2) cos B = — cosa cosc + sind sinc cosé; > B. 
(3) cose = — cosA cos B + SINA 8iINB cose. j 


Deu.—Letting a’, ', ¢’, A’, 8’, and C' represent the parts of the polar triangle, 
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we have a = 180° — A’, db = 180° — B¢ = 180° — C’, A = 180° ~ a, B= 
180° — d',andC = 180° — ¢. Whence, substituting in (1) A, we have, 


ty 


cos (180° — A’) = cos (180° — B’) cos (180° — C) 7 


+ sin (180° — B’) singisa  -~ 0’) cos (E80) — a7’), 


or, cos A’ = — cos B’ cos C’ + sin B’ sin C cosa, 


since cos (180) — A’) = — cos A’, ete. : and sin(tgd) -- B) = sin B’, ete. 


Finally, dropping the accents, since the results are general, and treating (2) 
and (3) of set A in the same way, we have set B. 

a 

T4.5. Cor. 2—From A and Bowe readily find the angles tia lors 
of the sides, and the sides in terms of the angles. Thus, from A, 


cosa — cosh case 
(1) cosA = ~—--. ; 
simndosime 
cos fb — Cosa cose 
(2) cosB = ; 27 AY 
sla sine 
core — cos Mm cos bd 
(3) Cos C = - a . 
sin asin 4 


From 3B, 
COS A + COS B COSC ; 


sin Bsinc 
cos B+ COSA CORE . 
sin Arinc 
t Cos CG 4 COs ACOs B 
(3) cose mem . 
SAS B 


t 


(1) coxa = 


B’. 


(2) cosh = 





146. Prop.— Formule A‘, and ¥B’, adapted to logarithmic com- 
pulation, become, 


e 
; om KIN (fx — 4) nin (4x — rT), 
(1) sin ga = / ain dé wine 
Bin (Je — ry win (de ~ 6) yg 
(2) sin} 8 = / wind gine a ea 


. sin (44 —~ a) sin (4s -- b) 
(3) sin jc = {/ gina ain } 


*~ 
é 
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And (1) sin ja = / __ cos $$ cos (4S — A), 


61 B sin C : 
cos 4S cos (GS — B). 
(2) sin jo = {/- sin Asin C yr BY 


81 A sin B 


Oa pee 4/ __ 608 $S cos (FS — C) 


Dem.—Subtracting each member of (1) A’ from 1, we have, 


1 cos a — COR b cose cos b COS 6 + sin 4 sin °c — COs a , 


sind sine = sin b sine 


1— cas A 


 Qeint JA = con (b — ¢) — cosa 


hie ete } . —_ — gi 2 ry 
Re ee , since 1 cos A= 2sin® 3A (62, 5), 


and cos d cose + sindsine = cos (b — c) (55, D). 


Now letting y = 6 — ¢, and z = a, we see from (59, D’) that cos (6 — ¢) 
— cosa = Isin ya + 6 — c) sin Ha + ¢ — 4). 


bh — e)sin ia + ¢—d) 

, 9 it td A— 2sin (a + 

Hence, ae sin dO sine : 
; ‘sin ple + b= — ry sin Ata + oe by 

mn a aa oo sin O sine 


Finally, putting «=a + b + ¢, whence f(a + b —c) = $8 —e, 


and ia +e—d) = fs — 8, 


we have, 





sin }A = NCU a — bysin sin (ha - — - ¢) 


‘gin 6 sine 
In like manner, (2) and (3) of sect A’ reduce to (2) and (3) of set A”. 


Again, subtracting cach member of (1) set B’, from 1, we have, 9 


icone aCe lt eee sin B sin C — cos Beas — cos A 


commen wmemarmnanrinneis | ne 


sin BsinC * sin B sin C 


* Gain’ je = — cos(B + C)— cos A — — crn(8 + Ch + con A 


oN ere es ee 


sin B sin C sin B sin C 


_ Bone (A + B + C) one 1(B + C + A) 
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Now patting S = A + B + C, whence 1(B + C - gis 41S — A, we Nave. 


; a 3 Ys cos cos 1S cas (4S — A) 
aa vy - sin B xin C 


In the same manner, (2) and (3) of B” are deduced from (2) and (3) ot fs. 
147, Cor. 1.—Passing to the polar triangle, \" and B" become 


(1) cuosja = 4/ CIEUAS 2B) ANS = ©), 
, 4: sin B sinc 


cos (4S — A)cos(gS ~ C), 
(2) cos 4 = 1 ss { pened -. RB’ 


SInA SING 


fous (4S — Ade 
(3) cos gc = yo A) con (4S | B) 


sIn Asin B 


/sin 4x vin( gs — a). 
rind wine 


And (1) cos JA = 4 


sain bxsin( ds — 4) 


(2) cos 4B - sina Ae 


sind ane f 


; Join gexin (de - ry, 
(3) cox gc | fs sina Kin b 


448. Seu.— Formule AU and B”’ can be obtained directly from) A nnd 
B, ina manner altogether similar to that in which AC and Boowere deduced, by 
adding each member of the equations in seta A and Boto 1, instead of subtract 
ing, and observing that 14 cos 2. 2 east br. 


149, Con, 2.—Dividing the formula of set NX” hy the correspond- 
tng ones of seh A; and, tn a ximilar manner, thow of BU by 


fain (ha —~ ay rite (ge — 6) xin (pa > oe k 
nUE pa 


those of B”, and putting | 


pa NaS = OB) eS BETES OS) eagle 


— cus $$ 
= en (jx — f a — 0) sin ain (fa “ =r) ae ae — 
Geni = 4 Bin nie sin(ds—a) win (pa—a)’ 
fi sin Ge = a) Kin Gs ry ay k 


(2) tan 38 = V sin js sin (qe hy) sin (pa by" A” 


BIB Us _ a) sin (ys - ae 6) k 
(3) tan ic = /" win $s ein (hs —c) win (4s — c) 
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cos ($S — B) cos ($s — C) _ K 
(1) cot ja = — cos 4S cos ($5 — 0 ~~ C08 (FS — A) ; 
_ , /cos (4S — A) cos(¥s — C) _ K 
(2) cot4s = { erate ae - cos $$ cos (4S — B)  cos(gS —B)’? +B 
. —_ COB (dS — A) cos (45 — B) _ K 
(3) cot jr = Va cos 4S cus (JS —C) cos (4S — Cc). 


Bon.—In these furmule k is the tangent of the arc with which the inscribe 
circle is described, and K is the cotangent of the arc with which the circum 





Fru. 6a. Bia. 0. 


acribed circle is described. Thus, using the common notation, we have 
Fg. 68, AD = AO’ = fa — a, and angle PAD = 4A; whence 
tan PD 
ai AD = ¢ t PAD P Se ss 8 
n co x tan PD ian PAD’ 
tan PO k 
on pai sin (ja -- a) ~ ain (ga — a) UC) 


From F¥y. 69, we have, AD = $e, and angle PAD = !S — C. 


Av)... & = tan PD. 


‘ ay S5. cos (GS = C), 
sea cos (}S — C) = cot AP x tan $e, or tan Je = — oe 
cot AP K a oe 
or cot te ae cos(iS — C) 7 cos (4S - ‘C)’ {(3) B }. e¢@ Cd cot AP. 





GAUSS’S EQUATIONS. 
150. Prob.—To deduce Gauss’s Equations, which are 


qay! sin {(A +8) _ cos}(a — 3). 
cos 3c" Cos jc ’ 

(2) SBA(A — 8) _ sin $(a — 8), 
cos $C 


sinjc ” 


‘ G@AUBS'S EQUATIONS, . 10] 


(3) COSH(A + 8) _ cos h(a + 2) 


sin $c cosfc 
(4) cos $(A— B) __ sin 3(a +3) 
sin 4¢ sinjc ° 


SoLUTION.—From A, page 25, we have, 
sin (fA + 4B), or sin $(A + 8B) =sin 3A cos $B + cos JA sin $B. 


ibstituting in the second member the values of sin $A, cos $B, cos (A, wnd 
n 4B , from A” and A’”, there results, 


sin (4a — 0) | “sin dxsin (ga — ec) win (ha ay ‘ain basins ey 


in 1A + B)-= : / : " ; 
2 ) sll ¢ t sina sin & stu¢ “liad ala d 


e sin (4a — 4) | hin (da —«a /sin isin us oa wren 
site sin a sin & 

on ae ee — kt 
Sy Nt ee IC. 

sinc 

3ut sin (§4 — 0) 4+ Kin (gs — cc) sein da + 4b + fe -- by) + win (ga © 4b 4 go ~ ay 
—sin [de 4 Ha — &)] + win [ge ~ pla — 8)] 
rz Qin je cos da — 4) (59, A). 


Also, sin ¢ — 28in je coa be. 
Substituting these values, the preceding becomes, 


Yasin de cas dia - b) 


gin 4(A 4 By) - con 4C . 


Zen Ae Com ge 


_ win HA 4 By cos pa — A) a 
cos ¥C cos je } 
In like manner starting with 
sin (QA — iB), or win 7A — Bi = tin fA con 4B — con 3A ain 4B, 
sin HA = B) _ ein ida — 4) 


there results, Saat = dace (2) 


Starting with cos (gA + 38), or cos HA + By = con fA con 4B — sin fA ain 48, 


con HA +B) cm Ma 4 by 


oF ccd 4 
sin 4¢ Cam 4 (4) 


there results, 


Starting with cos (jA — 38), or con HA — By = cos jAcos{B + sin jAnin {8 


cna HA — By) sin ia + 6 
there results, nie = mate ie °) (4) 


102 SPHERIOAL TRIGONOMETRY. 


NAPIER’S ANALOGIES. 
181. Prob.—To deduce Napier’s Analogies, which are 


tan 4(A + B) _ cos $(a — 6). 


(1) oor cot}c | cos}(a+d) , 
tan 4(A — B) B) sin (a — 5) | 
2) sot e 4¢.0—”-—sossin 3(a@ + 5b)’ 


3 tan ¢(@ + 6) __ cos4(A — B). 
i “tange ~~ cos}(A + B)’ 


4 tan tan $(a—d) _ sin $(A — B) 
(4) ~ tange —ssing(A +B)’ 


So1.uTION.—To deduce (1), divide the 1st of Gauss’s Equations by the 8d. 
To deduce (2), divide the 2d of Gauss’s by the 4th. To deduce (8), divide the 4th 
of Gauss'’s by the 3d. To deduce (4), divide the 2d of Gauss’s by the Ist. 


152. Scn.—In using these formule the species must be carefully attended 
to. Thus in (1), cot 4C and cos 4(@ — 8) are necessarily + ; hence tan 4(A + B) 
and cos (a+ 0) are of the same sign with ench other. In (2), cot 4C and 
ain $(@ + 5) are both + ; hence, tan §(A — B)and sin $(a — 5) are of the same 
sign with cach other. And similar inspections may be made upon (3) and (4). 





EXERCISES. 


15.3. The proposition that “The sincs of the angles are to each 
other as the sines of their opposite sides” (7.3.5), Napier’ s Analogies 
(157), and formule AY’, BY (749) are sufficient. in themselves, to 
offect the solution of all cases of oblique spherical triangles; and 
for practical purposes they generally require less labor than Napier‘s 
Rules. We give a few solutions and refer the student tu the pre- 
ceding Exercises for further practice. - 

1. Given a = 100°; ¢ = 5° and 6= 10°, to solve the triangle. 
(Prob. 1, Case Ist, 137.) 


ist. To find A and B we have, 
cos (a + 4) : cos g(a — 3): : cot iC : tan HA + B); 
and sin }(a + 5) : sin }( — 5) :: cot $C : tan GA — B) [280 (1) (2)] 
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Computing by logarithms, we have, 
ar. co. log cos [4(@ + 3) = 55°] = 0.241409 
+ log cos [i(a ~ b) = 45°] = 9.849485 
+ log cot [© = 2°80] = 11 _11,859967 
Rejecting 10 = 11.450801 — log tan 4(A + B). 
. A + B) c= 87° 59 18”. 
ar. co. log sin [4(@ + 5) = 55°] = 0.086635 
+ log sin [}(@ — 5) = 45°] = 9.849485 
+ log cot [}C = 2°30] = 11.850007 
Rejecting 10 = 11.206037 = log tan 4(A — B), 
HA — B) = 87° U6 16” 
The signs of all the terms being +, 4(A.+ B) and J(A — B) are both lean 
than 90°. 
4(A + B) + 4(A — B) = A = 87° 58’ 18” + 87° O00 10" = 175" OF A" 
1(A + B) — (A — B) = B = 87° 58" 18" — 87° 06 16" = 0 HY 08". 


| 


rf 


2d. To finde. This may be found from the proportion, 


sin A : sinC :: sing: sine, 
or from the 8d or 4th of Napier’s Analogics. We use the last, though the first 
8s equally expeditious. 


sin (A — B) : sin (A + B):: tand(a — O) : tan fe. 


ar. co. log sin (4(A — B) = 87° 06’ 16] = 0.000555 
+ log sin [4(A + B) = 87° 58 18") = 9.999728 
+ log tan (ka ~— b) = 45°] == 10.000000 
Rejecting 10 = 10.000283 = Ing tan te. 
. #0" 2" 14”. 
2. Given aA = 135° OF’ 28''.6, © = 50° 307 O8".6, <a 4 = 697 DA 
56’'.2, to solve the triangle. 


ist. To find @ande. The 3d and 4th of Napier's Analogics give, 
cos HA + C) : cos HA — Cy): tan bh: tan fat 4); 
and sin A + C) : sin (A — C) :: tan $4 : tan fia — ch 


Computing by logarithms, we have 


ar. co. log cos [HA + C) = 927 47 48°.G] = 1.911620 © 
+ log cos [HA — C) = 42°17 40] (9: 9090535 
+ log tan [40 = 34°47 29° 1] = 98418527 


Rejecting 10 = iL. eee 146 x= log tan Pia 4} 
flaw ey 2 OF 25° 2H". 
Ha +c) > 80", since cos A + Cy is ~, cos (A — C) Is +, and tan }) be +, 
making tan Ha + c} —. 


-- 


° These logarithms are taken trom Tplace tables, {to order to obtain the tenths of seconds 
accoraiely. 
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ar. co. Jog sin [H(A + C) = 92° 47° 48.6] = 0.0005176 
+ log sin [4(A — C) = 42° 17°40" |] = 9.8279768 
+ log tan (4b = 34° 47° 28".1] = 9.8418527, 
Rejecting 10 = 9.6703471 = log tan }(a — ¢). 
.. (@ — ce) = 25° 05' 05”. 


4a — c) < 90°, since the signs of the terms are all +. 


2d. To find B. Hither of the Ist two of Napier’s Analogies will give B. 
Thus (1) becomes, 

cos ia — ¢) : cos h(a +e): : tan JA + Cy: cot 3B; 
and (2) kin Aa — ¢): sin 4(a@ + cy) ss tan (A — C) : cot 4B. 


But as $(a@ 4 ¢) iv gO near 00’, it will he better to use the second of these 
than the first. Or we may with equal accuracy use, 


sine : sind :: sin C : sin B. 


ar. co. log sin (¢ = 70° 20’ 20" +) = 0.0260878 

4 Jog sin (b = 69° 34° 56'.2) = 9.9718202 

+-log sin (C = 60° 80° 08.6) =< 9.874210 
Rejecting 10 =. 9.8855290= log sin B, .-. B = 60° 10' 10”. 


3. Given a@ = 40° 455 207, & == 69° 12' 40", and A = 44° 22/10", 
to solve the triangle. 


Ist. To find B. sina: sind +: sin A: sin B. 


ar. co. log sin (a == 50° 45° 207) — O.1110044 
+ log sin (b = 60° 12° 40°) == 9.9707626 
+ log sin (A = 44° 22° 10°) = 0.8446525 
Rejecting 10 = 9.0264195 = log sin B. .. B — 57° 34° 51".4, 
and 123° 25° 08.6. There are two solutions, since @ is intermediate in value 
between pand both & and 180° — 4,* 


Me ame ne tees , Ye ACN oS TTP AAA Tea Ati SmI 





— . moe ee een tee 


* The determination of the species of B, or what is 
the same thing, the number of solutions, can usually be 
effected by a eimple inepection without any computs- 
tion whatever, Thus, sin p = sin dein A, the loga- 
rithme of which are given above, as te log tina. Now, 
as both @ and p are << —%*, and log ein p < log sin a, 
p<a. But a <d, and aleo icea than 180°-— 6. All 
thie can be seca af @ glance. 
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To find C and ¢ of the larger triangle in which B = 57° 34' 51'.4 
Napier's 1st gives 
ar. co. log cos [46 — a) = 9° 13°40] = 0.0086570 
+ log cos [4d + a) = 49° 59] >> P.O01S8R7 
+ log tan [}(B + A) = 507 58 30.7] -- 10.001 2464 
Rejecting 10  O.TGO0N21 = log cot $C. 
.Cr US 37 50.7, 
Napier’s 3d gives 
ar. co. log cos [4(B ~— A) =: 6° 36° 20° 7] —  0.0028928 
+ log cos [Boe Ay 50°58 80.7} — a TMOTOSO 
+ log tan (}(O @ ay oo AM owe 10, 2582680 
Rejecting 10 LOOM log tan ge, 
Se i IN OE, 


od. To find C and eof the smaller triangle in which B s 122° 23° 08'".6. 
Using the same formule as etore. 


ar. co. log cos [A ay 1B 40 | 0 6056570 
+ low cos [40d 4 ey A ao | 2 GYOTNS, 


+ log tan [HB . Ay MS 2a gu 8P | Lo geT0s 
Rejectinu 10) 1LOAL L160 i Jeoey eat 4c. 
C 2h 44 SECO, 


ar. co, log eos JAB. Aye 89 OF 2 ap OO O6 

+ log cos fUB . Ap S225 Bo 8p = ORONO 

4+ dog tan [Aer oe at Sa aa} (0 2 
Rejecting 10 Ue Dare e | log tat de, 


PORN A ON. 


154. Sca.— When Napier’s Analogies are used forsolyving Prob Ind (1.30), he 
most expeditions and clegsant method of resolving the ambiguity, i by sess 
of the analogies Chemselves. Thue in the abowe example, ster lawing found 
thatB = 57 G4 G1 dor P20 25008 6c both, a kimple Inepection of the anal- 
ogy next used will determine the number of solutions, 


Napier’s Ist may be written 


cow ah. 


a) 
cotde -. tun ¥B + A). 


COS gh —_ “ry 


Now 34C < 0’, hence cot 4C is +. If, therefore, neither of the values of 
B renders cot 4C --, there are feo solutions. If one value render eat 4c 4+, 
and the other —, there is one solution and it corresponds to the value of B 
which inakes oot $C +. If both walnes of B reader cot 4C ~, there is no solu. 
tion. In the Jast example, we see that cos [Hb 4 a) 50° A | and com [Hb — a) 
= 9° 13'40"] are both +. Alanotan [HB + A) = DO" SS 3077, or 45° 23° 30.8, 
or both] is + for both values of B. Therefore there are fico sulutions. 
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4. Given A = 95° 16’, B = 80° 42’ 10”, and a = 57° 38’, to solve 
the triangle. 


1st. To find 3b, sin A : sin B :: sina : sin b. 
ar. co. log sin (A = 95° 16’) = 0.001857 


+ log sin (B = 80° 42’ 10") = 9.994257 
+ log sin (a = 47° 38’) = 9.926671 
Rejecting 10 = 9.922765 = log sin A. 
*, 6 = 56° 49 57", or 123° 10’ 03”, or both. 


cos HA + - B) Sh at: 

2d. To find ¢, tun je = sas 1A ay tan a+ 4). Now for ’ = 56° 49°57", 

tan de is +; but for d = 123° 10° 03" tan de is — ; hence there is but one solu- 
tion, and that corresponds tothe smaller value of 0. 


ar. co. log cos [A(A -- B) == 7° 16'55"] <= 0.003517 
+ log cos [A + B) = a 59 ae ] = 8.546124 
4+ log tan [aa 40 )) 2: 57° 13° OR] = 10, 191352 
oe 10 = 6.740005 = log tan ge. 
J. ¢ = 6" 18' 19". 


3d. To find C, we may use (1) or (2) of Napier’s Analogies, or 
sino: since ss sin Ao: sin C, 


the last of whien is the most expeditious, 


ar. co. log sin (a 27 57" 38’) = QLOTSR29 
+ lowsinfle = GoW TD’) - 1.040705 
4 log sin(A = 95° 16+) = 9.908163 


Rejecting 10 = QUIT -= low sin C. 2, C -- 7° 26° 22’ 
This value is taken for C instead of its supplement, since C is opposite the 
sinallest side ¢. 


5. Given a = 70° 14° 20", b= 40° 24 10”, and ¢ = 38° 46’ 105 to 
solve the triangle. 


COMPUTATION. 


@-- 70" 14° 20’ 
bax 4098 10° 
¢ 
tt 


yom s hall 46° 10° 
= 158" 24° 40" 
jas 79° 12°20" ar. co. log sin = 0.007753 
ye— a =~ 8° 88’ 00" SP. ae 9.192734 
qe — 0 == 29° 49° 10" "8 =e 9.69637 
a —e¢ = 40° 3' 10° pee Bs ee NALIOTT 
2)18.71 8.708834 


-logk = D317 


NAPIER'S ANALOGIES. : 107 


ae OU Mart) Gee fae 
48° 50 08", 
38? 36" 48°. 


log tan 4A = log k — log sin (da ~ a) + 10 = 10. 161683. 
log tan 3B = log k — log sin (js — 3) + 10== 9.658047, 
log tan 3C = log & — log sin (}8 — c) + 10 == 9.542440. 


Ow > 


6. Given a = 109° 55’ 42”. B = 110°38'33", ande <= 120°43' 3", 
to solve the triangle. 


COMPUTATION, 


A = 109° 535° 49" 
B = 116° 38’ 33" 
C= 120° 43° 37" 


Sx 347? 17) 59" 


4S = 173° 38° 56" ar. co. lor cos =: 0.003683 
1S —A- 63° 43’ 14” - 3 D.HG158 
18 — B= 57° ov 3" re 9 720035 
iS —- C= §2° 50 19" oN 1) TSO247 

QI Moras 
.. log K RY ED 


log cot 4a = log K — log cos GS ia A) + 10 -. 9.936408. 0a Qe OP ya", 
log cot 46 = log K — log cos (4S — By + 10 = DRAGS oh LOW SO LO", 
log cot ye = log K — logos 4S --C) 6 107. ONIRUT c oe EG ES a8 


Sen. 1.—The student can use the exercises in the preceding seetion to tamil 
jarize the methocis here given. Tn deing so, it will be well for him to seek the 
most expeditious solutions. He will find that 

Eramples under Pros. 1 require VW legarithms by Napier’s Analogies: and 
(1.35), and 12 logarithms by Niapie's Hales and (253.3), 

Eramples under Pron. 2, when there is bat one solution, require 10 lopa- 
rithms by Napier’s Analogies anid (2.3.5), and P22 Jogarithms by Napier's Rules 
and (7.35). When there are two solutions, 15 dogarithns are required by 
Napicr's Analogies and (1.35), and only 14 by Napier's Hales alone, or by Ure 
rules and ( 235). 

Aeramples under Pros. 3 require but? logarithms by the method given in Uhsis 


section and 13 by the previous nethod. 


Scu. 2.—In cases in which the angles or sides are near the limita 0°, 90°, or 
180°, so that the functions used in the particular solution change very rapidly 
in proportion to the arc, it is offen possible to select one among the several 
methods which will give more accurate results than the others, There are 
alao other methods which are better adapted to auch eases than those here 
given. For these, as well as for much other interesting matter, and eapecially 
for the discussion of the General Spherical Triangle, American students have an 
excellent resource in the treatise of Professor Chauvenct of Washington Univer- 


sity, St. Louis. 
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SECTION IV. 
AREA OF SPHERICAL TRIANGLES. 


155. Prob.— Having the angles of a spherical triangle given, to 
find the area. 


RonLuTion.-—[The solution is given in PartIl. (623), and we simply re- 
produce the result in order to give completeness to this section.| The area is 
equal to the ratio of the spherical excess to 90°, or ¢7, into the trirectangular tri- 
angle. That is, letting the sum of the angles be S’°, the area K, and the radius of 
the sphere 1, whence the arca of the trircctangular triangle is ja, we have 


S—7 
K = -- .= S$ — 2, 
= x4jricS~—a 


In the latter expression S is the sum of the angles in terms of the radius, ¢. ¢., 


S 
Ss = ny agbtet OF approximately, S = Beet (9). 
EXERCISES, 


1. What is the area of a spherical triangle whose angles are 100°, 
58°, and 62°, on a sphere whose diameter is 6 feet ? 


999° 


SoLutTion, K =: S--mW = coer — G141590 = .6O8, the area of a similar tri- 


we ee 
angle on aw aphere whose radius ist. Hence, the area of the required triangle 
is 698 « 8? 2: 6.282. [The method given in Parr IL. (67.38) is more expedi- 
tious, but it is our purpose to Hlustrate the form here viven.] 


2. What is the area ofa spherical triangle whose angles are 170°, 
135°, and 115°. on a sphere whose radius is 10 fect? 
Ans. 418875 square feet. 
3. What is the area of a spherical triangle whose angles are 150°, 
110°, and 60°, on a sphere whose radius is 3 feet ? 


156. Prob.— Having the sides of a spherical triangle given, to 
find the area. 


So.Lutrion,—The angles may be found by (748), and then the area by (155). 
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But a more direct method is to find the spherical excess by means of Lhusl. 
her’s formula, which we will now produce. 
1K =} As Bi CSC — zx) 
Whence tan 4K = tan 4[A + B + C — 2] = tan [HA + B) -— tir — C)} 


__ sin HA + B) — sin 4(7 — C) 
~ cos (A + By + cos Gr — C) : (7, pare 3B sj 


sin ¥(A + B) — cos iC 
cos A + B)+ sin C~ 





[cos AC — by — cos Je} cos 4C ; 
[cos Ha ae by + cos de] sin 4c. (150, Ist and 3d) 


cos Aer — by - ~~ con de Ae / sity as ‘sin (An — oc) 
= he ina nc oan, (146, 147) 


cos fa + 6) + Cos de Wo sin Gs — ay sinija - és) 


4 - . . ; 
sin (a Bs ct — b sin 4h ve fF owe ONY Pit, da sot tas ey ; 
3 ) ’ ; e fi (39, Cc’ : D ) 
cos ye + “b+ €) Cos flais bey sin (dao-- ap Sin (da = 4) 


sin? Mas - ~ by sin? _ftas — ty sin da ain (am - c) 


= (asa i+ hee 
§ cos! 4a cos? A(qx -- ry site daa - ayn (a -~ hy * 


“sin? digs — bysin? dda ay sin fa cos fasin dda. creo yaw ery 
cos® ga cos® fa cy sin Abia ay Com ACA tp sin Alda hy Com dlga by 


UG ). 


il 


“. Tan yK -* A/ tan da tun hide at) lan §lae~ jy tan Maa 0) (A) 


Having found K, the spherical evecess, or what is the same thing, the area of 
a similar trianzle on a sphere whose rotius is}, we have bat temittiply KO by 
the square of the radius in any given cane. 


EXERCISES, 
1. Given a= 98°, b= LO and ¢ -. 115°, to find the area of a 
spherical triangle, on a sphere whoze radius is 4000 miles, 


COMPUTATION, 
O° 45°) =- 10 TRRIKD 
+ Jog tan [tde— ja) = 31 45] = 8 TuI56S 
+ log tan [(s—94) = 29° 45] = 9.685358 
+ log tan ((Qs—4°) = 23° 15] = 9 634008 
O) Manse 
Rejecting 10 = 9.945101 = Ingtan iK. °K =1668° 20° wil 


log tan (4s 


i i 


oom eeeemnm mr es 


° The + -C sineve: cake: pihereiee: 1K Swing 2 90°. K would be» Bor which ts ‘apes 
edhe, (Pant IIl., 256). 
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166° 20’ 20" oo. 166.34 
nn 4 (4000)* = 0 





- $% (4000)* = 46,450,440, 





Whence areca = 





nearly. 


2. Given a = 70° 14’ 20”, b = 49° 24’ 10”, and c = 38° 46’ 10”, to 
find the area of a spherical triangle on a sphere whose diameter is 8 
fect. «Ang. 5.1, nearly. 





157. Prob.—Having two sides and their included angle given 
in a spherical triangle, to find the area. 


SoLution.—Compute the other two angles by Napier’s Analogies, and find 
cot da cot4yd + cosC 
the area from the angles. [The formula cot JK =-— ~ ~ in TT Bives 
the spherical excess in terms of two sides and their included angle ; but it is of 
no practical value for finding the area, as it is not adapted to logarithmic compu- 
tation. For the manner of producing it and several other forms for K, see 
Todhunter’s Spherical Trigonometry, (70.3)]. 


sc nal apes 
PRACTICAL APPLICATIONS. 


{Notr.—The three folowing problems are given mercly to indicate to the 
atudent some departinents of investigation in which Spherical Trigonometry is 
of essential service. The two sciences to which this branch of Pure Mathe- 
matics is indispensable, are Geodesy, or the mathematical measurement of the 
earth, and Astronomy. ] 


Prob. 1.—To find the shortest distance on the earth’s surface be- 
fween two points whose latitudes and longt- 
fudes are known. 


Sca’s.—The shortest distance on the surface be- 
tween two points is the are of a great circle joining 
the points. Henee, the Problem is: Given two sides 
(the co-latitudes) and the included angle (the differ- 
ence in longitude), to find the third side. 





Fio. 71. Ex. 1. Berlin is sitnated in Lat. 52° 31’ 
13° N., Lon. 13° 23’ 82” E. and Alexandria, Egvpt, in Lat. 31° 13’ 
N.. Lon. 29° 55’ E. What is the shortest distance in miles on the 
carth’s surface between them, the earth being considered a sphere 
whose radius is 3962 miles ? 

Ans. 1692.44 miles. 
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Therefore 4 the hour angle NNS’ = 80° 22’ 03".8, and the hour angle is 60° 
44’ 07". This reduced to time at 4 minutes to a degree, gives 4 h. 2 m. 56 8. be- 
fore hoon, or 7h. 57m. 48. a. M. 


Ex. 2. In latitnde 40° 21’ N., when the declination of the sun is 
3° 20’ S., and its altitude 36° 12’, what is the time of day ? 
Ans. 9h. 43 m. 44 5 AJM. 


ox. 3. In latitude 21° 02'S., when the sun's declination was 18° 
32’ N., and the altitude in the afternoon 40° 08’, what was the time 
of day ? Ans. 2ho2m. PM 


Prob. 3.—To find the time of sunrising and sunsetting at any 
given place on a given day. 


Sva's.—The projection being the same as before, let M’RS’M represent the ap- 
parent diurnal path of the sun. Since S’M is described in 6 hours, the time taken 
te describe RS' is the time before 6 o’clock, at 
Which the sun rises, £¢., passes the horizon HO. 
But the time requisite to describe RS’, is the same 
part of 24 hours (360° angular measure) that the 
angle CNL (= ure CL) is of 360°. Hence, the arc 
CL, in time, is the time before 6 o'clock at which 
the sun rises. In a similar manner, C/, in time, 
is ecen to be the time affer 6 o'clock when the sun 
is south of the equator, The solution of the prcb- 
lem, therefore, Consists in finding CL. Now, in 

Fie. 73. the trinngle RLC, right angled at L, LR = the 
sun's declination at the time, and angle RCL = ECH = the co-latitude of the 
place.* From these data CL is readily found. 





Ex.1. Required the time of sunrise at latitude 42° 33’ N., when 
the sun's declination is 13° 23’ N. 


COMPUTATION. 
cot 47? 27" = 9.962818 
tan 13° 28° = 9879239 


sin 12° 41° 59° = 9.342033 
(19° 41’ 59") x 4 gives the time before 6 o'clock aa 50° 47"... The sun rises at 
Sh. 08 m. 13 8. . 

* This may be ecen this: Suppoee a person to etart from the equator at € and travel 
porth. When he is at &, the south point of hie horizon (H) 16 at S ; and for every degree he 
goes north, the south pole (S) einks a degree below his horizon. Hence, HCS = his latitade, 
and ECH = co-latitade. 
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Ex. 2. Required the time of sunrise at latitude 57° 02’ 54” N,, 
when the sun’s declination is 23° 23’ N. . 
Sun rises af 3h. Loam. 498. 


Ex. 3. How long is the sun above the horizon in latitude 4s? 12! 
N., when the sun’s declination is Is" 41°8., that is about January 
25th 7 ns. fo 33 mn. 36% 


ux. 4. What is the length of the longest dav at Ann Arbor. Mich. 
Lat. 42° 16’ 48°35, the sun's greatest declination being 23" 277 ¥ 
Aas. 1. 6 an, o0 a, 


{Notr.-~In such problems as the forecoing, several small corrections have to 
be made in order to enfire accuracy, such, for exarople, aa that for refraction in 
taking the altitude, and for the time required for the sun's disk lo pass the hork 
zon. But they would be out of place here | 

$8 


THE END 








